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Abstract

This thesis contains four research papers and an introduction, which provides the
necessary backround and also contains a new analytical solution to the Q-ball equation
of flat potentials in the Appendix.

At the classical level supersymmetric gauge theories have a large degeneracy of
vacua of the scalar potential. The vacuum scalar field configurations are called flat
directions or moduli fields. The degeneracy remains unbroken to arbitrary perturbative
order. Degeneracy can be lifted by supersymmetry breaking effects or by adding
suitable terms to the superpotential. Then the flat direction has a non-trivial potential
that determines its dynamics.

The flat directions have a number of cosmological consequences. Within the MSSM
flat directions that carry baryon and/or lepton number can provide a means for baryo-
genesis by forming coherently rotating condensates, Affleck-Dine condensates, which
eventually decay into Standard Model fermions. If R-parity is conserved, then the
decay products include the stable Lightest Scalar Particles, which can exist as dark
matter today.

When one includes radiative corrections, the mass term grows slower than ¢?
for some flat directions. As a consequence the AD condensate fragments into non-
topological solitons called QQ-balls, which are minimum energy configurations with a
conserved non-zero charge. Q-balls themselves can carry baryon number and protect it
from the effects of the electroweak phase transition. Depending on the SUSY breaking
mechanism the QQ-balls can be stable and hence contribute to the dark matter. Q-balls
formed out of flat direction condensates, that are not connected to SM fields, can act
as self-interacting dark matter.

In the thesis we have studied the instabilities of the flat directions within MSSM;
the formation of the AD condensates and their properties in both gravity and gauge
mediated SUSY breaking scenario; the fragmentation of the Affleck-Dine condensate
to Q-balls and the thermalization of the produced Q-ball distribution; and constraints
for Q-balls being the self-interacting dark matter.
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1 Introduction

The long standing problem in the study of cosmology has been baryogenesis. Cosmo-
logical nucleosynthesis has given us strict bounds on the observed baryon-to-photon
ratio = np/n,, where npg is the baryon number density and n., is the photon number
density. This has been narrowed down to 1.2-107'% < 5 < 6.3-107'° [1]. It is a
huge theoretical challenge to achieve a mechanism of baryogenesis that produces the
prescribed 7. The conditions, that are necessary for baryogenesis, were long ago given
by Sakharov [2]: 1) Violation of baryon number, 2) violation of C' and C'P and 3) non-
equilibrium conditions. In the Standard Model (SM) of particle physics baryogenesis
is possible only through the electroweak anomaly. However, this has been ruled out by
the lattice studies on the electroweak phase transition [3-6] and the LEP experiments
on Higgs mass [7]. It is still possible that the electroweak mechanism would work in an
extension of the SM such as the Minimal Supersymmetric Standard Model (MSSM),
but this is on the edge of being ruled out, too [8,9]. In [9] it was argued that if the
Higgs mass is larger than 120 GeV, the electroweak baryogenesis within MSSM does
not produce the observed baryon asymmetry. The current bound is my 2 115 GeV
[10].

In 1985 Affleck and Dine [11] proposed a mechanism for baryogenesis based on
scalar fields. The idea can be presented simply by considering a Lagrangian density of
a complex scalar field, which has a global U(1)-symmetry (such as the baryon number

or the lepton number)’

L =(0,0)(0"9") = V(lo]). (1)

From the usual definition of the Noether current related to Eq. (1) one obtains the

charge density
¢ =i(¢d" — ¢¢") = 6%, (2)

where we have written the complex scalar field ¢ = %cpew, where ¢, 0 are real scalar
fields. The second form shows clearly that in order to have a non-zero charge density

¢ has to acquire a non-zero vacuum expectation value | < ¢ > | > 0 and has to rotate

'We use the metric 7, =diag(1,-1,-1,-1), with p, v =0, 1, 2, 3.
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around the origin with 0 # 0. Naturally one has to include some kind of symmetry
breaking into Eq. (1), for example a U(1)-violating term in the potential. Then one
can calculate how the charge density evolves in an expanding universe with help of
equations of motion related to Eq. (1), with the possible symmetry breaking terms

taken into account, to obtain

. v d(qR?) OV
(+3Ho+ 5o =0 & 5 = Ry (3)

where H = R/R is the Hubble parameter, R is the scale factor and ¢R? is the charge
density in the co-moving volume.

Naturally one asks: what could the scalar field ¢ be? In the MSSM there are many
scalar fields: squarks, sleptons and Higgses. Natural candidates are the squarks and
sleptons, which give rise to baryogenesis and leptogenesis, respectively. In leptogenesis
the lepton number is transformed into baryon number through sphaleron transitions at
the electroweak phase transition. For this reason we do not make a difference between
the baryon and the lepton number, but just consider a U(1) charge in general.

There is also the issue of what kind charge violation can be included in the potential.
At the renormalizable level B- and L-violating interactions are forbidden in the SM.
They are also forbidden in the MSSM if R-parity is conserved. If R-parity is not
conserved, it is possible to have interactions violating the baryon number. However, R-
parity violating terms cause problems with proton decay unless the coupling constants
are fine-tuned [12]. Therefore the violation has to be induced by a non-renormalizable
operator. If a scalar field acquires a large expectation value, which it has to in order
for the non-renormalizable operator to be effective, all the fields it interacts with gain
a mass g < ¢ >, where g is the corresponding coupling to the flat direction.

In supersymmetric gauge theories there is a rich vacuum degeneracy at the classical
level. The scalar potential, which is a sum of the so-called F-terms and D-terms,
vanishes identically for some field configurations i.e. along certain ”flat directions”.
The space of all such flat directions is called the moduli space and the massless chiral
superfields whose expectation values parameterize the flat directions are also known

as moduli [13,14]. The flat directions gain a mass comparable to the soft SUSY



breaking mass and the non-renormalization theorems guarantee that these are the only
radiative corrections they receive to arbitrary perturbative order [15-17]. However,
non-perturbative effects do produce corrections to the flat directions, see e.g. [17].
Since only SUSY breaking and non-renormalizable terms produce an effective potential
for the flat direction, it is possible for the flat direction to acquire a large vacuum
expectation value (VEV) in the early universe.

If the flat direction contains fields that carry baryon or lepton number, then by
introducing the B and/or L violation through non-renormalizable operators it is pos-
sible to have a consistent model for baryogenesis. In general a baryon-to-entropy ratio
of O(1) can be produced [14]. Even if the flat directions were not carrying baryon
number, as in various extensions of MSSM, the extra flat directions can have other
cosmological consequences. For instance, they can be the dark matter. Therefore flat
directions are interesting on their own right. One should also note that a non-zero
VEV of a scalar field spontaneously breaks gauge symmetry.

The zero mode of a rotating scalar field forms a coherent condensate. The be-
haviour of the condensate is dependent on the mass term. If the mass term is the
usual tree-level m?|¢|?, on the average the condensate has zero pressure and eventu-
ally the condensate would decay through thermal scattering. However, if we take into
consideration radiative corrections such as a logarithmic correction in case of grav-
ity mediated SUSY breaking [18] or the almost flat potential of the gauge mediated
SUSY breaking [19], a non-zero pressure is induced to the condensate. If the poten-
tial grows slower than ¢?, the pressure is negative [20]. Within MSSM with gravity
mediated SUSY breaking some flat directions are unstable and some are not, when
radiative corrections are included, as has been shown by solving renormalization group
equations numerically in Paper I [21]. The pressure also depends on the orbit of the
field. For pure oscillation the pressure reaches its maximum absolute value, whereas
for circular orbit the pressure vanishes due to the fact that on the circular orbit ki-
netic and potential energy are equal, which was pointed out in Paper IV [22]. In an
expanding universe the orbit cannot be strictly circular due to the dissipation caused

by expansion. Thus, the pressure is always negative for some flat directions. Then



the energy density of the condensate in the co-moving volume increases and makes
the condensate unstable with respect to spatial perturbations [23]. Eventually these
perturbations fragment the condensate.

For potentials that grow slower than ¢? for some range of ¢ and which describe
fields that are charged under a U(1)-symmetry, there exists a new kind minimum
of energy. The minimum energy configuration in the sector of conserved charge is
a non-topological soliton called the Q-ball [24]. Since, as it turns out, at the time
of condensate fragmentation the flat direction potential is dominated by the U(1)-
symmetric part, the charged condensate fragments will form Q-balls. Q-ball formation
has been seen in several simulations [25-29] among them the one presented in the Paper
IT [28]. Actually even an oscillating condensate fragments into Q-balls, forming equal
amounts of Q-balls and anti-Q-balls [27]. Because Q-balls are quite robust objects
and do not decay easily through thermal scattering, the baryon number inside will be
protected from sphaleron erasure until Q-balls eventually decay.

Although Q-balls are stable with respect to decay into their own quanta, there can
exist decay channels to other scalars or to fermions. The fermion decay channel is
interesting in that the Q-ball decays into fermions by evaporation from the surface of
the Q-ball [31]. Tt is also possible that large Q-balls are completelely stable, in which
case they might appear as dark matter (DM) [23]. This can happen in the gauge
mediated SUSY breaking scenario where the Q-ball mass increases as Q3/* [32]. If Q-
ball DM is baryonic, it seems that it can only form a small fraction of DM. However,
in extensions of MSSM new flat directions can act as a source for Q-ball DM, but they
can also be a source of problems [30]. Recently it has been suggested that Q-balls could
act as self-interacting dark matter (SIDM) [33]. In Paper III [34] we have calculated
constraints under which Q-balls can act as SIDM.

Recently the AD mechanism to produce Q-balls has been applied to inflation [35,
36]. In that approach the inflaton mass receives radiative corrections which give rise
to a negative pressure of the inflaton condensate. Hence the inflaton fragments into Q-
balls in the same manner as in the AD mechanism. Hence Q-balls decay into fermions

through surface evaporation only, the reheating temperature after inflation decreases



compared with the usual volume driven reheating.

Q-balls may also have other consequences relevant for cosmology. For more in-
formation about these see the recent review by Enqvist and Mazumdar [37] and the
references cited therein.

The thesis is organized as follows: In Section 2 we present a short review of su-
persymmetry in order to have the relevant definitions used throughout the thesis. In
Section 3 a quite thorough introduction to the flat directions is given. The results are
applied to the MSSM. The lifting of the flat directions, i.e. generating a potential
for the flat direction, is discussed at the end of the section. In Section 4 cosmologi-
cal evolution of a flat direction is addressed, where it is shown how the field evolves
during and after inflation. We then show how the negative pressure arises and discuss
the growth of perturbations, which is caused by the negative pressure. In Section 5
general properties of (Q-balls are presented and a new analytical approximation of the
Q-ball profile in the gauge mediated scenario is derived. Details of this calculation can
be found in the Appendix. We also consider the thermalization of the Q-ball distri-
bution. In Section 6 we briefly describe cosmological applications of Q-balls such as

baryogenesis and dark matter. In Section 7 we give our conclusions.



2 The basics of Supersymmetry

In this Section we give a brief review of the various aspects of supersymmetry relevant
for the thesis. There exists excellent monographs and reviews on supersymmetry
[12,17]; Haber and Kane [38] deal specifically with the MSSM. Here we follow the

notations of Nilles’ review [12].

2.1 Superfields

In supersymmetric theories the fields are gathered into multiplets called superfields.
The scalars, vectors and spinors are just different components of a superfield (in super-
gravity the graviton and gravitino are in the same superfield). There are practically
two kinds of superfields: chiral and vector superfields (and a metric superfield in su-
pergravity) [12,17].

The covariant derivatives are defined by

o .
Da = &W—FZ’U;LB 9/3 8“, (4)
_ 0 )

Dd = —% — Hﬁ O'gd 8#, (5)

where 0%, % are Grassmann parameters.

With the help of the covariant derivatives, Eq. (4), we can define chiral superfields

Dy®;, =0, D,®r =0, (6)

where @, (®p) is a left-handed (right-handed) chiral superfield. The left-handed chiral

superfield can be written in the form
D1(y,0) = ¢(y) + 04 (y) + 00F (y), (7)

where ¢, F are complex scalar fields, ¢ is a Weyl spinor and y* = x* + ifo*0. The
chiral superfield thus contains two spin-0 bosons and a spin-1/2 fermion. The auxiliary
field F' transforms as a total derivative under SUSY transformations. Hence the F'

term of a chiral superfield can be used for a supersymmetric action [12].



With the reality condition VT =V one gets a vector superfield, whose components

are

V(2,0,0) = (1 -+ 10000"0,)C + (i + L00053,)x + L00(M +iN) +

(=il + $0000+3,)% — SO0(M — iN) — 000V, + 000X — 000X + 000D, (8)

N | =

where C, M, N, D are real scalar fields, x, A are Weyl spinors and V), is a real vector
field. This multiplet contains spin-0, spin-1/2 and spin-1 fields. Now D transforms as
a total derivative and can be used in the Lagrangian density. A simplification arises

in the Wess-Zumino gauge, where C' = xy=xy=M = N = 0.

2.2 Supersymmetric gauge theories

Gauge invariant supersymmetric actions in the Wess-Zumino gauge are of the form
[12]
5 / 42 Lo+ L+ hel, (9)

where
Lp = / d*0d*0dtedV ® =

(D) (D"9) + iyo"Digp + FIF +iv/2g(¢"\p — PAp) + g’ D¢ (10)

with
Du¢ = au¢ + igvugb (11)
and
1
_ 2 ) Aa A 192
Cr /d@[W()+3292W W (12)

where W (®) is the superpotential, which is at most tri-linear for a renormalizable
theory, and W/ is the field strength tensor superfield; ¢ is the gauge coupling. The
field strength tensor is defined as

D?e 9V D, e, (non — abelian)
W, = - (13)
D?*D,V, (abelian).



Field strength is actually a chiral superfield. In the Wess-Zumino gauge it reads
Wi(y,0) = DDV +igf*P°D(D,VP)VC
— 4iNA(y) — 40, D7 (y) — 20(0" ")t VA (y) + 4000%, DN (y), (14)
where

ij?/ _ 8;1 VVA . ay VﬂA —q fABC Vp,B VVC
Dﬂ;\Ad — 8#5\14(54 o ngBCVuBS\Cd
Yy = at +ifa"h. (15)

The field strength term leads to a Lagrangian

1 9 AatrrA 1 Ay rAuv -y A VA 1 AnA
Lv =50 Ud OWAWE + hee| = =ZVRVA —iXo" DA+ 2DAD?, - (16)
where
VA =9,V — 0, VA +igfPCVPVE. (17)

The scalar potential gained from the action Eq. (9) is
1
_ o ApA
V_Z:FiFZ—IrQEA:DD, (18)

where F' and D terms are defined by [12]

i OW(9)
F;' - a¢z )

D =" gad|T" i +¢, (19)

where ¢; are the scalar components of the corresponding chiral superfields ®;, g4 are
the gauge couplings of the corresponding gauge group, and £ is a Fayet-Iliopoulos term
which vanishes for non-abelian symmetry but can be non-zero for an abelian symmetry
group.

In principle different superfields can carry different representations of the same
gauge group, in which case one has to use the corresponding form of 74 in Eq. (19)
to the representation. For instance, the generators of the complex conjugate represen-
tation are the negatives of the transposed generators —(7T“)T. The flat directions are

the field configurations for which Eq. (18) vanishes.
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2.3 Supergravity

The field configurations that are flat in globally supersymmetric limit are no longer
flat when the SUSY is made local i.e. in supergravity. Since supergravity is a non-
renormalizable theory, one has to include non-renormalizable terms in the superpo-
tential, and kinetic terms, too. Then the most general Lagrangian that is globally

supersymmetric and gauge invariant is

- / POLG T (e, ) + / @0 (W(®) + fap(@WWS +he),  (20)

where fap(®) is an arbitrary function of the chiral superfields. It transforms like a
chiral superfield under SUSY and is a symmetric product of two adjoint representations
with respect to the gauge group. If the theory is renormalizable, then fap(®) = d45.
J is real superfield and leads to a renormalizable theory only if J = ®fe9V®. The
superpotential W (®) is a chiral superfield which is a polynomial of degree less or
equal to three, if the theory is renormalizable.

The coupling of supergravity to matter is very complicated in the most general

form. We give here only the bosonic part of the Lagrangian; for the rest see [12]:

_ 1 o
e Ly = Mie™© (3 ¥ G,;(G*I)fGl) — SME(Re f13)(GT6,) (G* T )

1 i
= (Re fap) ViR VI 4 2 (Tm fap)e " VL V2
. 51
—M,G5(Dyuei) (D7) = o5 R, (21)
pTINTH 2M?2

where M, = 2.4 -10'® GeV is the reduced Planck mass, R is the Ricci scalar, the
covariant derivatives D, are covariant with respect to gravity and gauge group and
G = 0G /89", G* = G /d¢y, and GL = 892G /84,00 . The real function of the scalar
fields G (¢, ¢), usually called the Kihler potential, is defined by

G = 3log <—§> ~log(|W ). (22)

Usually one gives the Kahler potential in the form

+ 2
616',0) = 100 105 (101 )

9



where K is also called a Kahler potential. Since we are only interested in scalar field

dynamics we rewrite the scalar part of the Lagrangian Eq. (21) using Eq. (23) as

_ 1 i Ji
¢ L= o (Dudi) K5(D"¢) =V, (24)
p
where
K - ) 3 1
Vo= et (D) (KTDHD'W) = 25 WP + S (Re £15)DD7, - (25)
D
Dj J K/
_ i 2
W Wi+ MgW’ (26)

where £ is the Fayet-Iliopoulos term. The choice of K;: = 5; leads to minimal kinetic
terms. However, with a non-renormalizable theory, such as supergravity, one should

take into account the possibility of non-minimal kinetic terms.

2.4 Minimal Supersymmetric Standard Model: MSSM

MSSM is the minimal supersymmetric extension of the familiar Standard Model of
particle physics. This means that there exist matter superfields, which are chiral,
as follows: quark doublets Q& transforming as (3,2, ) under SU(3)c x SU(2),, x
U(1)y, quark singlets w;4 (3,1, —2) and d;4 (3,1, 3), lepton doublets L¢ (1,2, —3),
lepton singlets & (1,1,1), Higgs doublets H? (1,2,1) and HS (1,2,-1). Gauge
fields are in vector superfields. There are three vector superfield multiplets V4, A%, B
corresponding respectively to SU(3)c SU(2);, and U(1)y. The F part of the potential

is obtained from the superpotential

W=> (yijéaﬁQ?AHgﬂjA + Y eapQf  Hydja + yijﬁaﬂL?Hgéj) + peag HY HY, (28)
ij

where yi];dve are the Yukawa matrices and u ~ My . It is also possible to add the

following terms to the superpotential Eq. (28)

W = EagQaALﬁCZA + EagLaLﬂé + EABCZZACZBCZC. (29)

10



These terms are compatible with the SU(3) x SU(2) x U(1) -symmetry, but violate
explicitly the baryon and lepton number. Their couplings would have to be extremely
small in order to be compatible with experimental limits. The terms in Eq. (29)
are usually left out by imposing a discrete symmetry called R-parity, where R =
(—1)3B+L+25 We usually ignore Eq. (29).

The field strengths related to the gauge fields are obtained from Eq. (14) as

Wi = D’DaVA +igs fAPCD* (D V)V,

WP = D’D WP +igye®’ D> (D W)W?,

B, = D®D,B. (30)
The pure gauge Lagrangian is formed as in Eq. (12) and reads

1 1
wAew ! + Wﬂawh — BB, + h.c.)p. (31)

C
v 32(93 9 9

The interaction between gauge and matter multiplets is given by Eq. (16) so that

: . apra L.
Lo = [Z (QZGXP(ZQ?,TAVA*-Z!&T W +62913)Qi

. 2 B - ) 1 _
+ ﬂ;r exp(—igs (TA)TVA — §ng)ui + d;r exp(—zgg,(TA)TVA + §Q1B)di

1
+ L;r exp(igoT W — §ing)Li + é;r exp(z‘ng)éi>

1 1
+  H exp(igymr®W* + §ing)H“ + H; exp(igoT W — §z‘ng)Hd] . (32)
D

2.5 SUSY breaking

From experiments we know that supersymmetry is necessarily broken in our world.
Therefore one needs to understand how SUSY is broken. One would also like to retain
some of the properties of SUSY (such as the cancellation of quadratic divergences)

while breaking it. This can be achieved by the soft SUSY breaking terms [39]

Vs

oft = M, |Hul? +miy,[Hal? +mi|LP* +mle]* +m|QI* + my|al* +mg|d|
(A msz/2Y,, ]Hanau]a + Adm3/2ydengad]a + A m3/2ye Hd Lzaej

1 - 1 - 1. -
+Bm3/2uH3Hda + hC) + §M1/\1/\1 + §M2)\2)\2 + §M3/\3)\3, (33)

11



where the fields are now the scalar components of the corresponding chiral superfields
and \; are the gauginos. However, the origin of the breaking terms is left unexplained.

Another approach would be to break SUSY spontaneously. However, a non-su-
persymmetric vacuum has positive energy, which can be cosmologically problematic
(although nowadays a positive cosmological constant is experimentally favourable).
More problems arise from the supertrace relations [12]. For instance, a pure F-term

breaking in renormalizable theories yields at tree level [40]

STrM? =" J(—=1)* (2] + 1)TrM3 =0, (34)

where M? is the mass matrix of all particles with spin .J. Because of Eq. (34) making
the superpartners of the usual fermions heavy enough is very difficult. Therefore the
only option seems to be the soft SUSY breaking terms.

The origin of the soft terms is usually assumed to be in a sector that is “hid-
den” to us. The hidden sector then couples to our “visible” sector via loops or non-
renormalizable couplings thus avoiding the supertrace constraint. There are of course
other constraints on the breaking terms in the Lagrangian; for example the flavour
changing neutral currents have to be suppressed [7].

One hidden sector mechanism is based on the gravity mediation of SUSY breaking
[12] from the hidden to the visible sector. A minimal K&hler potential for the hidden
and visible sector fields gives rise to the required soft SUSY breaking parameters [12].
The typical mass scale of the superpartners is given by the gravitino mass mgs.

Another type of mechanism is based on gauge mediation [41]. In this case the
supersymmetric partners of the SM receive the dominant part of their mass via gauge
interactions with the hidden sector. For instance, a superpotential which includes a

term

W = AXTU +..., (35)

where W is a superfield with SM couplings but does not belong to the spectrum of
MSSM, and X a SM singlet superfield in the hidden sector that gets a non-zero VEV
in the D- and F-directions. The scalar VEV of X gives masses to the fermionic

component of ¥. The masses of the scalar components come from the VEVs of the

12



scalar and F-components of X. The gauginos of MSSM then get mass corrections at
the 1-loop level with m ~ A =< Fx > / < X >. The scalars obtain masses m ~ A at

the 2-loop level. The tri-linear soft terms also arise at the 2-loop level.

13



3 Flat directions

Flat directions, also called the moduli space, are supersymmetric minima of the scalar
potential. Since SUSY is spontaneously broken, supersymmetric flat directions cor-
respond to field configurations whose D and F terms vanish, see Eqs. (18,19). In
reality the flat directions are lifted by supersymmetry breaking effects. This means
that the degeneracy along a flat direction is broken and a potential for the flat direc-
tion is generated. Another mechanism is to add new non-renormalizable terms into
the superpotential. The coupling to supergravity induces SUSY breaking in the Early
Universe, which provides its own contribution to the effective potential of the flat

direction.

3.1 Flat directions in general

We start with general considerations. Let us take N chiral superfields X;, which
transform under some gauge group G as a (in general reducible) representation in
which the generators of the Lie gauge algebra are matrices 7. In principle all the flat
directions of the model can be found by solving directly the constraints (ignoring now

the Fayet-Iliopoulos term)

D4 = 2iTjw; =0, (36)
ij
oW (z)
Fr =— =0 37
= (37)

where z; are the scalar components of the superfields X;. We first describe an example

of a direct solution to Eq. (36).

Example 3.1 SU(N) gauge theory with squarks, ¢ with i = 1,...,m and A =
L,...,N, in N and anti-squarks, q;; with j =1,...,n and A=1,...,N, in N [15].

One can solve the D-term condition Eq. (36) by introducing a basis for the Lie

algebra of SU(N). It consists of traceless Hermitean matrices, and we write
— _ 1 _ B B
(T3 = 6p5 — N5§5g, A B,C,D=1,...,N. (38)
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The complex conjugate representation is generated by —(T%)* = —(T4)”. Using the
definition of generators Eq. (38) in Eq. (36) one obtains after some manipulation (see

[13] for details)

m n N m n
S aipe! = 0 05 = 0> [Z g’ = |qjc|2] = ko, (39)
i=1 j=1 Cc=1 Li=1 j=1

where k is a constant. Eq. (39) is an orthogonality constraint with respect to the
U(m,n)-metric of N vectors of the form (¢i',..., ¢}, ", ..., @) with A=1,...,N.

Here the N vectors all have the same norm.

3.2 Flat directions in terms of gauge invariant polynomials

Solving Eq. (36) directly is quite simple in the case of SU (V) symmetry in the defining
representation. However, one always has to give the form of the generators before one
can start to solve Eq. (36). For representations other than the fundamental one the
form of the generators is more complicated, not to mention other gauge groups. For
example in SU(5) GUT the particles are in representations 10 and 5. When discussing
the AD mechanism, we would have to introduce a non-renormalizable operator that
lifts the flat direction. One has to add some polynomial to the superpotential, whose F-
term lifts the degeneracy of the solution of Eqs. (36,37). A direct solution of Eq. (36)
does not yield such a polynomial which has to be found separately.

Another way of parameterizing the flat directions relies on the correspondence
of the D flat directions and gauge invariant holomorphic polynomials of the chiral
superfields X; [13,42-47]. The smaller moduli space of D and F flat directions is
parameterized by the same basis of monomials and redundancy constraints as the D
flat directions alone and subjected to the additional constraints following from F,, = 0.
One should note that this discussion applies only for gauge groups without Fayet-
[liopoulos terms. The case with non-zero Fayet-Iliopoulos term should be considered
separately.

We give simple arguments why gauge invariant polynomials produce D flat direc-

tions, without going into the technical details which can be found in [43-47]. Let I(X)

15



be a gauge invariant polynomial. Then under an infinitesimal gauge transformation

the scalar component transforms in the following way:

6l (z) = : aé—s)ézi = a aé—ij)eAﬂ?:vj =0, (40)
where € are infinitesimal parameters. Eq. (40) vanishes by virtue of the gauge in-
variance of the polynomial. Note that Eq. (40) resembles the D flatness constraint
Eq. (36). As first noted in [13], Eq. (40) is equivalent to Eq. (36), if

oI (x)
o0x;

= C(x)” (41)

for some C # 0. Therefore if there is a gauge invariant polynomial satisfying Eq. (40),
then the D-term, Eq. (36), automatically vanishes. The reverse of this statement, i.e.
that all the D-flat directions can be parameterized by gauge invariant polynomials, was
first conjectured in [13]. The proof of this conjecture requires a considerable amount
of mathematics. We just outline the method of the proof.

“Proof of the conjecture”

As noted in Eq. (39), the D-flatness constraint is actually an orthogonality condi-
tion with respect to the complex scalar product < z,y >= Y. 2}y;. In this respect the
vector x is orthogonal to Tz at x if the D-term vanishes. T are generators of the
Lie algebra, which from the point of view of differential geometry are tangents of the
curves in the Lie group, of which all the elements in the Lie group can be generated.
The orbit of z, {gx|g € G¢}, under the action of the complexified Lie group forms a
surface in the representation space.? So x is now orthogonal to the orbit of z at the
points where the D-term vanishes. Surfaces generated by an action of the complexi-
fied Lie group can be parameterized as I(x) = C, where I is a polynomial and C' is a

constant, meaning that the surfaces are algebraic [48]. The complex conjugate of the

2The complexified Lie algebra is generated by 74 and iT#, where T4 are generators of Lie group,
and the vanishing D-term vanishes with generators of the complexified Lie algebra if it vanishes with
Lie algebra. The complexified Lie group is acquired by exponentiating the complexified Lie algebra.
The need for the complexification arises because for example with SU(N) one obtains |z| = |g - z|
for all g € SU(N) and z € CV. From this follows that < z, 74z >= 0 for all z € CV and
T4 € Lie(SU(N)). Complexification fixes this ambiguity.
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gradient of the function, VI(z) = é;0;I(x), is always orthogonal to the level surface
I(z) = C. So the points where (VI(x))* is parallel to x are the points where the
D-term vanishes. In summary, the points where D-term vanishes are the same as the
points x, which are orthogonal to their orbit under the complexified Lie group, which
in turn are the same points where the gradient is parallel to the complex conjugate of
the field, VI(z) = Cz* with C # 0. Hence the conjecture is “proven”.?

We next give a few examples of how to apply Eq. (41) in the case of an SU(N)
group before giving the complete catalogue of the basis of gauge invariant monomials
of MSSM in Section 3.3. The only thing one needs in order to apply the method of
[13] is the list of the gauge invariant tensors of the Lie group. These can be generated
as sums, products and contractions of the so-called primitive tensors of the group, and

they are listed in [49].
Example 3.2 Abelian U(1) gauge theory with two charged superfields ®, and _.

This is a rather trivial example, but it is useful as a first example. The D flat

directions in this case are obtained simply by directly solving Eq. (36)
D= ¢4* = [o-|= 0= [bs| = [d-], (42)

where ¢4 is the scalar component of ®.. Now we show how to use gauge invariant
polynomials. All the U(1) gauge invariant polynomials of this example are generated
by the product ®,®_. All the powers of this product actually parameterize the same
flat direction, so for simplicity we take I(®,,® ) = [(®, P ) = &, . Now the
conditions of Eq. (41) become

ol

% =¢_=C9¢}
oI .
dg. =+ =09t (43)

One should now note that it is essential in Eq. (41) that C' is the same for all deriva-

tives. Eq. (43) is easy to solve by multiplying the first equation with ¢, and the

3Several mathematical details have been omitted in the “proof”. The most important one is why

all the surfaces can be parameterized as I(z) = C, which can be found at [48].
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second equation by ¢_, thus resulting in Eq. (42). If one adds to the superpotential
some power of the polynomial I, then the F-term constraint Eq. (37) produces a term
proportional to the left hand side of Eq. (43) and thus causes the right hand side to

vanish. This is a generic feature with gauge invariant polynomials.

Example 3.3 Non-abelian SU(N) gauge theory with matter superfields ® and (ng
transforming according to the defining N representation and complex conjugate N

representation, respectively.

This was already solved in Example 3.1, but here we demonstrate the use of gauge
invariant tensors. The primitive tensors of SU(N) are the Kronecker delta ¢4 and
the Levi-Civita tensor e4,..4y, €"4¥ in N dimensions [49]. An extra simplification
is provided by the fact that the product of Levi-Civita tensors produces a generalized

Kronecker delta

€Ay €17 AN = 6?;11,',','1’2]1\‘[’ = 51’211 . -5;& + (permutations). (44)
Let us assume that there are m matter superfields ®', i = 1,...,m and n anti-matter
superfields (ng, 7 =1,...,n, which we contract in all possible ways with the primitive

tensors. Thus the generating monomials are

(‘I’i‘i’j) = (1)24521‘53‘&

(i) Diy) = eAl...ANQﬁl--.cpﬁ“N

N

((Dil .. '(DiN) = EAI.“AN&)'L'1A1 R T (45)

iNAN

Let us first study the gauge invariant monomial (®;®;). The D flatness constraint

Eq. (36) now reads

o = O

i J

dpia = Coiy, A=1,... N, (46)

where ¢;' (¢, 1) is the scalar component of ®;* (®; ). By solving C from both equations

;1
one can see that Eq. (46) is the same as Eq. (39) with a zero norm with respect to
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U(1,1). By substituting ¢, from the second equation to the first one obtains |C] = 1.
Now the flat direction can be parameterized by N complex scalar fields ¢* and a real
phase d.. We can further reduce the number of independent fields by choosing a gauge.
With an SU(N) transformation one can choose N —1 of the components of ¢; to vanish
i.e. ¢ =0for A=2,...,N. What is left is essentially a complex scalar field ¢} = ¢,
a real phase d¢c and ¢;; = €°¢¢*. One can still transform the phase dc away in such
a way that éjl = ¢} = ¢. So finally, the flat direction (®;®,) is parameterized by one
complex scalar field ¢ up to gauge transformations.

Let us next take I(®;,,...,®;,) = (®;, - ®;,). All the flavour indices i; have to
be different, i.e. i; # iy, for j # k because of the anti-symmetrization in Eq. (45).
Because of this the number of flavours, m, has to be larger than or equal to the number

of colours, N. Now the D flatness constraint Eq. (41) reads

ey G G Y = O k=1, N, (47)

Tp—1 Flgpt1 lk
By multiplying Eq. (47) with d)i " and summing over Ay one obtains

(d’zd v d’w) = C|q/)ij|2, for all ij = 1, e, . (4.8)

Hence one sees that all the vectors ¢;, have the same length, |¢;;| = |¢|. Let us now
multiply Eq. (47) with ¢2_’“ and sum over Ay, where k # j. One then obtains

Ap A A;
C < iy, 01, >= ey G - G0 SOOI Gl gl =0, (49)

]

because A; indices are antisymmetrized. Thus all the fields have the same length
and are orthogonal. There is one more constraint, which follows when one takes the

absolute value squared of Eq. (47) and sums over A;. One obtains

2 2 A Ap_ A A
CP16 > = D armtys Apdpgamany Gt e G157 05 9 x
A,B

Bl* kal BkJrl BN
€B1--By_1ApBiyt1-By ¢i1 T ¢ik_1 ¢ik+1 T ¢iN

_ ¢B1Bp_1Bry1+Byn A Ap_1  Apyr AN By Byr_1  Bry1 B
5A1---Ak,1AkL---AN ¢i11 T ¢ik71 ¢Zk7: T ¢iNN ¢i11 e ¢ik71 ¢Zk7: T ¢iNN

= [0 |? |Di Pldis |- i | = 8], (50)
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from which follows that |C| = |¢|¥ 2. In the third line only the combination with
Ay = By,...,Ay = By survives and all the other combinations vanish because of
Eq. (49). Altogether the flat direction is parameterized by N complex scalar fields
which are orthogonal and have the same normalization < ¢;,, ¢;, >= |¢[*d;. Choosing

a gauge one can take

L= (0--01gle™ 0---0) (51)

and fix N — 1 of the phases d;, j = 2,..., N to be equal to 6, = arg¢$. The phase
of C'is determined from Eq. (47) by inserting Eq. (51). One then obtains éc = ) d,.
Hence again the flat direction is parameterized by one complex scalar field ¢ such that

¢fj = ¢0%. The flat direction (®;, --- ®;,) is similar. These flat directions can again

be lifted by adding a suitable monomial to the superpotential.

3.3 Flat directions of the MSSM

In the MSSM there are many flat directions at the renormalizable level. However, these
are only approximately flat, since supersymmetry breaking lifts the flat directions.
There are also other effects that lift the flat directions, as will be discussed in the
Section 3.4. In the present Section we just catalogue the basis of flat directions of the
MSSM in the globally supersymmetric limit.

The field content of MSSM was discussed in Section 2.4. Here we apply the method
of Section 3.2 to the SU(3)¢ x SU(2), x U(1)y symmetry group of MSSM. We form
the basis of gauge invariant monomials by first forming SU(3) invariant combinations,
then out of these SU(2) invariant combinations and finally from the SU(3) x SU(2)
invariant monomials the U(1) invariant combinations. Then by applying the F flatness
constraints one obtains the basis of gauge invariant monomials of the MSSM. This
analysis was carried out by Gherghetta, Kolda and Martin [50]. Here we only review
the main points. The final basis of flat directions can be found in Table 1 at the end
of this Section.

Under SU(3)¢ the chiral superfields transform as singlets (€;, L;, H,, Hy), triplets

(Q;) or antitriplets (u;, d;). As mentioned in Section 3.1, the gauge invariant tensors
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of SU(3) are espc, €8¢ and 65. Contracting these with the quark superfields one

obtains
(Qigj) = QZ-A%A(Qi%), (52)
(QiQ;Qr) = €apcQ;'Q7QY, (53)
(@Gq;T) = €ABC(L'Aq_qu_kc, (54)

where §; = @;, d;. These SU(3) -invariant products of chiral superfields in Eq. (52)
generate a reducible representation of SU(2) in general. The doublet representation
can be reduced into irreducible parts. The product of (@Q;¢;) naturally gives a doublet,
since g; is a singlet under SU(2). The product (g;q;gx) is also a singlet under SU(2)
and thus invariant with respect to it. The product (Q;Q;Q%) reduces as

2x2x2=2+2+4. (55)

Here 4 is a symmetric representation under SU(2) and thus (Q;Q;Q%)4 has to be anti-
symmetric in its family indices. Therefore there is a unique SU(3)¢-singlet made out

of three @)’s, which is a 4 under SU(2),, namely
(QiQiQNY™ = Q*Q Q) eapce™. (56)

The remaining combinations are SU(2); doublets, where one pair of Q’s has been

antisymmetrized, 4.e. contracted with €,5, and can be written in the form
_ MABAB
(QiQ;Q1)" = Qi Q7" Q cacesy, (57)

which is subject to the constraint that not all three of the family indices are allowed
to be the same due to the anti-symmetrization. In Eq. (57) there are two other pos-
sibilities to contract with €,3 to produce a 2 under SU(2). With the antiquark fields
¢’s the situation is simpler, since they are SU(2)-singlets, i.e. invariant under SU(2);.
The rest of the superfields are either doublets or singlets under SU(2).

Now the SU(3)¢x SU(2), flat directions can be formed by combining (Q;Q;Q%)5"”,
(QiQ;Qk)%, (Qig;)*, L*, HY and HY into SU(2) -singlets. This is achieved by con-
tracting all the terms with e,s, for example €,5(Q;Q;Qx)*L?,. Then it is already
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trivial to form the U(1)y invariant combinations out of the SU(3) x SU(2) -invariant
combinations, for example e,3 HYL?€;. For details see [50).

Let us now consider a couple of examples of the field configurations of the MSSM
D flat directions such as eaﬂQ{‘O‘LkaA and eagHﬁLf, which lead to the field configu-

rations (up to a gauge transformation)

1
—=¢ 0 1
Qzl - V3 ) Lj = 1 ) CZ]1€ = %qba
0 10
1
—= 0
0 79
2

We now have to apply the constraints coming from F-terms, Eq. (37), using the

superpotential of the MSSM given in Eq. (28), to the D flat monomials. We require

Fg, = pH§ +ylQfu; =0, (59)
Fj, = —pH; +y]Qid; +y/Lie; =0, (60)
F4* = yldHuS +yjHyd} =0, (61)
Fp = y/Hge; =0, (62)
Fg = yl'H,Qf =0, (63)
7= yiHQj=0, (64)
F., = y'H4L; =0. (65)

Assuming that the Yukawa matrices, y;] 4, are non-singular we can cancel them from
the constraints Eqgs. (62)-(65). When contracting the constraints (59)-(65) to form
gauge-invariant combinations one can see that some of the D-flat directions are con-
strained to vanish. In that case we say that the flat direction is lifted. Eqs. (62)-(65)
show that all the flat directions, where H, is contracted with any other field except
H,, vanish. From the example Eq. (58) one can see that Q;L;d is F flat, too, but
L;H,e; vanishes by Egs. (62) and (65) as it contains Hy.

One should note that in general u ~ My, i.e. it is of the same order as the soft

SUSY breaking masses. Therefore we regard a direction flat, if it is flat up to the u
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term. Essentially this amounts to leaving the p-term out of the Egs. (59) and (60)
when classifying the flat directions of the MSSM and including it in the terms lifting
the flat directions.

One could also include the R-parity violating terms given in Eq. (29) to the su-
perpotential. In that case Egs. (59)-(65) would become more complicated and the
structure of flat directions would change. However, R-parity violating terms break
explicitly the baryon and lepton number conservation at the renormalizable level and

would lead to a rapid proton decay unless the couplings are fine-tuned.

Table 1: Basis of flat directions of the MSSM

Flat dir. | B— L || Flat dir. | B — L Flat dir. B—L
LH, 1 QQQL 0 uuuee 1
H,H, 0 QuQd 0 QuQue 1
add -1 Qule 0 QROQT 1
LLe -1 uide 0 (QQQ)4LLLE | -1
QdL -1 dddLL -3 wudQdQd -1

3.4 Lifting the flat directions

So far we have described the method of how to find all the flat directions given a
gauge group and the matter fields. Since the flat directions correspond to continuous
degeneracy of vacua, one gets an infinite number of possibilities for gauge symme-
try breaking. Supersymmetry breaking effects and non-renormalizable terms lift this
degeneracy.

As pointed out before, soft SUSY breaking terms lift the flat directions. However,
the F-term constraints Eqgs. (59)-(65) make the A-terms in the soft SUSY breaking
potential to vanish in the flat direction. Therefore only the mass terms and the B-term

can lift the flat directions with

Vot = miy, [Hu[* +mig, [Ha* + m|LI* + mlel” + mg| QI +mglal* + mgld|*

+(Bmajapieas HOHS + hoc.) + 2| H,|* 4 p?| Hyl?. (66)
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The gaugino mass terms are ignored, since we are only interested in the scalar part.
The B-term is important only for the H,H, flat direction. The mass terms coming
from the u-term of the superpotential have been included here, since they were ignored
in section 3.3. However, this is important only for the flat directions H,L and H,H,.

The soft terms in Eq. (66) generally produce a mass term for the flat direction
N
V(p) = m3)|gz5|2, where mi = Z azms?, (67)
i=1

when there are N fields gaining a VEV along a flat direction. Normalization is such
that ¢; = \/a;¢ and Y a? = 1.

The easiest way to lift a flat direction is to add an operator, which is formed of the
gauge invariant polynomial describing the flat direction. In that case the polynomial
will become of the form I(®) ~ ®" if I is composed of a monomial of degree n. If
the flat direction is described by a renormalizable operator, then one has to raise it to
some power to obtain a non-renormalizable operator, since the form of renormalizable
operators in the superpotential is restricted. Of course it is possible that another kind
of operator of lower degree can accomplish the lifting, too. In general one obtains a
superpotential term of the form

A
AN

W= P! (68)

where d = nk, and M is some large mass scale such as the GUT or Planck scale. We
generically identify M with the Planck scale M, = 2.4 -10'® GeV.

There is also another type of operator, which lifts the flat direction. It consists
of a field not in the flat direction and some number of fields which make up the flat

direction:

A
T Md-3

W TPt (69)

For a superpotential of this form Fy is non-zero along the flat direction. In the flat
space limit, with minimal kinetic terms, the lowest order contributions of either type
of superpotential term, i.e. Eqs. (68) and (69), give rise to a potential

LY

V(¢) - T M2(d-3

‘ oW (¢)
9¢

ey, (70)
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where ¢ is the scalar component of ®. For sufficiently large field values these terms
dominate the potential.
We already considered SUSY breaking. However, if we consider the general form

of the hidden sector SUSY breaking, one has A-terms of the form [12,14,51]

o )\Amg/g

V(p) = Amg; W (o) = ngd, (71)

where the superpotential is of the form Eq. (68).

In the early universe there are effects, which produce terms to the scalar potential,
that are dominating over the soft SUSY breaking terms. In a radiation dominated
era the relevant scale of excitations is the temperature of the universe. On the other
hand, during the inflationary era the scale of quantum deSitter fluctuations is given
by the Hubble constant. When a flat direction acquires a large VEV, the non-flat
directions gain a mass, m; ~ Y, 4| < ¢ > |, from Yukawa and gauge couplings in the
superpotential Eq. (28). Also the gauge particles gain masses, m, ~ g| < ¢ > | where
g is the gauge coupling, through super-Higgs mechanism, since the gauge symmetry is
broken along the flat direction. For large VEVs the masses of the non-flat modes and
gauge particles become heavier than the excitation scales. This causes the non-flat
directions to quickly settle on to their minimum values, and they effectively decouple.
Therefore all the dynamics takes place in the moduli space, when the fields are large.
In general one flat direction may not give a mass to all other directions. In that
case there can be other directions gaining a VEV, too. In terms of gauge invariant
polynomials this means that new terms are added to the polynomial.

The most important source of SUSY breaking in the Early Universe is the finite
energy density of the Universe [14,51]. If the energy density has a non-zero expecta-
tion value, it implies that the supercharge does not annihilate the vacuum state and
supersymmetry is thus broken. During the inflationary epoch the vacuum energy is
positive by definition and SUSY is broken. During the post-inflationary epoch the
energy density is dominated by inflaton oscillations so that the vacuum energy aver-
aged over time is non-vanishing. In a radiation dominated era SUSY is also broken,

since the occupation numbers of bosons and fermions in the thermal backround are
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different. A similar quantum mechanical effect also exists during inflation due to the
deSitter fluctuations, which give different occupation numbers for bosons and fermions.
However, the thermal and quantum effects are in general less important at large field
values than the SUSY breaking due to finite energy, although this may not always be
the case, especially for the thermal effects.

A simple way of generating a mass term for the flat direction in the global super-
symmetric limit is to add to the Kéahler potential, J of Eq. (20), a contribution of the

form (we ignore the vector superfields here)

1 _
5J = 07 / 0 20 I' 101D, (72)

where [ is a field that dominates the energy density of the universe and ® is the
canonically normalized flat direction. If I dominates the energy density, then p ~
[ d*0d*0I'I. Using the Friedmann equation p = 3M2H? one can see that Eq. (72)
generates a mass term for the scalar ¢ proportional to ~ —H?. So, for H > my the
finite energy SUSY breaking is more important than soft SUSY breaking.

Since Planck scale operators are discussed, supergravity interactions should be
included. The general scalar potential for supergravity is given in Eq. (25). The
general study of inducing a potential for the flat directions was done in [14] for F-term
inflation and in [52] for D-term inflation (F and D term inflation in general have been
discussed in [55]. Here we only give a simple example leading to the simplest form of
potential in the flat directions. We add to the minimal Kéhler potential an interaction

that produces a mass of order Hubble scale:

¢
K(6.0)=1'T+ 616+ 11916, (73)
p
where |(| ~ 1 and I, ¢ are scalar parts of the superfields. We also assume that the
superpotential can be split into two parts W = W (I) + W(®) related to the inflaton
and the flat direction, respectively.

Assuming I, ¢ < M, we expand the F-term part of the potential Eq. (25) to obtain

3 Itr
Ve = |Wi]*— W|W(I)|2 + W|WI|2 + [Wy|?
p p
LS gtk LW () (W — 3W(6)) + hc)] (74)
Mg T Mg ¢ .C.|.
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The first three terms on the first row give the F-term inflaton potential. If this term
dominates the inflaton potential one obtains from the Friedmann equation Wy ~ M, H
and W(I) ~ M2H. The third term in that case gives a Hubble-squared correction
to the inflaton mass, which causes problems for slow-roll conditions. The fourth term
gives the F-term part for the potential of the flat direction. The renormalizable part
of the superpotential Eq. (28) does not contribute, because it vanishes along the flat
direction. The first term on the second row gives the Hubble squared correction to the
mass of the flat direction. The second term produces A-type terms, which are of order
Hubble. Altogether one obtains the following potential for the flat direction, where
the soft SUSY breaking terms Eqs. (66, 71) have also been taken into account:

Amg/g +aH
dM =3

Al

M2

2
Vie(9) = mglél* + en H| 6" + A+ hee.| + T [PV, (75)

where A, a, A ~ 1 are in general complex constants, cg ~ 1 is real and its sign depends
on (. In particular, the induced Hubble squared mass is negative if { > 1.

The low-energy expansion of the D-term part of the potential Eq. (25) with the
Kéhler potential Eq. (73) is done in the same way. First we find the potential to order
M2,

1
Vo = SRe Fap(ITTAT + E(ITTPT +€) +

M% o' [C(I'TAT + I'TPI) + 2(I'TA)(I'TP 1)) + O(M; ). (76)
The Fayet-Iliopoulos contribution, &, is included here and it is understood that it is
non-zero only if the symmetry group is U(1), which is the typical scenario in the D-
term inflation [52]. For a U(1) symmetry, the generators, T, are just the charges
of the fields. The D-terms of ¢ do not contribute, because they vanish by definition,
see Eq. (36). If the inflaton potential is dominated by the D-term and in particular
by its Fayet-Iliopoulos term, the flat direction receives a negligible correction to its
mass. If, on the other hand, the potential is dominated by the terms that do not
depend on &, which is the case after inflation, then the flat direction receives an order

Hubble correction to its mass. Another difference with respect to F-term inflation is

that there are no A-terms in the D-term inflation case. However, the superpotential
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contributions from the F-term for the flat direction are still relevant, as are the soft

SUSY breaking terms. So finally with D term inflation the potential reads

AP

M;(d*?’)

Am3/2
M-

Vb (¢) = mi|¢|* + e H?| 9| + MG+ hoe.| + |2, (77)

where ¢y vanishes during inflation and ¢y ~ 1 after inflation [52] with ¢y < 0if ¢ < 0.

28



4 Cosmological evolution of the SUSY flat direc-
tions

In this Section we study the dynamical evolution of the flat direction in the Early
Universe using the potential derived in Section 3.4 Eqs. (75,77). The evolution is
quite generic and does not depend on the particular values of the coupling constants.
Once the AD condensate has formed the mass term dominates the potential and defines
the future evolution of the flat direction. The dominant contribution to the mass is
given by the soft terms, whose explicit forms depends on radiative corrections. If the
mass term grows slower than ¢?, the pressure is negative [20,22,53], resulting in an
instability of the AD condensate with respect to spatial perturbations [18,23].

We note here that the potentials Eqs. (75,77) have a built-in baryon number vi-
olation, since the potential does not depend solely on |¢|. C and C'P violation is
produced if the constants A and a are complex, since the C transformation effectively
corresponds to ¢ — ¢*. However, if A is real and a = 0, C'P violation is still produced
by the initial conditions. The non-equilibrium conditions are provided by inflation.

Hence all the Sakharov conditions are fulfilled and baryogenesis is possible [2].

4.1 Formation of the AD condensate

The dynamical evolution of the flat directions was solved by Dine, Randall and Thomas

[14] using the potentials (see Eqs. (75,77))

Amg 2 + aH |)\|2 _
V(¢) = m3)|¢|2 - CHH2|¢|2 + W)\(ﬁd + h.c. + m|¢|2(d 1), (78)
p Mp

where @ = 0 (a ~ 1) for the D-term (F-term) inflation, ¢y = 0 during the D-term
inflation and ¢y ~ 1 after inflation, for F-term inflation ¢y ~ 1 both during and after
inflation. Models where ¢z < 0 have also been considered. Under certain conditions
sufficient amount of baryogenesis can be produced [14,54]. The dynamics of the flat

direction is governed by the homogeneous mode, until fragmentation occurs. Before
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the fragmentation the equation of motion is

) .oV
é+3Ho+

G =" (79)

This is just a Newtonian equation of motion for a potential V' (¢) with a damping term.
It is usually easier to study the Eq. (79) by using the parameterization ¢ = %cpew,

which gives

. oV
G+3Hp —0*p+ — =0, (80)

Dy

. 20\ - 10V
0 H+=Z)l0+——=0. 1
+<3 +(p> +<p280 0 (81)

For numerical purposes the parameterization ¢ = %(le + i¢y) is better.

During inflation the Hubble parameter is approximately constant, H = H; ~
10'® GeV [55], so that the potential is static. Then the AD field evolves to a minimum
of the potential, which is actually d-fold degenerate if ¢ > 0 (for definiteness we
take ¢y = 1). The AD field evolves to a minimum typically in the order of 10 e-folds.
The two inflationary models result into a slightly different evolution in the following
way. In the F-term case both the mass of the radial mode, ¢, and the phase, 6, are
of order H, so that the damping is critical [14] (damping and potential gradient are
of equal magnitude), where ¢ = %cpew. In the D-term case the phase has a small
mass ~ \/W , so that the phase is overdamped and thus the classical evolution
is very slow and the phase effectively freezes.* Since the phase is effectively massless
compared with the Hubble scale, it has a scale invariant spectrum of fluctuations
< |pdf|? >= H?/(27)? [55]. The fluctuations are coherent on the Hubble scale.
During the inflation the same happens to the radial mode ¢, too. However, at the end
of the inflation the vacuum energy related to the Fayet-Iliopoulos term is converted to
kinetic energy and potential energy of the mass term. Then the flat direction gets a
Hubble order correction to its mass. Thus, one would expect that the radial mode has

evolved close to the minimum when inflation ends. This sets the initial conditions of

the evolution of the flat direction after inflation. In Fig. 1 we have shown an example

“The slow evolution of the phase to a minimum takes about Hy/msg /2 e-folds.
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Figure 1: The evolution of the AD field during inflation for A = -1, M, = 10'8 GeV,
ms = mg/; = 100 GeV, H = 10" GeV, A = ¢y = 1 and (a) a = 0 and (b) |a| = 1,
0, = 37/4 with initial conditions ¢; = 1.5¢min and 6; = w/4. The AD field has been
parameterized by ® = %(@ + i¢9). The evolution takes approximately (a) 10 and (b) 30
e-folds. In case (a) the final phase is approximately —0.3 with minima at 0, 7/2, 7, 37/2

and in (b) 7/16 which is also a minimum.

of the evolution during inflation for both D- and F-term inflation, where in both cases
we have chosen ¢y = 1 even if this is not strictly true for the D-term inflation.
When the inflation has ended, the Universe is briefly matter dominated by inflaton
oscillations in the minimum of its potential. Thus the Hubble parameter becomes time-
dependent and is given by H = 2/(3t). The potential minimum shifts towards lower
energy scale and at the same time increases. The AD field tracks down the evolution of
the minimum acquiring a fixed point value of Eq. (79) [14], @iz = k- @min where k > 1
and i, is defined at Eq. (82), see Fig. 2 a. The phase stays approximately constant.
When H ~ mg, the potential behaves as in a first order phase transition with the
Hubble parameter playing the role of temperature, as can be seen in Fig. 2. However, in
different phase directions the “phase transition” happens at sligthly different moments
of time because of the A-term in the potential, so that there appears a pit, in which
the AD field starts to rotate. The AD field has only time to rotate a short while in the
pit before the pit vanishes completely making the potential approximately symmetric

again.” When the potential becomes symmetric again, the AD field continues to rotate

This also depends on cy. In [14] cg = 9/4 was used and the result was that for certain initial

phases the AD field rotated further in the pit and eventually rotated to another direction producing
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Figure 2: (a) The AD field at the fixed point, the black dot, in the potential when
H = 108 GeV. The large arrow represents the changing of the minimum and the small
arrows the oscillation of the AD field around the fixed point. (b) The potential for
H = m, 0.98m, 0.96m, 0.94m (from bottom to top), demonstrating the potential behaves
in a manner typical for first order phase transitions. In both figures the parameter values
m =100 GeV, A= —1, m3/y =m, d =4, 0 = Omin, |A\| = 1 and M), = 10 GeV have been

used.

on an elliptically spiraling orbit towards the minimum of the potential. The sequence of
events is shown in Fig. 3 in the D-term case to which the discussion of this paragraph
applies. For the F-term case the potential is asymmetric all the time. In order to
produce charge the phases of the parameters A and a have to different, so that at
H ~ m3), a phase transition takes place in the 6 direction, too, which is continuous.
If m3/2 ~ mg, as in the gravity mediated SUSY case, both phase transitions happen
at around same time and the AD field rises up in the potential to the phase direction
in the same manner as the radial mode did and the end result is the same as one
gets from the D-term model. However, if m3/; < my the phase transition in the 6
direction happens later than the ¢ transition. Then there is no pit to enhance charge
generation and much less charge is produced. The case m3/2 > my is not interesting
because then the vacuum stays at ¢ > 0 and no charge is generated.

The produced charge density can be estimated as follows. The minimum of the

different sign for the charge.
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Figure 3: The ball represents the AD field at the time indicated in the figure. The line in

front of it represents the direction of evolution of the AD field in case the potential were
static. The length of the line is chosen arbitrarily for (a) and (b), but for (c) and (d) the
length is such that at the end of the line the AD field is at the next figure. Continued on

the next page.

potential can be solved from Eq. (78) to be

0 1/(d—2)
M 3H) y

R )

Pmin = \/5 (
where ¢ ~ 1 and this result is applicable for H > mg only. Roughly speaking the
rotation starts when H ~ 0.1myg, at which time ¢ ~ 0.1¢mn (H = my). For circular
orbit one can easily solve 0 by using classical mechanics, i.e., on a circular orbit kinetic
energy and potential energy are equal. At the time when the rotation starts only the

soft mass term is important, so one obtains 0= mg. Hence in the end the maximum
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Figure 4: Fig. 3 cont. from the previous page. The length of the line is chosen such that at
the end of the line the AD field is at the next figure.

charge density produced is
2/(d-2)
. M >m
Qmax = 9@2 ~ 001m¢ (p7¢> . (83)

In reality the charge density is ¢ = €gmax, Where 0 < € < 1 with ¢ = 0 for oscillation
and € = 1 for circular orbit. One can find the charge density by integrating its equation

of motion Eq. (3), giving [56]

¢ ~ H | A|mig o sin(df + 04 + 0) + |a|H sin(df + 0, + 6,) (pdij
2(d—2)/2M;)1—3 min
~ (JAJmsy2 sinda + almeg sin 6a) rin, (84)

where the calculation has been done at the time rotation starts H ~ my and the scale

of the field is given by the minimum Eq. (82). The C'P violating effective phase is
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given by sind 4, sind, ~ 1.

4.2 Radiative corrections

During this era the potential is dominated by the mass term and the charge density
in the co-moving volume freezes to a constant value. The end result is a rotating
coherent condensate. The behaviour, when H < my, is dependent on the detailed
form of the mass term. The simplest choice is the usual tree-level mass term for
which mg = const. as was done in [14]. Then the condensate eventually decays into
baryons and/or leptons through thermal scattering. If the reheating temperature of
the Universe is larger than the electroweak scale, Ty, ~ 100 GeV, the baryon- and
lepton-number violating sphaleron transitions are in equilibrium and only the flat
directions with non-zero B — L can produce a non-vanishing net baryon number.

Let us consider a different possibility: The mass term with radiative corrections
included. Then the AD condensate evolves differently. Let us first consider different

mass terms that are possible. In the gravity mediated case the mass term [18] is

V(o) = m |1+ riog (00)]jor, (89

where M is a large mass scale and ¢ is defined to have a mass mg, which is of the

order of the mass of SUSY breaking scale that is typically ms/s, at the scale M. K is

defined by [18,21] ,

= 2 (56)
where t = log(Mx/q), mj = >, aim} with the flat direction superfield defined by
® = 3".a;®; and Y. a? = 1. The scale, at which K is evaluated, is defined to be
the scale ¢ = [pmin| evaluated at the time the charge is generated when H ~ my.
The various MSSM flat directions were studied numerically in Paper I [21] where it
was found that in general K can be positive or negative depending on the parameter
values. The typical value seems to be K ~ —0.05 for mg ~ mg/,. If K > 0, the AD
scalar is stable and there is no practical difference to the case K = 0, unless K ~ 1.

For K < 0 the AD condensate becomes unstable and decays in the end to Q-balls,

which are discussed in the Section 5.
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The gauge mediated scenario gives a different kind of correction to the mass. For
the low-energy scales the mass term is the usual quadratic one, but above the so-called
messenger scale the mass term becomes logarithmic, ¢.e., almost flat. The mass term
in this case is [19]

mg| @[, 9] < Ms

vie)= M} [log (%)]2, |p| > M. (&7)

Usually the two terms are joined to [23]

2
V(g) =mlilog| 1 loF 88
which has the same behaviour at high- and low-energy scale as Eq. (87).

After inflation there is a dilute plasma of inflaton decay products, which has a
temperature T ~ (HTrM?2)'/* [57]. If the AD field couples to a field ¢, which is in
the thermal bath of inflaton decay products, at one-loop level the mass of the AD field

acquires a thermal correction of the form [58]
V(¢) = y’T?[], (89)

where y is a Yukawa coupling or gauge coupling between the AD field and the thermal
particles. For d > 6 the mass produced to non-flat directions is larger than tem-
perature, so that they are not thermalized and thus do not produce a correction like
Eq. (89). In this case the thermal correction has to be calculated in a different manner

and results in [59]

V() = c¢zT" log (ﬁ—f) , (90)

where ¢ is the Yukawa or gauge coupling. The numerical study of AD mechanism
with thermal mass Eqgs. (89,90) was done in [60].

The amplitude of rotation decays. For a potential V' ~ |$|" the amplitude decays as
R™6/("+2) 120, 22], where R is the scale factor of the universe. For the gravity mediated
case this becomes R~%/(?*2K) where the potential Eq. (85) can be approximated by

V ~ |¢|?>T?K near |¢| < M. This result is valid also in the gauge mediated case with
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n = 0 to obtain R~?. For the thermal mass Eq. (89) the calculation done in [22] is not
valid, since the temperature has a time dependence of its own. The correct result in

this case is R~2!/16 [56].

4.3 Instability of the AD condensate

Quantum fluctuations of the scalar fields get magnified outside horizon, where they
freeze to a constant value during inflation. Once the inflation has ended these fluctu-
ations come back inside the horizon making the spatially homogeneous fields slightly
inhomogeneous. Eventually the inhomogeneities in dominating components of energy
density act as seeds for galaxy formation. The perturbations of the AD condensate
act as seeds that fragment the condensate.

Let us first consider the effect of negative pressure. The multifluid evolution equa-

tions of perturbations are [61]

k )2 OPki

i + 2H by - — 471G pd 91
ki + k+<R P Tl POk, ()

where 0; = dp;/p; with p; the energy density of the component i, Jp; its perturbation
and p the total energy density. Inside the horizon the gradient energy dominates, so
one can neglect the right-hand side of Eq. (91). The flat direction has the equation of
state p = wp, where w is approximately constant. Then Eq. (91) becomes, with the

assumption of matter dominated universe,

. 4 . k 2 ty 3
1) —0 — — o 2
k¢+3t k¢+<R¢> (t) woky = 0, (92)

where t, is the time when H = my [18]. Assuming that the pressure is negative w < 0,

one can solve Eq. (92) exactly to obtain

Oiep = Clt*%[_l/Q(?)Dt%) + Czt*%h/g(?)Dt%), (93)

where D = 4/ |w|tz/3k/R¢ and I, is the modified Bessel function. The Bessel functions
behave asymptotically as I,,(z) — e*/v/27rz for z > 1. So the negative pressure leads

to an exponential growth of density perturbations of the flat direction. If one assumes
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that the orbit of the AD field is circular, one can approximate dxs = 0k /@ to obtain
an exponential growth of perturbations [18].6

The pressure and energy density of the homogeneous scalar field are

p = |of = V(9), (94)

p = 6P +V(9). (95)

The equation of state can be approximately solved by taking a time average over
the oscillation or rotation cycle provided the oscillation is rapid compared with the
expansion rate, so that the energy density over a cycle is approximately constant. One
has at the time of fragmentation 0 ~ mg whereas H < my, so that the assumption is

acceptable. So we wish to calculate

(96)

Eq. (96) can be simplified by the change of variables dt = d|¢|/|#| and |¢p| = /p — V,
leading to

ERANE
el 1 ,))1/2 )
J.diol (1= %)

Since the total energy density p is assumed to be conserved, it can be determined from

(97)

the maximum and minimum values of the potential as p = Vinax + Vinin.. Typical orbits
one can think of are elliptical. However, for a general elliptical orbit the calculation

cannot be done in a closed form. For a circular orbit the result is trivial since then

In [18] the expansion of the universe was neglected, which just corresponds to setting R = 1.
Here we have included the expansion in the matter dominated case, which is valid during inflaton
oscillations. We find that there is a slight difference to [18], where dpk /¢ ~ exp(t) whereas here for
t > ts one obtains dks — t~/% exp(t'/?). However, the perturbations still grow exponentially, which

was the main conclusion in [18].
"The maximum potential energy corresponds to minimum kinetic energy and vice versa. Since

the difference between the maximum and minimum of the kinetic and potential energy are equal, the

minimum and maximum also have to be equal if the minimum potential energy is zero.
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Vinax = Vimin, 80 w = 0. This means that the scalar field behaves like matter in a circular
orbit regardless of the potential. Another simple situation is the pure oscillation for

which Vi, = 0 and using the potential V' (¢) ~ |¢|™ one gets [20]

n—2 (98)
w = .
n—+ 2

As one can see the pressure is negative if the potential grows slower than ¢2. This is
essentially the situation for the mass terms Eqs. (85,87) or Eq. (88). For the potential
(85) the calculation was done in [53], where it was pointed out that the mass term
behaves as |¢|>T2% and so w ~ K/2.

The negative pressure has another effect besides causing the exponential growth of

perturbations. According to the continuity equation in the expanding universe,

O(pR? OR?
(at ) = —PW, (99)

p+3H(p+p)=0

where R is the scale factor of the universe. If p < 0 the energy density in the co-moving
volume increases. One can think of this as stretching a rubber band, so that its tension
increases. This also increases its energy in the form of increased tension. Of course
at some point the band has been stretched too much and it breaks into pieces. The
pieces collapse together. In the same way the AD condensate fragments if its pressure
is negative. The fragments of the AD condensate collapse to a smaller volume than

the size of the original fragment producing Q-balls (see Section 5).

4.4 Fragmentation of the AD condensate

In this section we present a more thorough analysis of the growth of perturbations of
the AD condensate. The spectrum of perturbations is [18]

1
T ommyHY?\52

dp(A) (100)

where A is the perturbation length scale at H ~ my. Using ¢ = %@goew and assuming

U(1)-violating terms are negligible the equations of motion in the expanding universe,
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taking the inhomogeneity into account, are [23]:

1 . 1 ov
. H.__ 2, N2 T 2 - 101
p+3Hp RQV(p 9<p+R2|V0|<p+&p 0, (101)
i+ (30 + 22 é—iv%—i(V) (VO) = 0 (102)

where R is the scale factor of the universe. The perturbations can be studied by
linearizing Eq. (101) with 8 — 0+486, ¢ — @+ ¢ assuming a homogeneous backround
i.e. Vo=V6O=0:

1 L 82V
53+ 3HSp — —V25p — 20000 — 0?60 + —6p = 1
P+ 3HOp — 53 Vop — 2 WL@@? © 0, (103)
. 20\ . 20 20¢ 1
59+<3H+—“’) 59+—05¢—if5¢——2v250 = 0. (104)
@ @ @ R

We consider perturbations of ¢ and 6, where both dp and §f are proportional to
exp(S(t) —ik-x), which we use as an ansatz for the solution of perturbation equations.
An exponentially growing mode is present if Re S > 0. We substitute the ansatz into
Eq. (103), collect terms proportional to dp and 66, and require that the solution is
non-trivial, which just means that the determinant of the matrix multiplying the

perturbations has to vanish, and we obtain

2¢ E\°
a2+<3H+—(p>a+<—>
% R

462 <a . g) a = 0(105)

AN
042—|—3H04—|—<E> — 02+ V" ()

where an adiabatic approximation & < « has been used with a = S.8 Terms propor-
tional to H can be neglected since H < my. In order to have solutions of a that have
non-zero real components one must have V" () — 62 < 0. The band of growing modes

(modes having Re ao > 0) can then be solved from Eq. (105):

0< (%)2 < (k*]“%“f =02 —V"(y). (106)

If knax is constant or grows with time, the instabilities can develop indefinitely. At

some stage the perturbations grow non-linear. If, on the other hand, k., decreases

8 Adiabatic approximation is actually valid only if the orbit is circular. If the orbit is not circular

then 6 and ¢ change rapidly, so that also & should change rapidly, too.
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with time, it is possible that the perturbations are not able to grow significantly before
they are red-shifted away from the resonance.

For a gravity mediated scenario, Eq. (85), one obtains the following band of growing
modes [26, 27]

k’ 2
0< <E> < 3|K|m%, (107)

where K ~ —0.1...—0.01 and mg ~ 100 GeV. Since the right-hand side is a constant,

the instabilities can grow indefinitely. The perturbations grow as [79]

3
- RO 2 ik-x |K|m2k2

) Klm?2k2
50 = 80pe™*exp / dt,/% , (109)

where subscript 0 marks the initial values at ¢ = ¢; and it has been assumed that
k*/R? < 2|K|m%, H < mg and |K| < 1. For the band of growing modes in the gauge
mediated scenario, Eqs. (87,88), one obtains [25, 27]

0< =< ; (110)

where i, is calculated at H ~ my. So in this case instabilities grow indefinitely, too.

The instability of the AD condensate has been numerically studied in [25-27]. As
a result the band of growing modes for a circular orbit is approximately given by
the analytical expressions of Egs. (107,108), although the bands are not so sharply
peaked. This just indicates that in the non-linear regime the coupling between different
modes becomes important. However, for an oscillating orbit there appeared several
bands of growing modes [27]. This indicates that all sizes of lumps are formed from
the fragmenting condensate. This situation is further analyzed in Section 5 when

discussing Q-balls.
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5 Q-balls

5.1 Solitons

In field theories with a certain amount of non-linearity stable bound states can exist
on classical and quantum mechanical level. These bound states are called solitons.
Unlike wave packets, which are superpositions of plane waves, the soliton solutions are
non-dispersive. They have a finite stable shape in space and they can travel with a
constant velocity. Such solutions were first discovered in hydrodynamics by Russell in
1845 [62]. These were later explained in terms of the soliton solutions of a non-linear
hydrodynamical equation called Korteweg-de Vries equation [63]. Since then many
other soliton-type solutions have been found. Most of them exist only in one space
dimension due to a theorem by Derrick [64]. The theorem implies that one has to
include gauge fields of non-zero spin or consider time-dependent but non-dispersive
solutions in order to have soliton solutions in two or more spatial dimensions. If one is
restricted to relativistic field theories, then all soliton solutions can be classified into
two general types.

(1) Topological solitons. For these it is necessary that the boundary condition of
the soliton state at infinity is topologically different from that of the physical vacuum
state. This requires degenerate vacuum states. Examples of topological solitons are
the magnetic monopole solution of t’Hooft and Polyakov [65] and the sphaleron [66].

(2) Non-topological solitons. The boundary condition at infinity for a non-topo-
logical soliton is the same as that for the vacuum state. Thus, there is no need for
degenerate vacuum states. The necessary condition for the existence of non-topological
solitons is that there is an additive conservation law. There are several examples of
non-topological solitons in the literature, most of which can be found in the review by
Lee and Pang [67]. In this work we concentrate on a specific example of non-topological
solitons called Q-balls [24].

Q-balls are minimum energy configurations in scalar field theories with a non-zero
conserved charge. Simplest type of Q-ball is related to global U(1)-symmetries [24].
There are also other types of Q-balls studied in the literature: non-abelian Q-balls
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[68,69] and gauged Q-balls [70].

5.2 Q-balls in any space dimension D

The existence of Q-balls requires a conserved charge, which is usually taken to be
related to a global U(1)-symmetry. The Lagrangian density of a scalar field is given
by

L =10.91" = U(lg]), (111)

where = 0,1,..., D, 2° = t. The U(1)-symmetry transformation is

b €%,  ¢F e MP*, (112)

where ¢ is the charge of the scalar field. With a field redefinition one can choose
g =1 (in the following we will assume this to be done). The symmetry trasformation,

Eq. (112), induces a conserved current and charge
= (00,6~ 5°0,0) = 040, 8, =0, Q=[x (1)

where a parameterization ¢ = %(pew is used.
In order to find Q-ball solutions [24,67] one has to minimize the energy with a
non-zero conserved charge (if the charge is zero one gets the usual vacuum state as the

minimum of energy). This is best achieved with the method of Lagrange multipliers
B [ax[lop+ 9o+ v(o] +w @i [aPxod -]

where w is a Lagrange multiplier and @ is the charge of the field configuration (one
can add the unit of charge by redefinitions w = qw’, Q@ = @’/q and one can assume
@, w > 0 since the energy is symmetric in QQ — —Q, w — —w). With a reordering
of terms in Eq. (114) one can see that the time dependence of the field can be solved

completely for the minimum energy configuration

d(x,1) = —=p(x)e™, (115)

Sl -
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where ¢ can be chosen to be real and positive by a gauge transformation. The quantity
w can be interpreted as the angular velocity of ¢ in the field space. With the field
configuration Eq. (115) one obtains from Eq. (114) the energy

p= [ [;w L U() - ;ww] uQ (116)

and charge

Q= w/dDX o(x)2. (117)

Thus the problem has now become that of finding a solution to the euclidean equation
of motion in D dimensions with an effective potential U, (¢) = U(p) — sw?p? and the
constraint (117). This is a well known problem, and it has been solved in [71]. For
this purpose we define the spherical rearrangement of function ¢, where ¢ is positive
and vanishes at infinity. The spherical rearrangement of a function is the spherically

symmetric monotonically decreasing function g, for which the condition

p{zler(|z]) = M} = plalp(x) = M}, forallM >0 (118)

holds [49], where 1 is the Lebesque measure. The necessary condition for the field
configuration to have a finite energy is that the field vanishes at infinity. Thus we can
form the spherical rearrangement of the field ¢ in Eq. (116). The energy related to
the effective potential does not change with ¢ — g. On the other hand the gradient

energy is minimized using the spherical rearrangement theorem [72]
[ xive = [ @x/Ven(ia)P (119)

So the energy is minimized with a spherical field configuration. The equation of
motion is found either directly from the Lagrangian given in Eq. (111) or from the
energy (116):
" D -1 / !
P(r) + ——¢'(r) = Us(y) = 0. (120)
Equation Eq. (120) is analogous to the equation related to the decay of the false

vacuum [73,74]. Therefore solutions to Eq. (120) can be found in the same manner.

It is helpful to think of Eq. (120) as a Newtonian equation of motion in the inverted
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Figure 5: Example of an inverted potential with U, (¢) = 1(m? — w?)p? — Ap? + Ap* and
parameters m = 1, A = 0.09, A = 0.01 and w = 1.005w.. The position of the particle at

r =0 is shown.

potential —U,(¢) with friction. ¢ and r are interpreted as position and time respec-
tively. Naturally one cannot expect to find solutions for arbitrary potentials. We
show in Fig. 5 a typical example of the type of inverted potential, for which solution
to Eq. (120) exists. We require that the potential fulfills the following conditions: it
is U(1)-symmetric, U(0) = 0 can be chosen by convention, its global minimum is at
¢ = 0 so that symmetry is not spontaneously broken, U’(0) = 0 and U"(0) = m? > 0.
The last two conditions imply that there exist massive scalar mesons. We also require

that

2 .
. = min

)

w

<2U(<p)> _20(ee) _ s

2 2 <m®, . >0. (121)

One also has to specify the relevant boundary conditions for the solution. Since the
energy has to be finite, in the limit 7 — oo the potential and kinetic energy (gradient
energy) has to vanish, which is accomplished by setting ¢(c0) = ¢'(00) = 0. The
solution has to be regular at » = 0, so ¢'(0) = 0. ¢(0) = g is to be determined from
the solution. The specified boundary conditions just mean that the particle starts at
rest at (g, reaches the origin ¢ = 0 at infinite time and stops at rest there. For this
to be possible the origin has to be a maximum of the inverted potential (see Fig. 5)
and the potential at ¢y has to be larger than at ¢ = 0. This results in w, < w < m.

The behaviour of the potential is plotted in Fig. 6 for different values of w. Fig. 6 also
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Figure 6: The behaviour of the effective potential U, (p) = (m? — w?)p? — Ap* + Ap* with
parameters m = 1, A = 0.09, A = 0.01 and w = 0 (dotted), w = w, (solid) and w = m
(dashed).

gives an idea that the minimum of effective potential is achieved for w > w.. Otherwise
the minimum is not a true vacuum in the sector of non-zero conserved charge. The
solution is stable with respect to decay to free scalar quanta if the energy of the Q-ball,

given in Eq. (116), is less than the mass of the corresponding amount of free quanta:

Ey <mQ. (122)

The solution to Eq. (120) is found by an argument of continuity. If the particle in
Fig. 5 starts at a point that has a smaller potential energy than the origin, it never
reaches the origin. If the particle starts close to the top and stays there for a long time
(to large values of ), so that the friction term becomes negligible, it has enough energy
to go past the origin. By continuity there has to be a solution for which the particle
just reaches the origin. This corresponds to the Q-ball solution [24]. In general finding
solutions to the equation of motion Eq. (120) is a numerical problem. In some limiting
cases analytical approximations can be used. Examples are thin-wall and thick-wall
approximations.

We have restricted ourselves here to potentials which do not produce spontaneous
symmetry breaking, i.e., w? > 0. In [75] also the case of spontaneous symmetry

breaking, i.e., w?> < 0 has been investigated. In the latter case there is a maximum
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charge and energy that Q-balls can have, see [75].

5.3 Thin-wall approximation

In the thin-wall approximation one considers a QQ-ball configuration that has a con-
stant value up to a radius R, after which the field vanishes, i.e., the field configuration
is a step function ¢(r) = ¢ 0(R — r) (surface contributions are omitted in this con-
figuration). The energy and charge of such a configuration can be obtained from

Eqs. (116,117):

2
Q = wpVp, (123)

1
E = Vp <U(<P0)+_W2<P§>,

where Vp is the volume of a D dimensional sphere with radius R. Now one can solve
w from the second equation and solve the energy of the Q-ball in terms of volume and

charge:
Q2

E = .
VDU(QO()) + 2(,03VD

(124)

For a fixed charge @), F acquires its minimum at Vp = |Q|/(po/2U(¢0)), thus one

obtains

E=0Q QU(fO). (125)

20

Minimizing this with respect to ¢y one gets £ = w.Q from Eq. (121). Hence the
thin-wall limit corresponds to w — w. and @y — ©,.
The surface energy can be taken into account by dropping the dissipation term in

Eq. (120) and then inserting the solved ¢ into Eq. (116) (details can be found in [24]):

D—1 Pc

i D "D

E~w@+Sh <2w ?02> /dgp 20 (). (126)
¢ 0

One should note that here we have only shown that a QQ-ball is a stationary point
of energy F with a fixed charge ). Coleman [24] has shown that for large @) the Q-ball

solution is the minimum energy configuration, and that Q-balls exist and are stable
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with respect to the decay to ¢ quanta, if

inf Eg < mQ. (127)

He also showed that if stable thin-walled Q-balls exist for some ) > 0, then Q-balls
in the thin-wall limit exist and are stable for any @' > @ [24]. However, Coleman’s
arguments are purely classical. In [76] Graham has shown that Q-balls are quantum

mechanically stable for @) > 7.

5.4 Thick-wall approximation

Q-balls can also exist for small charges. Kusenko has showed that in the thick-wall limit
[77] small stable Q-balls exist in the case of the potential U(p) = im?p? — Ap® + Ap™.
Multaméki and Vilja [78] extended this for more general potentials and calculated the
thick-wall properties for arbitrary spatial dimensions D.

The idea of the thick-wall approximation is the following: Let us consider a Q-
ball configuration with w > w.. When w is increased, U, dips deeper and ¢, moves
closer to the origin, so that overshoot of origin is avoided, see Figs. (5,6). When
w — m the particle starts so far away from the top that only the lowest order terms
have to be taken into account. Whether this approximation is valid depends on the
potential. Under these conditions Eq. (121) is not sufficient to determine the existence

of thick-wall Q-balls (however, Eq. (121) is a necessary condition for Q-ball stability).

We give here the results of [78]. Consider a potential

1
Ulp) = §m2902 — Ap® + A% + O(p“), (128)

where A, A > 0 and C' > B > 2. With redefinitions

1

A B2
& = x;vym? — w2, Y= {72 2] (129)
m? — w
the energy Eq. (116) becomes
Ex A w3 (m? - ) 745258 1w, (130)
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where
1 1
Sy = /de {§|V¢w|2 + 59" =P (131)

S} is just a D dimensional action of a bounce in the potential 5¢° — ¢”. Clearly the
action, Sf can be minimized without knowing w. Minimizing with respect to w one

obtains after some calculation that Q-balls obey the stability bound Eq. (121) if

Q< (1+0)(20)°(1+2¢) 2 24772 58142 (132)

where ( = —-D/2+2/(B — 2).

5.5 Q-balls in the MSSM

The flat directions support the existence of (Q-balls, since in low energy scale the flat
direction grows slower than ¢? Egs. (85, 88), if K < 0.
In the gravity mediated case the potential reads, omitting the A-terms and the

Hubble induced corrections,

|6

(i) = e |1+ 5105 (1) | ho+ L0

VD)

|, (133)

In order to have Q-balls at all we must have K < 0. The non-renormalizable term
is important in the thin-wall case. The thin-wall behaviour can be solved straightfor-

wardly. From Eq. (121) one obtains

2 _ 2 K| ©2
W, = My [1+m— |K|10g<2M2>] :

1
M43m K| |2
<pc:\/§[ p Moz /| '2] . (134)

RY d—
One notes that w, > ms/, unless ¢ > M, but the correct mass at ¢ = 01is U"(0) = o0,
so that this is not a problem. In principle one has to compare w, with the renormalized
mass, which is mgr = mg/2(14+a|K|) where a ~ 1 [18]. The same phenomenon happens
in the case of the thick-wall solution.
Thick-wall behaviour is determined by the mass term (85) alone. Solving the

equation of motion of Eq. (120) with a gaussian ansatz one obtains [79]

2

o(r) = ppe 72, (135)
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where

2
R = ———
|K|m§/2
2 2 5
w” = My {1+(D—1)|K|—|K|log<2M2>}, (136)
leading to the energy and charge given by
D
™%
Q = (5) weRP. (137)

The profile has been verified numerically and it has been observed that a better fit is
achieved by R ~ |K|~"*my, [18,83].

In the gauge mediated case the mass term is

U(¢) = my log (1 + Lfi—f) : (138)

¢

The equation of motion (120) is no longer analytically solvable. Even the thin-wall
values are not analytically calculable, unless we ignore the non-renormalizable terms,
in which case the thin-wall values are ¢, = oo and w. = 0. The thin-wall regime is
never reached with potentials that grow slower than ¢2. Even if an exact solution is
not possible, one can approximate the potential (138) with a tree level mass term,
U(p) = mi|¢|2, for low energy scales and a flat potential, U(¢) = U, = const., for
high energy scale (see Eq. (87)). Previously the profile and energy has been solved
for D = 3 with a flat potential U(¢) = const. for all ¢ [32]. Here we have solved the

problem by approximating the potential with

%m35<102a % < PR,

Ulp) = (139)

Uy = const., ¢ > pg.
In Appendix we give the complete solution to the Q-ball equation, Eq. (120), with this
potential. We also make a comparison with the numerical solution obtained in [84] and
find that the resulting profile is a very good approximation to the numerical solution,

as long as one trusts eye-ball fitting. Another key point to note is that here we do not
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choose Uy = mg“ and D = 3, as is usually done. The analytical approximation to

the profile is (see Appendix)

20T (8) (2)* Tojpa(wr), <R y
p(r) =~ DY Jps2-1@R) [ 9\ 2-1 k (140)
QOOF (2) Kp/a—1(kR) (wr) KD/2*1( 7“), > R7

where R is chosen in such a way that p(R) = ¢ and k = ,/m5 —w?. In the limit

Q — oo all the parameters can be given:

0

po ~ ;(@)?—1 <#>D+IU2£3*1” o
V2Jpa(tp) \ 2 VL(D/2)xp ’ ’

1
QWD/%B D+ 1 1
~ UPH O~ D
. <F<D/2>) o @
1

p o (T2LBY ™ g

27TD/2
D+1 (27rD/2:rB>Dl“ -

FE D F(D/Q) UO QD (141)

where xp is the first positive zero of the Bessel function Jp/s—;. These results repro-
duce the previous results for Uy = m* and D = 3.

Multaméki and Vilja have solved numerically the Q-ball profiles in both the gravity
mediated [83] and gauge mediated case [84]. The results in the gravity mediated case
were found to correspond to the Gaussian profile quite well. The gauge mediated case
was found to be better described by a kink solution. The analytic solution given here is
found to fit quite well the numerical solution of the logarithmic potential in Eq. (138),
given in Fig. 1(b) at [84].

5.6 Decay and scattering of Q-balls

The Q-balls formed through gauge mediation mechanism are absolutely stable for large
enough (Q because the mass increases as Q*/4. Therefore for large enough @, its mass
is less than the mass of corresponding amount of quarks, i.e., mg < myQ, where
my =~ 1 GeV is the lightest nucleon mass. For the gravity mediated case this does not

occur since the Q-ball mass increases linearly with respect to charge. Therefore the
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Q-balls are formed by gravity mediation decay when the temperature falls below my
[18].

Depending on the interactions a Q-ball can decay into bosons or fermions (decay
into its own scalar quanta is forbidden by the stability of Q-ball). If the decay mode
is to fermions, then the decay happens by evaporation from the surface [31]. Cohen et

al. [31] showed that a field theory described by the Lagrangian
L = 0,00"¢" = U(|g]) + ¥lic" 0, — igdiTony* +igd " ox, (142)

where 1) is a two component Weyl spinor, ¢ is the Q-ball scalar field and o are the Pauli

matrices, leads to an evaporation rate of the Q-ball which is bounded from above:

dN < w3
dtdA — 19272°

(143)

Here w is the rotation velocity of the Q-ball. The bound was calculated in the thin-wall
limit. The numerical simulations show that the rate almost saturates the bound [31].
The step function is not an applicable profile in all cases. With a generic Q-ball the
calculation of the evaporation rate is a numerical problem and has been solved in [78].
In the limit of small coupling the evaporation rate can be calculated analytically. One

finds [31] oy ,
_ gPow
dtdA 647

(144)

where ¢ is the coupling between the Q-ball and fermions.

Q-balls can also decay through scattering against thermal particles [18,23]. There
are two kinds of processes, dissolution and dissociation. In dissociation thermal par-
ticles collide with the Q-ball “hard core”, which corresponds to a region where ther-
mal particles cannot penetrate. Thermal particles penetrate to a radius at which
gp(r) ~ 3T. They transfer energy to the Q-ball when they stop. If the time over
which the particle stops is short compared to the time over which Q-ball can absorb
energy, the particle gets ejected, leaving some of its energy into the hard part. If suffi-
cient energy is delivered to overcome the binding energy of the Q-ball, then the Q-ball
dissociates. If less energy is delivered, the Q-ball is able to radiate the extra energy

away. In dissolution charge is removed from the soft edge of the Q-ball. At large
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temperatures there is an equilibrium between the soft edge and the ambient thermal
bath, and if the width of the edge is larger than the mean free path of the thermal
backround particles, charge diffuses out of the Q-ball. Thermal equilibrium between a
Q-ball and thermal particles has also been considered in [80,81]. When a Q-ball col-
lides with its own quanta in a thermal path, it becomes excited. Q-ball excitation and
its relaxation has been numerically studied in [82] in the MSSM with gravity mediated
SUSY breaking. It was found that Q-balls can absorb a large amount of extra energy
without decaying and that they just radiate the extra energy out.

The scattering properties of the Q-balls have been solved numerically in [78, 83, 84].
The cross-section in the Q-ball collisions was found to be approximately given by
the geometrical cross section for all kinds of processes: elastic scattering, fusion and
charge-exchange. The gauge mediated Q-balls tend to become larger in collisions.

This a process called solitosynthesis and has been studied in [23, 85].

5.7 Thermally distributed Q-balls

Q-balls are formed from the fragmented lumps of the AD condensate as mentioned
at the end of Section 4. Since the negative pressure causes the energy of the AD
condensate to increase and the spatial perturbations to grow, it is natural that the
condensate deforms into a configuration that corresponds to the minimum of energy.
This yields a distribution of Q-balls. The form of the Q-ball distribution depends on

the energy-to-charge ratio of the AD condensate

p()

T @) (145)

where p(¢) is the energy density and ¢(¢) the charge density of the AD condensate
before fragmentation. According to numerical simulations [25-29] the charge of the
AD condensate is almost completely stored in the Q-balls. Then one can write down

the equations for the conservation of energy and charge [28]
B = [ [dQIN.(p.Q)+ N-(0.Q) E(D. Q). (140
Qu = [d [dQN.p.0) - V-0 (147
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where E(p,Q) = /|p|*> + mé is the energy of a Q-ball with charge ) and momentum
p, Ni(p, Q) are the number distributions of Q-balls (+) and anti-Q-balls (-), Fj,; and

Qq0r are the total energy and charge stored in Q-balls, which are the same as the ones
the AD condensate originally had. Since the mass of the Q-ball in the gravity mediated
case is mg ~ m|Q)| (see Eq. (137)), it follows that x = Ej/mQi > 1 independent of
the distribution. If x = 1 only Q-balls but no anti-Q-balls appear. This is also seen in
numerical simulations [26,28,29] both in 2-D and 3-D. The case # = 1 is most often
used in the simulations. At the other extreme z > 1 a large amount of Q-balls and
anti-Q-balls appear [28, 29]. The total charges in the Q-balls and anti-Q-balls are much
larger than the total charge (), itself. This can simply be understood from energy
conservation: the extra energy has to go somewhere, in this case to anti-Q-balls (the
other choice, kinetic energy alone, would make Q-balls ultrarelativistic, but one still
expects QQ-balls to be relativistic [22,28]). Numerical solutions in [22] indicate that
z>1.1.

In Section 4 it was noted that the pressure-to-energy density ratio w of the AD
condensate acquires its largest negative value for an oscillating orbit and vanishes for
a circular orbit. Hence w is roughly proportional to € — 1, where ¢ = B/A is the
ellipticity of the orbit and A (B) is the semi-major (semi-minor) axis of the ellipse,
see Section 4.3. The energy-to-charge ratio = behaves roughly as = = 1/e.

After the AD condensate fragments, the Q-balls are expected to interact vigorously.
Therefore the Q-ball distributions are expected to be obtained by maximizing the
entropy. The necessary condition for this is that the interaction rate is greater than
the expansion rate, [' = ny;ov > H, where ny, is the total number density of Q-balls
and anti-Q-balls, o ~ T(Ré is the geometric cross-section of a (Q-ball-Q-ball collision
and v is the average velocity of a Q-ball. Considerations supporting this has been
given in [22, 28]. Therefore one can describe the Q-ball distribution by an equilibrium
distribution.

The grand canonical partition function is given by

Za=> n"Zy, (148)

N=0
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where 7 = exp(fuy) is the fugacity and py is the chemical potential related to the
number of Q-balls, Zy is the canonical partition function of N Q-balls and [ is the
inverse temperature of Q-balls. If the Universe has expanded enough, so that Q-balls
can be distuingished, one can treat Q-balls as free particles with no interaction. Then
the N-particle partition function is given simply by Zy = (1/N!)Z¥, since Q-balls are
bosons. The grand canonical partition function becomes Zg = exp(nZ;). So one just
has to calculate the one-particle partition function of Q-balls, which can be done by

assuming that the Q-balls obey Boltzmann statistics:

dPxd’p [
7, = g / @ xa’p / dQ e PEPQ)+1Q

(2m)P
= 2gVDﬁ/dQ <;—%>T eﬂQK%(ﬁmQ)a (149)

where ¢ is the number of internal degrees of freedom, which for scalars is unity, pu is
the chemical potential related to the charge, E(p,Q) = /p*+ mé is the energy of
the Q-ball, mg is the mass of the Q-ball with charge @ and K, (z) is the modified
Bessel function. For the gravity mediated case we have mg ~ m|Q)| and the partition
function is completely solvable and it has been solved in [28]. For the gauge mediated
it is not possible to calculate the partition function for general p. However, for the
special case p = 0, which corresponds to (;,; = 0, it can be calculated and has been
done in [34]. Numerical simulations [28,29] show that the equilibrium distribution is
a very good approximation in the gravity mediated case. For the gauge mediated case
the energy-to-charge ratio can be lower [22]. However, the mass of the Q-ball in this
case is mg ~ m|Q|P/P+V. Then thermalization should be possible even with lower
x. In addition, the negative pressure is larger in this case, so that the energy grows

faster and there exist more instabilities for the oscillating case [27].
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6 Q-balls in cosmology

The copious production of Q-balls from a fragmentation of Affleck-Dine condensate
may leave the Universe filled with Q-balls. Their existence in the Universe before
reheating may have significant consequences for the evolution of the Universe and
could leave a detectable trace. A number of different cosmological scenarios involving
Q-balls have been suggested. For a more complete list of cosmological applications see

the review by Enqvist and Mazumdar [37].

6.1 Baryogenesis

Depending on the flat direction the Q-ball can carry baryon and/or lepton number.

The lifetime of the Q-ball in the gravity mediated case is [18]

48
ra—"0, (150)

R2.,3

where R is the radius of the thick-walled Q-ball and the upper bound of the evaporation
rate has been assumed to be saturated. The temperature of the Universe at which the

Q-balls decay is [79]

fs 2 m L1020 2
Ty =~ 0. 151
4~ 0.06 <|K| (100 Gev> o) ¢V (151)

where f; is a possible enhancement factor of the decay rate due to decay into pairs

of light scalars. f; ~ 1 for purely baryonic directions and for directions containing
leptons f, ~ 170(1 + 2.1g*)|K'|~'/2, where g is the coupling between the condensate
scalars and the decay products [79].

The numerical simulations show that at least for x & 1 the largest Q-balls are in the
range 10'%...10%% [26]. Then it is possible that Q-balls decay after the electroweak
phase transition. The sphaleron transitions wash out the baryon number produced
by the conventional AD mechanism, if the temperature of the Universe is above the
electroweak scale. Baryon number in the Q-balls is protected from the electroweak

wash-out if the Q-balls decay after the electroweak phase transition [18,79].

26



6.2 Dark matter

The experimental observations of large scale structure [86], supernovas [87,88] and
cosmic microwave backround together indicate [89] that the Universe is composed of
baryonic matter Q,h? = 0.023 & 0.003 or €, = 0.05 & 0.02, cold dark matter (CDM)
Qeparh? = 0147393 and total amount of matter (baryons and dark matter) €, =
0.34 + 0.07, cosmological constant or dark energy Q4 = 0.657002 with h = 0.67 4+ 0.09
and total density 2, = 0.991’8:82. Q; = pi/pe is the mass fraction of the component i
where p; is the energy density of the component 7 and p, is the critical energy density.
h = Hy/(100kms~'Mpc™") where H, is the Hubble parameter today.

Q-balls are natural candidates for dark matter. In the gauge mediation scenario
Q-balls are absolutely stable with respect to decay to SM baryons due to kinematical
reasons, if their charge is large enough:

4
Q> <%> ~ 10" (152)

myp

for my ~ 1 TeV and m; ~ 1 GeV. Therefore Q-balls with charges larger than 10'2
can act as dark matter. Such Q-balls could be detected in experiments. The possi-
ble experimental signatures have been discussed in [90]. The constraints are mainly
dependent on whether the Q-ball is a supersymmetric electrically charged (SECS) or
neutral (SENS) soliton. The MACRO search [91] produces constraint to the flux of
SECS

Fspes <107 Mem™2s7 tsr™!. (153)

The Baikal deep underwater array, “Gyrlyanda”, and Kamiokande Cherenkov detector

constrain the flux of SENS as [92]

10 %em 25 tsr™t, for o > 1.9-10 22em?,
Fspns < (154)

107 Pem =257 sy, for o = 10~%em?.

These constraints translate into lower limits of baryon number of the dark matter
Q-balls: for SECS @ > 10*' and for SENS @ > 10*? assuming my = 1 TeV, ppy ~
0.3 GeV/cm? [90] and all dark matter is in Q-balls. Q-ball dark matter in the gauge

mediated scenario is also constrained by the difficulty of having Q-balls to produce
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both the observed baryon number and dark matter without having a large reheating
temperature [27].

Q-ball dark matter in the gravity mediated case has also been considered [79].
Since in this case the Q-balls decay, DM has to be formed of the decay products. If
R-parity is conserved the Q-balls produce both baryons and lightest supersymmetric
particles (LSP), typically the neutralino. Based on this Enqvist and McDonald [79]

showed that baryon to dark matter ratio can be accounted for if

N
3.7 GeV < <?X) femy < 67 GeV, (155)

where N, is the number of LSPs produced per baryon number, m, is the mass of
the neutralino and fg is the fraction of baryons in Q-balls. Numerical simulations
indicate that after the AD condensate fragmentation nearly all of the baryon number
finds its way to Q-balls [26,28]. If the AD condensate is the only source of baryons
fB ~ 1. This applies to the gauge mediated scenario, too [25]. This would mean that
all the baryon number is in the QQ-balls, which is unacceptable for the gauge mediated
scenario. Thermal effects transport charge from Q-balls to the surrounding plasma
thus decreasing fp. In [80] it was estimated that the correct baryon-to-photon ratio
for mgy ~ 1 TeV if the initial charge of the Q-balls is in the range @ ~ 10%...10%.
However, in [86] it was argued that the rate at which the charge diffuses away is

suppressed resulting into a bound @ > 102'...10%.

6.3 Problems of Cold Dark Matter

The cosmological model that is in good agreement with the CMB observations and
large scale structure, on scales > 1 Mpc that corresponds to scales of galaxy clusters,
is based on colliosionless cold dark matter (CDM). The profile of CDM halos is well
approximated by the Navarro-Frenk-White profile [93]. The CDM consists of weakly
interacting massive particles (WIMP) (or axions), which means that both the inter-
actions with ordinary matter and other DM is weak. On galactic and sub-galactic
scales, < a few Mpc, there are a number of discrepancies with observations compared

to analytical calculations and numerical simulations.
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The generic prediction for weakly self-interacting DM is that CDM forms triaxial
halos with dense cores and significant dense substructures. Howeve, lensing obser-
vations of clusters [94] reveal central regions with nearly spherical low density cores
on galactic scale. Dwarf irregular galaxies appear to have low density cores [95-98]
with much shallower profiles than predicted by numerical simulations [99,100]. Ob-
servations of the Local Group reveal less than 100 galaxies [101], while numerical
simulations [102,103] and analytical theory [104,105] predict that there should be
roughly 1000 discrete dark matter halos within the Local Group. However, it seems

that the observational status is quite unclear [106].

6.4 Self-Interacting Dark Matter

The success of the CDM model on large scales suggests that a modification of the
CDM properties may be the best approach for resolving the problems on small scales.
Allowing the DM to be warm alleviates some of the problems, but this seems to be
ruled out [107]. Another approach suggested by Spergel and Steinhardt is to allow
DM to be self-interacting [108]. The interactions of DM with ordinary matter have
stringent constraints but as long as the DM annihilation cross section is much smaller
than the scattering cross section, the self-interaction is only mildly constrained.

The mean free path of the DM particle should be on the range A = 1kpc...1Mpc,
so that it does not change the structure on large scales (> 1 Mpc) [108]. The mean
free path is defined by

Ao (156)

oppNDM
where opp is the DM-DM scattering cross section and npy = ppy/mpy is the
number density of DM, where ppy ~ 0.4 GeV/em? is the mean density of DM at
the solar radius and mpy, is the typical mass of the DM particle. From Eq. (156) it
follows that

DD g 0% 102 S

. 157
Mmpm GeV ( )

Actually the upper limit drops down to 10~ 2*cm? GeV ! according to numerical simu-

lations on cosmological structure formation [109]. Eq. (157) implies a cross section that
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is typical for a hadron with a mass mpy ~ 1 GeV, so SIDM is strongly interacting.
When the structures form via gravitational instability, the central density increase.
When the density has increased enough the collisions of DM particles become more
frequent, so that DM particles start to scatter out of the center as fast as they are
accreted. Then the growth of central density stops and DM forms a core (a region
where the density is essentially constant). The collisionless CDM does not scatter, so

the central density increases more to form a cusp in the center.

6.5 Q-balls as Self-Interacting Dark Matter

Q-balls in certain extensions of MSSM, for instance in the hidden sector, have been
proposed as candidates for SIDM [33]. Since Q-balls are extended objects, they have
naturally large cross sections comparable to their size (the Q-ball cross sections are
given by their geometrical cross sections ogg = mR? with R given by Egs. (135,140)).
Q-balls can fuse in scatterings, but total annihilation seems to be difficult.

In paper IV we used the constraint Eq. (157) to find phenomenological constraints
for the properties of the Q-ball dark matter. We acquired the following constraints for
thin- and thick-walled Q-balls:

3-108 < 240 < 5.10'% (thin — wall) (158)
3.-10% < ( ﬂjv)m Q < 7-10%, (thick — wall, gauge) (159)
2.10° < |K|(%£2)°Q < 2-107, (thick —wall,grav.).  (160)

The commonly considered Q-balls carrying baryon number [23,79] are clearly unac-
ceptable candidates for SIDM, since the free scalar has a mass of the order of SUSY
breaking mass, which is my ~ 1 TeV. However, if there are Q-balls in models where
the U(1)-symmetry is not related to the baryon or lepton number, it might be possible
to satisfy the bounds (158)-(160).

Another choide is to have thermally distributed dark matter, where the one-particle
partition function is given by Eq. (149). This leads to bounds that can be seen in Fig.
2 of Paper III [34].
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As discussed in Section 5.6 the Q-ball evaporation rate depends on its couplings.
However, the evaporation rate has an upper bound (Eq. (143)). If one assumes that
Q-ball dark matter has to be present at the time of galaxy formation and that the
bound Eq. (143) is saturated, this leads to constraint @ 2 10*m4/ GeV for the gauge
mediated Q-ball.” For the gravity mediated Q-ball the same bound is 10*m3,,/ GeV.
These bounds are much higher than the typical sizes of the largest Q-balls seen in

simulations [25, 26].

YHowever, the decay of large Q-balls can be forbidden because of kinematical reasons, see Eq. (152).
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7 Conclusions

All supersymmetric theories have in the globally supersymmetric limit many flat di-
rections, where the scalar potential vanishes. These flat directions stay flat even un-
der radiative corrections due to non-renormalization theorems. The only corrections
to their potential come from soft SUSY breaking and non-renormalizable operators.
Couplings through the Kéhler potential generate terms that are more important in
the Early Universe than the standard soft breaking terms. These set the value of the
field along the flat direction to a high energy scale during inflation. After inflation the
fields evolve to low energy scales and usually end up rotating around the origin and
hence producing a charged AD condensate. If the AD condensate is formed of fields
in the MSSM, which carry B — L, it is possible to produce the baryon asymmetry
required by observations.

If the mass term along the flat direction grows slower than ¢?, the condensate
has a negative pressure and is is unstable with respect to spatial perturbations. The
magnitude of the pressure depends on the ellipticity of the orbit. The largest absolute
value for the pressure is obtained for pure oscillation, whereas the pressure vanishes
for a circular orbit. The energy-to-charge ratio is also linked to the orbit. The energy
of the AD condensate is approximately independent of the orbit. However, the charge
depends strongly on the orbit: it vanishes for the oscillation and is maximal for a
circular orbit. This leads to an energy-to-charge ratio, which is unlimited for oscillation
and acquires its minimum for a circular orbit.

The negative pressure makes perturbations grow and become non-linear fragment-
ing the condensate. The fragmented charged lumps form non-topoligical solitons,
Q-balls. If the energy-to-charge ratio of the AD condensate is large, large numbers
of both Q-balls and anti-Q-balls appear. Analytical considerations show that the
thermalization of the Q-ball distribution is likely such that the distribution can be
described by an equilibrium distribution. This has been verified in numerical simula-
tions for both 2 and 3 spatial dimensions in the gravity mediated scenario for x > 1.

If x = 1, only Q-balls appear, as is expected by analytical considerations. In this
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case the orbit is close to circular and only a small instability band appears both in
the gauge and the gravity mediated case. For pure oscillation in the gauge mediated
case it has been numerically shown that there appear more unstable bands, which can
produce more Q-balls.

Besides baryogenesis the Q-balls can provide dark matter. For MSSM with gauge
mediated SUSY breaking large Q-balls are absolutely stable against decay and could
have survived until today and act as dark matter. Outside MSSM there are other
choices. Lately there has been much consideration regarding Self-Interacting Dark
Matter (SIDM), where the standard cold dark matter is allowed to have a strong
self-interaction. The required self-interaction strength is comparable to hadronic in-
teractions. Q-balls are extended objects and have a large geometrical cross section.
Therefore they are natural candidates for SIDM. This in general requires that the
Q-balls are formed from flat directions outside MSSM.

In summary, the Affleck-Dine mechanism provides an interesting possibility for
baryogenesis. In the MSSM there are several flat directions along which the AD
mechanism can be realized. They also support the existence of Q-balls, into which
the AD condensates decay in some cases. (Q-balls can have important cosmological
consequences, and they can be of relevance to the evolution of the Early Universe.
They may also be a candidate for dark matter, in some cases also self-interacting.
Most importantly one should note that if the Higgs mass my > 120 GeV, then there
is no electroweak baryogenesis in the MSSM [9], and the alternative within MSSM is
the Affleck-Dine mechanism along flat directions. But even if it were found in future
experiments that mg < 120 GeV, the flat directions are still there. Along them baryon
asymmetry can still be produced and one would obtain constraints on the possible form
of the non-renormalizable operators lifting the flat directions. One should also point
out that the electroweak baryogenesis requires that the reheating temperature has
to be larger than electroweak scale, whereas the Affleck-Dine mechanism does not
suffer from such a restriction. So whatever the result concerning Higgs mass, the flat

directions will remain important for the cosmological evolution of the Early Universe.
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8 Appendix

Q-ball solutions in a flat potential

We argued in Section 5.5 that Eq. (140) gives a very good approximation to the nu-
merical solution with potential given in Eq. (138). Here we solve the Q-ball equation

(120) with the potential

im?p?, © < g
Ulp) =1 ° (161)

Uy = const., ¢ > pp.
We leave Uy arbitrary, but require that the potential is continuous. The Q-ball equation
Eq. (120) in the two regimes are

D—-1
" (r) + Tg@'(r) +wio(r) =0, 0<r <R, (162)

D=1y = m? —w?)olr) =0, r>R, (163)

i
©"(r) + .

where R is chosen such that o(R) = pg. Eq. (162) can be transformed into the Bessel
equation and the modified Bessel equation. Therefore the complete solution is given

by
7"_(%_1) |:A1JD/2_1(CL)7") + AQYD/Q_l(wr)} , T S R,

b (164)
7"_(7_1) [BlKD/Q_l(kT) + BQID/Q_l(kT)} , T Z R,

p(r) =

where J,, Y, are the Bessel and Neumann functions, I, K, are the modified Bessel
and Neumann functions, £k = v/m? — w?, and A;, B; are constants to be chosen from
the boundary conditions. The behaviour of the Bessel functions is known [110], so one

obtains from the boundary conditions ¢'(0) = p(o0) = 0 and ¢(0) = ¢y < oo that

o { AT @) o) TSR e
- D_
Pl (3) 22 () Kopalin), 7>

where the solution has been required to be continuous at r = R. We also require the
continuity of the derivative at r = R and the continuity of the potential which give
rise to the extra conditions

JD/2—1(WR) KD/Q—l(kR)’
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1 D 2 9 D—2

With the help of the recursion relations of Bessel functions [110] one obtains two other

conditions from Eq. (166)

Jpjao(WR Kpjs o(kR
_,Jor 2(WR) ;. Koy 2 )’ (168)
JD/2—1(WR) KD/Q—l(kR)
J R K kR
2 [7]3/2“(“ ) 1} = [—D/Q“( )—1}. (169)
JD/2—1(WR) KD/Q—l(kR)
We want to find the energy and charge of the Q-ball solution
o |12 Lo 5
E = [d7x |V +U(p) - qwe™| +wa, (170)
Q = w/de<p2. (171)

In order to calculate the energy and charge we need the following integral, which is

valid for all Bessel functions [110]:

/d:v:vZf(oz:v) = %xQ [Z2(ax) — Zy—i(ax) Zysr (ax)] . (172)

We tabulate the results of all integrals needed for the energy, Eq. (170), and charge,
Eq. (171), of the Q-ball solution, Eq. (165):

D 9\ D2
/dec,p(r)2 = 7l <5> <;) R%*@? x

r<R
[JI%/2—1(<“)R) - JD/2*2(WR)JD/2(WR)] ’ (173)
D D 2 D—2
/dDXgo(?")Q — 7(2F<5> <;> R?05.J5 1 (WR) %
r>R
Kpja_a(kR)Kpjs(kR)
[ /K2 (kR/) -1, (174)
D/2—-1
D\ [/2\"?
/dDX|V<p|2 = 7ol (5) (—) W R2 2 x
w
r<R
[J%)/2(WR) - JD/271(WR)JD/2+1(WR)] , (175)

D\ (2\"? TP 21 (WR)
d’x |Vo|* = 72l <—> <—> k* R} SDPEI T
/ 2 ) \w ° K},  (kR)
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[Kpja-1(kR)Kpjas1(kR) — KD 5 (kR)] (176)

D
dP — L 1
/ * T D2+ (177)
r<R

Using the constraints, Eqs. (166)-(169), the energy and charge, Eqs. (170,171), of
the Q-ball are

mP2RPU,
E = Y :
o D/2 DI Ine o(wR).J R
@ = 20 ROl JpjrmalwR) Toja(wF) (179)
r(D/2) & Thj (W)

One still has to solve R = R(w) from the constraint (166). Then in principle everything
is known and one can solve w = w(Q) from Eq. (179) and finally obtain from Eq. (178)
E = E(Q). Note that there is no minimization with respect to any parameter left.
Since we originally chose to solve w, () > 0 and the Q-ball solution has to be positive
decreasing function, we must have JD/Q_Q(wR) < 0 and one gets wR > 1st positive
zero of Jpa_p. On the other hand charge has to be finite, so wR < 1st positive zero
of Jpja—1. Zeros of Bessel functions can be found in tables [110].

Let us turn to the solution of R as a function of w. Eq. (166) is not solvable for

generic D but for D = 3 Bessel functions can be given in terms of elementary functions

P m — Arccot (\/g)

w

and then one obtains

: (180)

where 0 < w < m and k = vV/m?2 — w2. With the help of this we have plotted charge
vs. w in Fig. 7. We have also plotted energy vs. charge in Fig. 8.

One can see from Fig. 7 that when w — 0 the charge ) — oo. However, also
the limit w — m produces () — oo. The correct Q-ball solution can be found from
Fig. 8. The limit w — 0 corresponds to the curve below the stability line £ = m@).
From the detail one can see that when w — m the mass of the Q-ball first crosses
the stability line and then turns over to approach the stability line from above. The
turning point corresponds to the minimum at Fig. 7. This in itself contains no physics.
Rather it signals the breakdown of the approximation used, since the piece of the flat

potential becomes smaller in in this limit and at some point the main contribution
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Figure 7: Charge of the Q-ball vs. w in D = 3.
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Figure 8: Energy vs. Charge of the Q-ball D = 3. The right figure is a detail of the left
figure. Q-ball (solid) and stability line (dashed)

to the potential is received from the ? part. The approximation is valid only for
Q > 10°.

Since the Bessel functions behave qualitatively in the same way, Figs. (7,8) give
the correct qualitative behaviour for all D. With this as quidance we calculate the
w — 0, Q — oo, limit for general D. Eq. (180) implies that R — oo and wR — zp
in this limit, where Jp/o_1(2p) = 0. Then Eq. (166) gives the first order correction to
wR =xp — A(wR)

A(WR) = % = % +Ow). (181)

Next one expands Eq. (167) and Eqgs. (181,179) around wR = zp using Eq. (181) to
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obtain

1 D 2 2 D-2
Uy = §w2<p3F <5> <—> Jba(xp), (182)

TpD

25020 T,
@ = T(D/2) wb+l’ (183)

D +1 2xP22B U,
E = —. 184
D T(D/2) wP (184)

Then one can solve w = w(Q) from Eq. (183) to obtain

o2r P2y D\ Pt 1 1
== Uyt Q Dt 185
o~ (Tom)  wrer 5)
With this result one can solve everything as a function of QQ-ball charge (). We get
1
Tp F(D/Q):L‘D DT 1
nox e (M) e (180

Q

1 Tp\ 3L 2 D+1 b=l
Y - U2(D+1) 187
®o \/§JD/2(513D) ( 2 ) <ﬁF(D/2)xD> 0 Qo+, (187)

D+1 (27P/2z8 R,
UP (o1, 188
D <F<D/2>> o QT (188)

The Q-ball profile is given by Eq. (165). One can check that all the quantities given

E

Q

in Eqgs. (185)-(188) reduce in D = 3 to the previous results [32,80], where x5 = 7 is
used.

The value of Uy has been left undetermined here. Usually one has considered
Uy = m* in D = 3. However, this is not a good approximation to the logarithmic
potential given in Eq. (88). For example if Q = 10'? one gets ¢y = 103m and this
results to a potential value U(yg) =~ 13.8m*. Besides if one plots the profile in Eq. (165)
with Uy = m*, one finds that the result has the same profile as the numerical solution,
Fig. 2 in [84], but the scale of the solution is of order one half of the numerical solution.
A better way is to fit the values of ¢y and w to the numerical solution. If one takes
exactly the same values as acquired in the numerical solution one gets already a very
good fit, Fig. 9. One can do better, if one takes different w for the numerical solution
and the analytic approximation given here. Then one obtains almost perfect fit, if one
trusts eye-ball fitting, see Fig. 9. The comparison in D = 3 is done with the accurate

analytical formulas. We have not used the approximation () — oo in producing Fig. 9.
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Figure 9: The Q-ball profile plotted in the same units as in [84]. The starting values have

been approximated as ¢pg/m* = 73, 31, 17 with w/m = 0.1, 0.2, 0.3 from top to bottom in
D = 3 (solid lines). Comparison with [84] Fig. 2 gives that profile is almost the same except
at the region r ~ R the approximation is slightly below the numerical one. This has been

fixed by using here w/m = 0.095, 0.19, 0.28 (dashed lines).

The comparison with the numerical profile indicates that the approximation of the
logarithmic with flat potential works very well. One should clearly do a full numerical
fitting in order to achieve better results. Besides the D = 2 one cannot solve Eq. (166)
analytically, but it has to be done numerically.

In summary, we have presented an analytic approximation to the Q-ball profile
solved numerically in [84] and find that the approximation fits very well. The approx-
imation also reproduces the previous approximations for a totally flat potential in the

Q — oo limit.
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