Stability of Cahn—Hilliard Fronts
in Three Dimensions

Timo Korvola

Academic dissertation

To be presented, with the permission of the Faculty of Science of the
University of Helsinki, for public criticism in Auditorium XII of the Main
Building of the Unwversity, on September 20th, 2003, at 10 o’clock am.

Department of Mathematics
Faculty of Science
University of Helsinki

Helsinki 2003



i

ISBN 952-91-6289-8
ISBN 952-10-1351-6
Otamedia Oy
Espoo 2003

(paperback)
(PDF)



Preface

The topic of this work was suggested to me in 1997 by Professor Kupiainen,
who had been working on the one-dimensional case and was then finishing
[BK'T99] with the other authors. Thus began a joint project where I worked
on detailed analysis of the linearised problem, while he and Jari Taskinen
were looking at the nonlinear analysis. Kupiainen and Taskinen were trying
to formulate assumptions on the linear semigroup that would be sufficient
for carrying out the nonlinear analysis, I was trying to find out what I could
actually prove about the linear semigroup, and many meetings were held
trying to fit the two pieces together.

The bulk of the present work consists of the linear analysis, which borrows
heavily from [BKT99] but is otherwise my work. The nonlinear analysis of
Chapter [l and parts of the introduction were written jointly with Kupiainen
and Taskinen.

I wish to thank Professors Kupiainen and Taskinen for their help in creat-
ing this work and Alain Schenkel for suggesting many improvements. I would
also like to thank Mikko Stenlund, Ville Hakulinen, all my other friends and
colleagues in our research group and my parents.

Some parts of this work, Chapter Bl in particular, involve lengthy routine
computations. Mathematica and Maxima were used for these. I would like
to extend my thanks to the people who have contributed to the development
of Maxima and other free software, which provides for most of my computing
needs.
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Chapter 1

Introduction

1.1 The equation

In this work we consider the Cahn—Hilliard equation, which we write

o
ot

Denote the spatial coordinates by

A= Dy — Ly + 1yP). (1.1)

z=(2,2) €R? 2zeR, FeR¥L

(CT) has the time-independent solution
Yo(z) := tanh(3), (1:2)

which is also independent of #. Our aim is to establish the stability of
this solution. This has been done in one dimension in [BKT99], where the
following asymptotic behaviour was established:

A d _a? B d _«» 1
¢($>t):¢o($—a)+%£(¢o($)e M)_%@e a +0(;)-

Thus at large times there is a translated front and two perturbation terms
near the origin: one of magnitude proportional to 1/v/t and constant width
and another of magnitude proportional to 1/¢ and width to /2.

The proof in [BKT99] is not directly applicable to several dimensions
although we shall use rather similar techniques. One would also expect the
equation to behave somewhat differently: in several dimensions an initial
perturbation of finite mass should not be able to translate the whole front.
We shall prove the following:
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Theorem 1.1. Letd > 3, r > d+ 1 and assume
)
(1 +[z])r

for a small enough §. Then (L) with the initial condition (0, x) = o(x) +
no(z) has a unique classical solution, which for t > 1 satisfies

no(z)| <

0{t.2) = tn(a) + 5 0tn(2)o(t. ) + (. 2) (1.3

where

S : 5
A= [ mdz,  dEF) = ()] < oo

Rd ts T

([C3) describes by linear approximation a local translation of the front
by 26(t, %) at each Z. Because @(t, ) = t=“5 (1, /t/3), as t increases the
perturbation grows wider but reduces in magnitude appropriately to preserve
mass. The decay rate is different from normal diffusion where one would have
V't instead of t1/3. Such scaling was to be expected in light of the work on
the linear problem in [SO93] and [BR96].

Unfortunately technical problems prevent us from establishing this result
in two dimensions. We do not know whether it holds there. We will try to
point out the problems by generally assuming d > 1 and indicating explicitly
when d > 2 is needed.

In bounded domains quite a bit more is known about (ILTl) because with
appropriate boundary conditions the free energy

/ AV + L2 — 1) de

is a Lyapunov function. It can also be useful in R as demonstrated in [CCOOT]
because in one dimension 1)y has finite free energy. That, however, is not true
in higher dimensions.

Writing ¢ = ¢y + 1 we get an equation for n:

0
L= A(Hn+ Sor + ) (14)
where H := — A +1+V and

V(z) := —32 cosh(%)™2.

This is equivalent to the integral equation

t
ﬁ(t) :etAHn(O)—F/ e(t—s)AH A(%¢On2+%n3) ds. (15)
0
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The idea is to solve this using the contraction mapping principle. That
requires estimates for e/~ and e/“f A. Hence we need to study the semi-
group which solves the linearised equation

Owu = A Hu. (1.6)

The independence of V' of the d — 1 spatial directions can be exploited
by applying the Fourier transform in these directions. We denote, somewhat
unconventionally

Fla F) = / (1) di (1.7)
and hope that this does not cause Hioo much confusion] Then
A Hu = —Dy,Hy (1.8)
where k = |k|,
=02+ k2,

H,=D,+1+V.
— A H is quasi-accretive] in L2(R9):

Re(u, — A Hu) = || Aul|?* — Re(Awu, (1 +V)u)
= Au— 51+ V)ul* = 111+ V)ull* = = lu]l*.

In fact using the second Neumann series
CHAH)T =D ((=LDP+ D) AV =22+ )
k=0
which converges for { far enough from the positive real axis, we see that
— A H is sectorial and generates a quasi-bounded analytic semigroup. That
means we can write the integral kernel of the semigroup as a Dunford—Cauchy
integral, using the integral kernel of the resolvent:

oA (g ) = / - AH) (26 &

27

/ /Rdl K6 (¢ 4+ Dy Hy) Ma, €)d k d¢

2T 27?1
_ 1k (Z— @ —Ct C
B /]Rd 1 / (€= DiHi) ™ (x,€) 5 2mi1 27T (1.9)

!Unfortunately we shall sometimes need Fourier transform in the remaining x variable,
which will also be denoted by " Sorry about that.
2See [Kaf6f] for an introduction to semigroup theory.
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(a) Generic (b) k-dependent

Figure 1.1: Integration paths for the analytic semigroup. Due to analyticity
the precise shape of the path does not matter.

where I is a suitable curve around the spectrum of — A H as in Figure
However, after reaching the last line above we can replace I' with a k-
dependent path tailored to fit the spectrum of D, H,. This will of course
require some knowledge about the spectrum. For most interesting values of
k the path will look like Figure , where the spectrum is represented by
the thick parts.

1.2 On the spectrum

The problem with integrating around the spectrum of D H, is that one would
like to stay in the right half plane in order to keep e~¢! bounded (rather than
just quasi-bounded). Although Dy Hy, is positive there is not much room when
k is small. Here we present some coarse estimates which serve to illustrate
the structure of the spectrum. These are based on [SO93].

The spectrum of Hy is known [LL81), page 79]: there are two isolated
eigenvalues at 0 and 3/4 and a continuous spectrum [1, c0). The eigenfunc-
tions are V and x — sinh(z/2)/ cosh(xz/2)?.

For k > 0 D, is positive and self-adjoint. Its inverse can be represented
with the convolution kernel

1
Gp(x) = ﬁe_km.
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Alternatively, on the Fourier side we have

A 1
Gr(p) = m,

which is bounded by 1/k?.
To overcome the lack of self-adjointness of DyH) we study instead the
positive semidefinite and self-adjoint operator A, := D;/ °H kD,i/ 2,

Lemma 1.2. When k > 0 Ay and DiH; have the same eigenvalues with
same multiplicities.

Proof. Let DiHpu = Cu. Set v = G,%/Qu. Now DkaD,imv = CD,i/Qv and v
is an eigenvector of Ay.
Any eigenvector v of A obviously has to be in the domain of D,i/ ?. thus

1/2 .
we can set u = Dk/ v and reverse the calculation above. O

The bottom of the spectrum of A; can be obtained using the Rayleigh
quotient. We get
H
CO = lIlf <U, ku>

Al e} (1.10)

(by substituting G,lg/ ®u for the variable v in the usual Rayleigh quotient for
Ay, which is permissible since any v in the domain of Ay is of such form).
Plugging the normalised eigenfunction ug of Hy (corresponding to the zero
eigenvalue) into (CI0) we immediately get an upper bound:

B 2k?
(o, Gruo)  [72, [0 uo(@)e Fle=vlug(y) do dy

Go <

The denominator can be bounded from below by a constant C~! for, say,
k <1, and we get (o < Ck? for small k. We also get a lower bound:

Bl

>inf ———— > k%

G0 2 uw (u, K2Gru) —
To see that (y is a discrete eigenvalue of multiplicity one we proceed

further with the minimax principle:

A H
¢, = sup infl {u, Ayu) = sup iglf 7@’ Gku>
v uevt (U, u) VG0 (u, Gru)
H H, k2 2
= sup inf 7@’ k) > sup inf {u, Hou) 1] > %kz,

v uevt (u, Gru) v uevt ull? (u, K2GRu)
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which for small k is larger than (.

Dy Hy, has asymptotically constant coefficients, thus its essential spectrum
is the same as that of DZ + Dy [CE90, Proposition 26.2], which is real and
bounded from below by k2 + k.

We have gathered these facts:

Lemma 1.3. For any k the spectrum of Dy Hy, is real and bounded from below
by k*.

For small k the bottom of the spectrum is an isolated eigenvalue (o of mul-
tiplicity one with (; < Ck®. The remaining part of the spectrum is bounded
from below by 3k*.

1.3 Notation

C will be used as generic notation for constants. The actual values of C' may
vary (typically increasing) from expression to expression. For clarity, one
might label every C' with a distinct subscript. For brevity, we usually don’t.
When we do equip C with a subscript it denotes a specific constant.

R will be used to denote the resolvent (¢ — DyHy)™'. K will be used
to denote the semigroup e 'P+Hk, QOperators and their integral kernels are
identified, e.g., we may write (RDy)(z,§).

The O(-) notation will be used in the usual sense, except that we some-
times don’t bother writing absolute value signs: O(f(\)) denotes an expres-
sion which is bounded by | f(A)| when A is in some region, which hopefully will
be clear in each context. Our laxness with absolute values extends to writing
O(A™) when A is a finite-dimensional vector, in which case we naturally mean

O(AI").



Chapter 2

The Pego—Weinstein formalism

2.1 Introduction

The linear analysis is based on an approach used in [PW92]. Let us study a
system of ordinary linear differential equations in C™:

Y (z) = A\ 2)y(z) + b(z), (2.1)

where the coefficient matrix depends analytically on one or more complex
parameters Al Assume As(N) = lim, 4o A(A, x), ie., both limits exist
and are the same and that R(\,x) := A(\,z) — Ax(A) can be bounded by
Ce~ 1l uniformly in A. We will usually not bother to write the A dependence
explicitly. Here is a summary of relevant notation:

Definition 2.1 (notation). p;, i € {1,...,n}, are the eigenvalues of A.
v; and w; are the corresponding right and left eigenvectors, i.e., Ao v; = pv;,

Some of the p; and their eigenvectors may be equal to each other for some
values of \.

It proves useful to study the homogeneous equation corresponding to (ETI)
along with the so-called transposed equation:

Ax)y(z) (2.2)
—2(z) A(z). 2.3)

The motivation for (23) is that if y and z are solutions of (22) and [Z3) the
product z(z)y(z) is independent of .

!Thus X is a complex vector of unspecified dimension and in some unspecified region.

7
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As the coefficient matrix A(z) tends to the constant A, when z — +oc0
one would also expect the solutions of (Z2)) and (Z3) to tend to the solutions
of the corresponding constant coefficient equations. Indeed, Pego and Wein-
stein show in [PW92)] that if there is a simple eigenvalue py with a smaller
real part than any other eigenvalue (Z2) admits a unique solution y;” with
the property that e "%y, (z) — v; as * — oo. Similarly (23) has an unique
solution z; with ez, () — w; as © — —o0.

2.2 More solutions of the homogeneous equa-
tion

For our purposes it is useful to extract solutions of (22)) and (Z3]) correspond-
ing to each eigenvalue p;, which is possible under suitable assumptions. We
prove things for y;r but the z; case is similar.
Choose some A-dependent p and substitute y(z) =: e**v(z) in 2) to
get
V'(z) = (B + R(x))v(x), (2.4)

where B := A, — p and R(z) = A(x) — Ax. We want to divide the
eigenvalues of A, into two sets: those with smaller real part than u and the
rest. However, we need some margins in order to keep everything uniform in
A because the eigenvalues move around.

Let E; := U, ker(p; — Ax)™. Assume that there are constants o and
B and a set of indices I such that Re(p; — ) < o < 0 when ¢ € [ and
Re(p; — p) > B > —p whenever i € I. «, § and I are assumed independent
of A. Also, if some eigenvalues of A, coincide for some A, such a group of
eigenvalues shall not be split between [ and its complement: they must all be
in one or the other. Let P be the projection onto P, ; E; which commutes
with A, and let @) := 1 — P. Fix some positive zy and define

Froe) = [ Tl OB PR(E)(E) de,

Zo

(Fqu)(z) = — /Oo @ OBQR(E)u(€) de, (2.5)

F . =F P+ .7:@
for bounded continuous functions v on [z, c0].

Lemma 2.2. When xq is sufficiently large F is a contraction in the norm
HU” = Supme[xo,oo) "U(l’)‘
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Proof. Some eigenvalues of B may be defective and solutions corresponding
to them may have additional polynomial growth rather than just the usual
exponential behaviour. Fix a small € to absorb that. Choose € € (0, —a — p)
if possible, otherwise just € € (0, —«). Letting C' denote a generic constant
independent of z (but dependent on €) we have

Foua)| =

[ e pr©ue ds‘

zo

< C/ €(a+6)(x—£)€—p£’|v” d¢

0

< Ce(a-ﬁ-s)xH,U”/ e—(p+oz+e)£ df
zo

< {C’e‘prvH if o < —p,

Ce~(pratazoelateaz|y||  otherwise

and, taking € < p + (3,

[ Fou(z)| =

[ eoraniene a
< C/ e(ﬂ—e)(z—i)e—pEHUde
:(]e(ﬁ—e)zHUH/ e~ (Btr=a q¢
< Ce|lv]],

Thus we can make the operator norm of F arbitrarily small by taking a large
enough xg. O

Corollary 2.3. (Fv)(z) = O(e™>*(=,a+9) for large x and any € > 0.
Hence v = v + Fv can be solved for v given any v. For such a solution

(v—10) = PRv+ BFpv+ QRv+ BFgu
= B(v—17) + Rv.

In particular if © is a bounded solution of o/ = Bv (a constant coefficient
equation) for large x then v will be a solution of (24]) with the same asymp-
totic behaviour as ¢ in the sense that v — v = Fv tends to zero exponentially
fast as © — oc.
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Corollary 2.4. For each eigenvalue y; there is a solution y; of ([Z2) which
behaves asymptotically (as x — o0) like eti®v;:

ey () — vl < Ce™3*
for some C' and all x > 0.

Proof. Pick p = p;, a = —32p, f = —Lp, e = scp and 0(x) = v;. It is clear
that a suitable I can be found and F can be used to get a solution for z > x,
which can then be extended to the whole real line. O

In general the solutions of Corollary Z4] are not unique even after fixing
normalisation of v; because one can add similar solutions corresponding to
p; with smaller real parts than ;.

Corollary 2.5. If the u; and v; are analytic functions of X in some domain
and we can fix the I in the previous proof uniformly for all X then the solutions
in Corollary [2.4) are analytic in this domain when evaluated at some fived x.
If y; is such a solution then |e "My (\;z) — v;(\)| < Ce™ 2% for x > 0 and
A in compact subsets of the domain (C' depends on the subset).

2.3 Application to the resolvent of D, H;

Write (¢ — Dy Hy)u = f in the form y' = Ay + b by setting

y = (u,u " w7, b=(0,0,0,—f)" (2.6)
and
0 1 0 0
0 0 1 0
A= 0 0 0 1 (27)
C—kQ—k4—/{:2V+V" 2V 14224V 0

The eigenvalues of A, are the zeros of the polynomial
C— (=12 + 1) = (—1* + k)

which are

,uj:i\/%—l—k:zi%\/l—kél(. (2.8)

Unfortunately they have somewhat poor analyticity for £ and ( near zero.
This problem can be overcome by writing

=K+ K+ (1 +28%)%7? (2.9)



2.3. APPLICATION TO THE RESOLVENT OF DyHy 11

and using A = (k, 7) as the parameters. Then (Z7) and ([Z8) become

0 1 0 0
0 0 1 0

A= 0 0 0 1
(14 2k2)272 — K2V 4+ V" 2V 142K2+V 0

and

py = VI 2R /L £ VT a7 (2.10)

To fix the branches when the second sign is negative set

N
/L - LV 4 = al (2.11)
\/5 + V1 + 472

and choose ps to have the positive sign with the principal branch in the
denominator. Now the p; are analytic functions of £ and 7 when k € C\
+i[1/v/2,00) and 7 € C\ +i[},00). We are mostly interested in real k,
considering that k used to be the length of something. Then the cuts in
the 7 plane correspond to ¢ € (—oo,—3]. 7 € =#i[0,3k] UR is mapped
onto [3k? — k5 00) which by Lemma contains all of the spectrum of
Dy Hy, except the lowest eigenvalue, which should be somewhere around 7 ~
ik when k is small. For larger k it is more useful to use the &* bound:
T € +i[0, k/(1 + 2k*)] UR is mapped onto [k?, o0) which contains the entire
spectrum.

7 is mapped two-to-one to ( and will usually be kept in the upper half
plane. There Re s < 0 when k is real. However, we need some results to be
valid also in a small complex neighbourhood of k = 7 = 0 because we will
develop a power series there later.

Set p1 = —v1+ 2/{;2\/% + %\/1 + 472, g := —p1 and pg ;= —puo. These

equations are sometimes useful:

P4k =14+ 2k%, pape = —ir(1 4 2k%),

2.12
pi— s = (1+2°)V1 + 472 = /1 +4C. (2.12)

The eigenvectors v; and w; are easy to express in terms of p; and are thus
also analytic. Normalise the eigenvectors so that (v;); = (w;)s = 1. This
results in

Uj:(17 Mgy M?? :U’?)Ta
wy = (w5 =1 =2k, i =12k py, 1),
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According to Corollary 24 for j € {1,2,4} there is a y;~ which solves
the homogeneous equation axyj = Ay;-r and behaves like e#®v; as © — 00.
There is also a z; which solves the transposed equation d,2; = —z; A and
behaves like e #%w; as & — —oo. It would also be possible to define y3 and
25 in this way but that would not be very useful because A, is defective at
7 = 0: the eigenvectors vy and v3 collide and we would not have a set of four
linearly independent solutions. Thus with some abuse of notation we require
instead

et3Tyg — et2%yy e M3%ws — e 2wy

iz — fi2 and 2 (7) i3 — fi2
as r — oo and r — —oo, respectively. As puz — ps — 0 these converge
(pointwise in z) to solutions with linear asymptotes.
Our expression for the integral kernel of (¢ — DyHy)™! will contain only
y;r and z; for j € {1,2}. However, the other two values of j are needed for
understanding the behaviour of the kernel.

ys () ~

Theorem 2.6. Assume
Re(pr & pi2) < =2 and  Re(uz) < 35. (2.13)

Then ([Z2) with [Z7) has solutions y;~ such that |y;" (z) —el®v;| < Clewi=2)z|
forie{1,2,4} and

6:“‘3552]3 — 6ﬂ2xv2

+ — < O (u;;—l)x
lys (z) s \ |el#s2)7]
when x is bounded from below. Furthermore,
Oy (2) = ppet o) < Ol =27, me{1,2}, i#3

10, () — L(e%0y + e"270y)| < Clels=2)2|,

|8§y§(m) - %(M3€H3$U3 + MQGHQIUQH < C|€(,u3—%)x|‘
Similarly, [Z3) has solutions z; such that |z; () — e *%w;| < Clelz—Hi)w for
ie€{1,2,4} and
e H3%wsg — e 2% ws
243
when x is bounded from above. The corresponding estimates for the deriva-
tives hold.

Fori € {1,2,4} y (x) and z; (z) are analytic in X\ wherever the assump-
tions hold. y3 (x) and z3 (x) are continuous and when

Re(,ug) > —i (214>

also analytic. C' above depends on X but can be fized in any compact subset.

|25 (2) — | < Clelzra)a|
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Before the proof we would like to comment on the assumptions of the
theorem. Specifying them in terms of u; and pus was perhaps a bit opaque.
However, there are two cases which interest us. The first is A &~ 0. In a small
enough neighbourhood of the origin both (213]) and (2I4) clearly hold. The
second case is when £ is real and 7 in the upper half plane. Then pus is in the
left half plane. For the first inequality of (Z13)) use (T2 to get (1 dpo)? =
(1 + 2k%)(1 F 2i7). From this we see that the inequality is equivalent to 7
lying beneath a parabola whose apogee is at i(128%2 + 39)/(256k% + 128).
This is always above the values corresponding to the spectrum.

Proof. We prove this for the y;7, the z;~ case is similar enough. p = 1. Apply
Corollary 20 with

0, when ¢ =1
I =< {1}, when 7 = 2
{1,2,3}, when i = 4.

When ¢ = 3 choose u = pu3 + % and

. 1,03 — €227,
i(z) =e 88— =
243

which is bounded even when p3 — 0. Unfortunately we have to split this
up as follows: when Re(uz) > —32 choose I = {1} and when Re(us) < —5
choose I = {1,2}. a = —%, b = —g will do for both regions just as in
Corollary 224l Solve v = v+ Fv for v in each region separately, glue together
with a partition of unity and define y3 (z) = e**v(z). As a + & < —3 we
still get the claimed estimate.

That gave us the solutions and the basic estimates. For the derivatives we
. 1
need to use (). When i # 3 y;' (z) = e*®v;+r;(x) and |r;(z)] < Clelri=2)7|,
Thus

0py; () = A(@)y (2) = (A + R(x)) (" v; + 1i())
= e v; + e R(x)v; + A(x)r;(x)
= €M%, + O(e(ﬂi_%)r>’

Oyt (x) = A(2)0uy;t (2) + 9 R(x)y; (x)
= pletiTy; + O(e(’”_%)z).
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The @ = 3 is slightly but not substantially different:
n et3Tyg — el2Tyq
€Tr) =
ys () iz

Ouyy (x) = 3(e"%v3 + "*"vy) + R(x)

+ry(z)  where |ry(z)] < Cles—2)7,
elstyg — el2Ty,
2413
= %(6“3%3 + e Puy) + O(e(HS—%)x)’
Oty (x) = A(x)Duyf () + O: R(x)yi ()
— L(13et37 05 + 11627 0y) + O(eH3=2)7),

+ A(x)rs(z)

s

O

Lemma 2.7. Under the assumptions [ZI3) there are also solutions y; and
z;-r of the homogeneous (222) and transposed equation [Z3), respectively, with
prescribed behaviour for v — —oo and x — oo: (e.g. y; (x) ~ e "%y as x —
—oo—note that uy = —py). These can be expanded as linear combinations

of y;-r and z; . The coefficients of this expansion are continuous and when
ZIA) holds also analytic.

Proof. This is an immediate consequence of the symmetry of ([CH) under
the reflection x +— —x: we have y; (z) = Jy; (—z) and 2 (z) = —z; (—x)J,
where J = diag(1,—1,1,—1). The coefficients of the expansion can be de-
termined at some fixed point, say z = 0; the y]i(O) are continuous in the
parameters and linearly independent. O

The solutions y can of course naturally be written in terms of a scalar
valued function Y . Similarly the solutions of the transposed equation can
be written in terms of a single function. A straightforward computation
yields:

Lemma 2.8.
= (Y5, 8,Y, 92V, a3Yi)
o = (Hebo + K20, =V ZF, —(He+ k) ZF, —0,Z7, Z7)
with (( = DiHy)Y;" =0 and (¢ — Hka)Z?F =0. Forj € {1,2,4} we have

J

T

lim e”"*Y (z) = lim eM"Z7 (z) =1
while
€2H2$ -1 e—Q,uQr -1
lim ¢ 7Yy (1) — lim oz () - S L=
T—00 2”2 T——00 2,&2

(when ps = 0, replace the fractions by their limits, i.e., x and —x).
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We want to write a solution of ' = Ay + b in the form

T

y(fv)z/r Yy (@)(QF) 2 (6)b(E) d£+/ Yy~ (@)(Q7) 2T (©)b(E) de,

— 00 [e.9]

(2.15)

where y* = (y&,y3), 27 = <2i> and QF = zFy*. These products are
22

independent of x and it is also easy to see that Q= = —Q*. For simplicity

we shall from now on denote Q% just by €. For this formula to make sense
Q of course needs to be invertible.

Theorem 2.9. Assume Rep; < Repus < 0 and ¢ € p(DpHy) (the resolvent
set). Then Q = z~y™ is invertible.

Proof. Assume the contrary: let Q(aq, az)” =0, ie., z;y =0 for i € {1,2},
y = oy + asys # 0. y can also be written as ijzl Biy; . We have

1

ez (x) — wi, e Mty (x) — § 2 .
V; otherwise

vy  when i = 2,

as ¥ — —oo. Thus 2 (z)y; (v) — dsywivr but the left side is actually
independent of x. Since pq is a simple eigenvalue we must have wiv; # 0,
consequently z;y = 0 implies B4 = 0. In a similar vein z;y = 0 implies
B3 = 0. Hence y = (1y; + Ba2y, decreases exponentially at +oo, giving a
nontrivial L? solution to (¢ — Dy Hy)u = 0. Such a solution was assumed not
to exist. O

Lemma 2.10. Under the assumptions of the previous theorem (2I3) solves
y = Ay +b.

Proof. Differentiating (215) and recalling that y* solve the homogeneous
equation we get

y(z) = Al)y(2) + (y" (2)Q7 127 (2) -y~ (2)Q 2" (2)) b(z).

Thus we need to show that the matrix inside the parentheses is the identity.

yT(2)Q 127 (x) is a projection onto the space spanned by {y; (z),y5 (z)}.
These two vectors are linearly independent. Similarly —y~(z)Q 727 (x) is a
projection onto the two-dimensional space spanned by {y; (z),y, (z)}. The
two projections are orthogonal to each other as 2*(x)y*(x) = 0: the product
would have exponential decay as x — 400 but is actually independent of x.
Thus their sum is the identity. O

Recalling (26]) we get for the original equation:
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Theorem 2.11. Under the assumptions of Theorem [Z9 the integral kernel
of the resolvent is given by

Y ()1 Z7(€) for & < x,

Yt (=) Z7(=&) for & >, (2.16)

R(JI,§> = (C_Dka)_l(x7§> = {

where Y™ = (Y7, Y,") and Z— = (Z],Z;)T.

Note that from y*(2)Q 27 (2) —y~ ()27 12T (z) = 1 it follows in partic-
ular that the (4, j) component of the left hand side is 0 for ¢ < j. From this
we see that our resolvent kernel has continuous derivatives with respect to x
or £ up to total order two.



Chapter 3

Leading terms of the resolvent

3.1 Outline

Here we estimate the resolvent for very small k& and |(|. We use (Z9) and
assume k < €, |7| < € for a small enough el Then the assumptions of
Theorem 26 are satisfied, including the analyticity condition (22I4]). We shall
expand 2 of (ZI8) into a power series to get some explicit leading terms for
the resolvent. Thus this chapter is mostly about computing derivatives of
things at k =7 = 0.

3.2 Solutions of the homogeneous equation

We'll denote the solutions at k = 7 = 0 with a ring. j1; = —1, fis, = 0 and

o 1
Yt =
v (@) 4 cosh(5)?
5 —1 — 6e® + 5e®® + 2e% 4 6e**x
Yy (x) = (3.1)

2e7(1 4 e)?
Z7(z) = log(e® 4 1)
Zy (z) = 1.

By a mechanical computation we get

° 0 1
o= (0 1).

'We start with some e but Cauchy’s estimates and such nibble at it, and we shall end
up with a somewhat smaller € than we started with.

17
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Although they do not appear in €2, we also list for later use the solutions
which are asymptotically equal to  — |z, i.c., Y37 (z)/z — 1 as 2 — oo and
Zy (x)/r — —1 as x — —oo. After arduous but routine calculationsf] we find
these:

Vit () = 1+ 4e” — e** +16e"log2 — 62 — we™ ™ + Tze® + 2we*”

2(1+e*)? (
+ 377" + (=8 — e * + 8e* + *) log(1 + e~ %) + 12¢" Lig(—e_x)>
7y (x) = —a

where Liy is the dilogarithm:

These products will be needed later:

i 0
Slor={-1] ad  H@ @ #)=0 -10. 32
P 0

We shall also also need the rapidly growing solution

Y, (z) =4 cosh(g)Q.

3.3 First order

Define v} (z) = e %y (z) and wj (z) = ez} (z) for j € {1,2}. By
Corollary they are analytic functions of A\ for each fixed x and satisfy
v (z) — v;| < Ce™/? for > 0 and |w; (z) — w;| < Ce™/? for < 0 where
C' can be fixed independently of k and 7. They will also satisfy the obvious
differential equations, which we now differentiate, then set k = 7 = 0:

818,\1); =(A- ,uj)ﬁ)\v;r — (9,\,11]-1);
DeO\w; = —(9,\wj_(A — ;) + O\fjw;

(note that 0y\A = 0). These are just inhomogeneous versions of the equa-
tions satisfied by v;-r and w; . The “initial conditions” are again asymptotic:

2 Admittedly somewhat less arduous for Z; than for Yt
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|0hvf (z) — Oav;| < Cem®/? and |Ohw; (x) — Oaw;| < Ce*/? by Cauchy’s esti-
mates. The first component of dyv; and the last component of dyw, are zero
because of the normalisation used.

The j = 1 case is trivial: we have 0\u; = 0, dyv; = 0 and the equations
above are actually homogeneous. They have no nontrivial solutions with the
required asymptotic behaviour, and we conclude d\v; = 0, d\w; = 0.

For j = 2 we easily find special solutions: just take —Oyuozvy and
Oxpoxwy . These of course grow linearly, which can be countered by adding
some g5 and Z; . When we do that we end up with solutions whose first and
last components, respectively, decrease exponentially. We are happy with
that:

Ovy = Oapia(ys — 295 )
6Aw2_ = a)\ug(ég + £E,§2_)
Note that y5~ and z, are only unique up to multiples of 3 and z;. We fixed
the values at A = (0,0) earlier and now we fix their A-derivatives so that no
g, or Z; appears in the expressions above.
It is also worth noting that Z3 + sz = 0. Not all components of the

vector Jyw, vanish, though.
Thus we end up with these reasonably simple expressions:

Yy = Oaptivs Ohzy = Oz (3.3)

and, using (B2),

0 0
— —,t - +
a)\Q = 8)\2 Yy +z 6Ay = (0 _28)””2) s

with Oyp1 = Oppe = 0 and O, s = 1.

3.4 Second order

So now we have come up with some non-zero leading terms for the right
column of €. Let us also try to get something to the left column in order to
eventually compute some non-zero terms for det €). Here we shall deal with

Kz yl) = 03z vl + 2 Oy

—remember that dy\y;” = 0 at A = 0. It is convenient to estimate the terms
on the right hand side at separate values of x, which is possible with the
following trick:

Or (8)\2 yl) 8)\(2 A)yl +8>\Z A = —zz-_aiAyf
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(recalling 0yA = 0). Now we can write

x1
R ) = (B yl)(wo) + (o Buow) = [ 2 Byt do
xo
and take the limits xg — —oo and x; — oo. This works splendidly because
;" decreases very fast in both the positive and the negative direction—this
is quite different from g3 which makes similar examination of 9%(z; y3 ) more
difficult. The z; behave nicely in the negative direction and do not give
too much trouble in the positive direction either: there the worse case is the
linearly growing z; , easily taken care of by y;". These facts and a couple of
Cauchy’s estimates get rid of everything but the integral at the limit.
There are two nontrivial cases for the integral:

0 000 0000
2 | o 0oo0o0 . oo oo
RA=1 o o000l md FA=| 4 o (3.4)
2V 0 4 0 2.0 0 0

The integrations can be carried out to yield
7

)= (03). aede =0 e = (5)):

3.5 Third order

One more term to go: we want to expand z, y; to the third order as a
counterpart to the zeroth order term z; y; for computing det Q2 to the third
order. Thus we need to compute

& (23 y1) = ORzg yi +{0x2 Ryt } + 25 By,

where {-} has been used to denote the sum over cyclic permutations.ﬁ Using
the same trick as before and recalling that 93 A = 0:

Ou (25 yih) = —{Orzy RAYS}
we have
Rz yt) = (B2 yi ) (wo) +{0rz0 Ry Hwr) + (25 83y ) (21)
— / {0x2y B3 Ay} du.

o

3If you don’t want to wallow in the linear algebra just think of it like this: each of the
three 0y gets to hit z; in turn, producing three terms. Depending whether each 0y is
really a 0y or a 0., some or all of these terms are identical.
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Again we take the limits o — —oo and z; — oo, and again everything
but the integral vanishes (recall (B3])). The integral also vanishes as the
integrand is odd (see (B4)). Thus

Rz yf) =0.

3.6 z and ¢ dependence

Collecting everything from the previous sections we get

- (E ) (0 5

det Q = k> + 72 + 2i7° + Litk® + O(k*) + O(7%). (3.5)

According to (218) R(z,&) = R(—x,—&). Thus it suffices to consider the
case £ < x. Then

Lemma 3.1.

R(r.€) = =V (007 (€).

o= (2% et )+ (009 9%

In our small neighbourhood (k,7) ~ 0 the only possible singularity is that
det €2 may become zero, producing a pole in the resolvent. To examine the
x and £ dependence of the resolvent it is easier to work with F(\;x,§) :=
—Y " (2)0Z~ (£) which has no such singularity.

where

F(X\x, ) =Y (N )(Zy (N 6) + 2imZ7 (A 6))

)Y YA Zy (0 9),

i=1 j=1
where the 7;; are analytic functions of A = (k,7) and O(\?). For £ <0 <z
this is easy to bound as

le Y (z) — 1] < Ce 57, "€ Z7(€) — 1| < Cezt (3.6)

(see Theorem EZH). It turns out that we need to look at the Y,"Z term a
bit more carefully so let us write it more explicitly:

F=Y"Zy +2rY]"Z; — (K + 7+ O(\"))Y, 2,
2
> WYL Yy Zy . (37)

j=1
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As these expressions for F' get longer we drop the arguments to reduce clutter.
Y is always evaluated at x, Z at £ and everything depends on \. Also,
Y, (z) = Y;*(—x) and similarly for Z.

In the other cases where £ < x we need to make use of Lemma 27 When

0 < & <z we write

4

Z- (N €)= Z bij()‘)Z;_()‘; £).

j=1
Explicit computation yields

bij = 015 + 035 + O(N)
bgj = (ng - 2i7’(53j + O()\Q)

Thus ,
F=Y{"Zf +2irYy 2 + 30 "B, ZF

i=1 j=1
for some coefficients f3;;, which are analytic functions of A and O(A?). Man
values of A\ in the neighbourhood of origin correspond to the resolvent set.
There F' must be a bounded function which means that (4(\) must vanish
for these and consequently for all A. The 5 = 3 terms, however, are a bit

tricky: we have

62“25

- 1| < Ce 2t

2412
and po ~ it. Baz = —k* — 72 + O(N\?), which is more important than (33
because of the rapid decay of Y;". Let us write F' a bit more explicitly and
also bring in the Y;"Z; term:

e Z (&) —

F=Y\"Z3 +2irY" Z] — (K + 7 + O\\))(Yy 2] + Yy Z])

4
+ BV ZT + Y5 ZE . (3.8)

J=1

When ¢ < z < 0 we do the same thing but with Y:

4
+_ —
Yih =) a7,
i=1

Q15 = (Slj + O()\Q),
a2j = 851j — 52j — %543' + O()\)

4E.g., whenever k£ € R and 7 ¢ R UiR, because then ¢ ¢ R.
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Plugging this in we get
4 2
F=YyZy + 87V 27 + > Y ayY7 Zy
i=1 j=1
with some coefficients ;;(A) = O(A\?). Again a4y must vanish to keep the
kernel bounded. To compute the Y; Z, term coefficient to second order it
seems that we would need a3 to second order, which seems difficult to com-

pute. However, we can get around this difficulty by using twice continuous
differentiability of F' when £ ~ x < 0. The limits

él_igl_ F(x,€) = asYy (#)Z; (z) + an Yy (2)Z; (2) + O(e217)
Sl_igl_"_ F(JI, 5) = Sl_igl_"_ F(—ZL’, _£>
= BosYs (=) Zd (—z) + Y (—2)Z) (—z) + O(e*2lel),

must be equal. Working in the region where Re 5 < 0 and taking the limit
xr — —oo yields

Repeat the same for 92F:
Jim G2F (s, €) = 02Xy (1) 2 () + X7 (1) 2 (1) + O

lim 0?F(z,€) = flier O’F (—z,—€)

§—at

= Ousd2Y5 (=) Z (=) + BudiYi (=) Z{ (—x) + O(e*21),
hence
M3

L
70432 + ,uiom = 73@3 + M%ﬂm-

The two equations for azs and ay; are linearly independent (recall (Z12))
and their obvious solution is a;; = 3;;. Thus we get

F=YZy +2irY] Zy — (K + 1+ ON) (Y Zy — Y5 Z7)
+ Z ail)/i_Zl_ + ZOZZQ}Q_ZQ_. (39)

Something more explicit is still needed because we only know Y;" and Z;"
at A =0 for i € {1,2,3}. Fori € {1,2} we have (Bf) uniformly in A and the
things inside the absolute value signs are analytic functions of A. Thus

Vi (z) = el ry+ () + O()\e(l/«i_%)x)
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and similarly for the Z;. In some cases the first A-derivatives of e #*Y;"(x)
and e #€Z+ (€) also vanish at A = 0 (recall Section B and Z; (z) = 1):

V' () = el U (@) + Ol )

Z}(€) = T2 (€) + O(Neltn 2K

Z5(§) = e + O(NPeln ),
By Theorem 226

QMQI — e_uzx

Yyt (z) — < Cels=3),

249
similarly for Z;. We also need a couple of derivatives with respect to &:

Lemma 3.2. Forn € {1,2}
082 — 0p 2| < C|A2e3¢),
\8?2; — phert| < C’\)\ze(“r%)x\,
0824 — 5o g ek < CPrelre 27,
Proof. e 02 Z5 (€) — p is known to be O(e*/2) by Theorem I and van-
ishes at A = 0. Its A-derivative at A = 0 can be computed (recall 957, from

Section B3) and also vanishes. Z, is similar except without the A-derivative.
For Z; use

e QR 2 — 0P 2 — (1 — (—1)")] < C|A%e™ 5],
]

To simplify further we use py = —puz = it(1 + O(\?)). Let ¢ be an upper
bound for the O(\?) term, assumed to be conveniently small. If 7 is in the
sector {Im(7) > 2¢|7|} and £ > 0 we have, denoting z := iT¢,

|6u2§| < ‘6z+c|z|| < ‘6%17—§|
‘e,ugg N 6i7—§| _ ‘6 ( O(\?)z )‘ < C|)\2 z+c|z || < C|>\26217—§|
If in addition x — & > 0

€u2(x+§) — eMQ(x_é) eiT(IJ’_S) — e_iT(x_E)

2
A tir@-g)|

<(C|—

210 2iT

Putting all this together leads into a terrible mess. The case x{ < 0 is
reasonably simple, having terms with four kinds of different behaviour in the
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two variables but when z¢ > 0 there are seven kinds of different behaviour.
In the case £ < 0 < 2 we have from (BI) the following terms and estimates
for n € {0,1,2}:

3/13?22 . )"/l+(x)ag€iﬂ£| + O(}\2Tn6—%|r|+%iﬂ£|) + O()\ze_%(““‘ﬂ)),
ViR Zy o 2rY{T(2)0RZ7 (1€]) + O(\2e 2 \lal+IeDy
iz —( 7+ OO) (€70 21 (1€)

1 O(e 3D 4 O(A2eimlel=diel)),
Y20¢ Z O(A2T"e%i7(‘x|+|g|)).

When 0 < £ < z equation (B) produces the above terms plus the following:

V0P Zy . O(N2em2loel),

izl +ED) _ girle—g]

VoOfZs: —(K + 77+ O0(\?)) (0? T
+ O tea ey 4 0ol
+ O()\eéifz—fl—éé))

V0P Zy . O(N2emaleely,

When £ < x < 0 equation ([B3) gives the first four terms except for a sign
change in Y57, and

Va2 Zi: O((JK2 + 72| + [AP)ezlo=¢l),
eir(el+ED) _ girle—¢]

+ O()\27_n—16%i7\x—£|) + O()\2e_%|x_5\)
+ O(Tneéiflx—si—;x)) |
VioiZi: O((K 47 + AP)eteel).

The case x < £ reduces to the preceding cases by F(x,&) = F(—xz,—¢). We
treat the leading terms separately and summarise:

Theorem 3.3. There exists € > 0 such that for |\| < € F := (det Q)R =
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Fo + F1 and F1 == F10 + F11 + F12 where

Fy(w,€) = Yy (2)(¢7 + 2ir 27 ([€)),

B _k22_ii_77—2 (eiq_‘x_i_ﬂ . eiT|I—5|) when xf > 0,
FIO (ZE, 5) -
0 when € < 0,

Fll(«r7 g) - — Sgn(l‘(.r — g))(kz + T2>617‘x‘Z°i|_(‘£‘)
02 Fra(, §)] < C (X371 esmloml] 4 |\Zemhlo=tl] . |\3ehirlal=ilel))

forn € {0,1,2}.

Iy has two continuous derivatives with respect to €. Although we have
tried to write these expressions so that they would be valid everywhere the
other pieces are a bit rough around the edges. Hence the estimate for the
derivatives is only valid for x # & # 0 # x. F itself has two continuous
derivatives, see the comment after Theorem P11l
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Perturbation theory

4.1 The resolvent

Here we estimate R := (¢ — Dy Hy,)™! when |(] is large. We use the second
Neumann series

(( = DpHy) ' = ((—D; — Dy, — DyV)™!

Z (€ — D2 )_1DkV)j(C — D]% _ Dk)_l, (4.1)

where V' is to be 1nterpreted as the operator of multiplying a function point-
wise by V(z), thus D,V denotes a composition rather than D) applied to
V. Let Ry := (¢ — D} — Di)~'. On the Fourier side we have a multiplier
representation for the constant coefficient part in the Neumann series

(- P+ R - R
|V(z)] < 6e71*l and we want exponential decay also for R, D}, which can
be accomplished by the usual imaginary shift of the Fourier variable p. This

ReoDi(p) =

(4.2)

means we need an L' estimate for R/oo_Bk along horizontal lines near the real
axis. Hence we need the poles of fioo, as a function of p, to lie outside a strip
around the real axis. These poles are i times the eigenvalues p; of the A of
Chapter 21 To facilitate combination with other estimates we replace ( with

7 according to (23), leading into (ZI0) and IZ). Expanding in partial

fractions we get
. 1 1 1
p— s \p* +pi p? A+

— 1 k2—u2 k2—,u2
ReoDi(p) = — 2( 2 ;_ 2 g)
MY — My \p° + py D° 4 s

27
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When |7| is large p; = O(4/7) and the coefficients above are O(1/7) and
O(1) respectively (recall (ZI2)). Assume Rep; < —2a for some a > 0 and
J € {1,2}. Shift the integration path by a:

1 1 o0 1 ™
/ R 2d£</ — 2d£</ - 2d£<—.
R+ia ‘p + ,u]\ 2m R-+ia |p + lluj| 2m oo AT+ D 27 a

Thus |ReDy(z,€)] < Semalv=¢l p; = O(y/7) for large |7|. If 7 is an ap-
propriate sector away from the real axis we can take a = O(\/7) and get
convergence for the Neumann series:

Theorem 4.1. For any o € (0, %) there exist C,c,r > 0 such that for all T
with |T| > r, argT € (a, 7 — ) and n € {0,1}

Proof. We have established that |(ReDy)(z, §)| < Crpe~ "= where a = ¢/
and C, = O(7""2). Also, |V (z)| < 6e1#l. We can now estimate the series

ET) as follows:
| 2_((Reo VY Reo D) ()
S [ weni Vi)

o (Reo Dy ) (22 — 1)V (1) (Roo D) (21 — &) dy - - - dy

< ZC’H(GC’l)j/---/exp(—a|x—acj| — |z — ...

oo —alry — x| — || — alzy —€]) day - - - dag

00 J
< ZCH(6Cl)je_“|m_5‘ </ eI d:i':)
j —00

__ G ey
1—12C, ’
provided C; < £, which is the case when |7] is large enough. O

4.2 The semigroup

In this section we estimate e~ *P¥#x when k is large or ¢ is small:
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Theorem 4.2. There exist C,c > 0 such that for any a > 0
|€ tDka(x 5)‘<: C ((k@}+@t—dx—§

t1/4

— C a Cc)t—a|xr—
[(e7tPRHR D) (3, €)| < PV elalk,a)+e)t—alz—¢|

where

alk,a) = —L(k* + k*) + c(a* + a®).

There are a couple of interesting options for choosing a so that the ¢
dependency is held in check: for bounded ¢ we can choose a = t~/* and get
rapid decrease in |x — &| or for large k we can choose a = €k for an e such
that a(k,a) + ¢ < —3k*

Write A = D? + Dy, B = D,V (interpreted as the operator composition
of multiplication by V followed by Dy rather than D applied to V). Now
DyH; = A+ B and formally we can write the following series, which will
turn out to converge:

e—tDka E T

T, (t) = / / ~mtABe=ntn AR em Ay -t

{0<ty <<t <t}

Lemma 4.3. There exist C,c, M > 0 such that for any a >0 and j € {0,1}

(D)), )] < —pertonti=otes

tits
— M a)t—ajr—§|—
(e tAB)(:): )| < 3/4 ek a)t—alz—¢£|—[¢]

Proof. We'll use the usual imaginary translation trick on

—

e—tADi( ) = (p + k:2) —t((p>+k2)2+p +k2)’

for j € {0,1}, i.e.,

(7 D}) (. €)] =

/ (p? + K2) (@ HRP+0P k) ine—) g P
R-+ia 27

< ﬂ% / T I R (et e —ale—)

C_e(

1
tats

— L(k*+k?)+c(a*+a?))t—a(z—E)

IA
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for some C' and ¢, which do not depend on a. This gives the desired result

if x > £, otherwise replace a with —a. Multiplication by V' gives another
—lel O
e sl

Lemma 4.4.

for any positive p and q.
Proof. Laplace transform. O

Lemma 4.5.

IMT (i) .
Ta;2,)] < ot straaes,
(%)
IMT (i
(Tt 2, )] < CEMI) s athape-aiae)
(%)

Proof. By induction. Tj is taken care of by Lemma

t 0
Lot )= | [ [ (B aw)Tult = siw.€) duds
0 —00
! * M o a)s—a|lr—w|—|w
S/o /_OO T (k,a)s—ale—w]|—| |Tn(t—s;w,§)‘ dw ds.
The T,,D;, case is similar. OJ

The I' in the denominator guarantees convergence and we can estimate

f: 5" 1 i 23: gdmAnt1
n = + n
n=0 F(Tg) F(%) m=0 n=0 F(m + 1 + Z)
1 i 23: gdmtn+1
< + -
[(3) &2 mT(1+ %)
<14C0(s+ 2+ 55+ s’ < Cell+os
0 s™ 1 s 32 0 3 S4m+n+3
- = + + + —
2T TR R IO T A T 1D

< 066(1+E)S4

leading to Theorem E2.



Chapter 5

The semigroup

5.1 Outline

We shall use various techniques to estimate the semigroup of Dy H, for differ-
ent k: when k is large we use semigroup perturbation theory (Theorem E2),
elsewhere we use the Dunford-Cauchy integral (CY) and estimate the resol-
vent. There we have more cases: for small k£ and ( we use the results of
Chapter B, for large ¢ we use perturbation theory for the resolvent (Theo-
rem FLT]) and for other k and ¢ just Theorem P11l

For small but positive k there is a spectral gap between the lowest eigen-
value at O(k?) and the rest of the spectrum from O(k?) onward.

When t is small we can use semigroup perturbation theory regardless of
k. In the following sections we assume that ¢ is bounded away from zero.

5.2 The pole

Here we estimate the residue KP°'° of ([LH) at the lowest eigenvalue when k
is small. Changing the integration variable to the 7 of (Zd) and using the
notation of Chapter Bl the integral becomes

_ 27(1 + 2k?)? dr
St 2 A 22 Pk, T2, €) o 1
/e g Pk ) o (5.1)

The integration path can be taken to run in the upper half plane. Near the
origin there is a pole, corresponding to the smallest eigenvalue of Dy Hy. To
circle the spectrum the integration path would need to pass above the pole.
However, we now estimate the residue of (Bl) at the pole and shall later
combine this with an estimate for the integral where the path passes below
the pole.

31
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Lik

—

Figure 5.1: Integration path of Section B3

We see from (B) that the zero of det Q2 is at

.k2
p(k) = ik — % + O,

We have det Q = (7 — p(k))(2ik + O(7 — p(k)) + O(k?)) and

. 2r(r—pk)  pk)
A T mrom LT O(k). (52)

p(k) corresponds to (o(k) = $k* + O(k*). The terms of Theorem B3 produce

KPole = KP4 KP with

KgOIe(t;$,§> _ (e_%k?vt + O(ke—%k?’t))}o/l'i‘(;p)(e_(k‘+0(k2))\5| — QkZof_(KD),
|agKfOle(t;$,£)| < Ce—iki‘)t(‘k}i-ne—%kh—f”
R L[ \k?’e‘i’“‘x“i‘fw).

where the O(-) term comes from (E2)) and replacing ¢o(k) by $k* (sorry about
the silly fraction but we needed something between i and %)

5.3 The rest

Here we integrate around the rest of the spectrum. In terms of 7 of (2 this
means going above the real axis but below the pole at ~ ik as in Figure Bl

2 2
k is still small. We stay far enough from the pole so that 7|k

e remains
bounded. This allows us to write for small 7

21 B 2T
det Q) k2 + 72

+0(1)
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c.f. (B3). Denote R := % (C(k,7) — DxHy,)~'. Combining with Theorem
we split R as follows:

R = Ry + Roy + Ry + Ry + Rys

~ 21 o ir e
Roo(,€) = 15——50" (@) (78 + 27 21 (I¢]),
Roy(,€) = w(k, )Yi" () (e 4 2ir Z{(1€])),
. i(elTlv el — girle—¢] hen z¢€ > 0,
RIO(':Ea f) = ( ) v 5

0 when z€ < 0,

Ray(x,€) = =27 sgn(x(z — €)™ 2 (I¢])
|(=0F + k)" Ris(a, )] < C(|APH el

4 |>\e—%\x—£l| + |>\2€—M(T)Iw|—i\5\|)

where w is bounded, u(7) := min{cIm 7, 1} for some ¢ > 0 and n € {0,1}.
We derived this for small 7 but by Theorem Elit actually holds also for large
T on our integration path. Between small and large 7 we have Theorems 229,
1T and Lemma 27 Everything is continuous on a compact interval, hence
bounded. By choosing ¢ appropriately —u(7) can be used to estimate Re pu5/2
from above and thus our estimate holds everywhere along the integration
path.

As the explicit terms are analytic we can simply integrate them along
the real axis (e~¢®*7)* makes everything small as |7| — co). Denote t' :=
(1 + 2k?)%t. See Appendix [A] for details.

’ i 7 d
o (o1 2 ))

res ° (12 4 & 27‘
Koot = _Y1+(33)€ (Kk )t/ k2 + 72

= O () (f(wﬁ i)~ J VT =55)

(k) — 220 20

where f and z are defined by ([B3). The coefficient of the Z;~ was obtained
from the requirement that K§§*(z, &) be continuously differentiable in £ (be-
cause Ry is).

0o
(12 4 24 : . _ T
F({SSt — _¢ (k*+k*)t e T t (617'|:c+§| . elT\z §|) d
oo 2w

(5.3)

(1214
A L
= —|&€ a — e at’

VAart!
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when z€ > 0 and zero otherwise.

res —(k24k4 ° ° 2 it dr
Kt — o 0 o (o — €)) 21 (J€)) / gre-rtimiel 47

27

= sl =) e 2 )

The rest can be estimated by integrating so that Im 7 > %k

8 1
(— 0% + I G = e 3 ()0 (e M -
"2

1 c
|(—8§2+k‘2)nK{;St‘ < Oe—ék%( - 6—§k\z—§|

5.4 Everything at one swoop

When k& < 1/4/t (in addition to k < €) a slightly different estimate is use-
ful: instead of treating the pole separately we integrate around the whole
spectrum at once. Everything goes essentially as in Section except that
now the integration path goes above ik. If ¢ is large enough we can raise the
integration path by 2/v/t, otherwise we raise it by 2e. This affects the Roo
integral:

2

oo+
all (o — (k2 VE2T ey oiTlél + dr
Koo = =¥y (2)e /_oo+% B HATZLED) oo

Y o) (VT ) + RV )

2 _th/

(st 2= 2 Y706 )

and the estimates for the remainders:

1 -4 %6—5),

(—02 + k)" K3l = YiF (2)O(

1 _
(=02 + K| < C’( Vi

tn-‘,—l

4 etleme o L -
t ﬁ
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for some ¢ and C. The other two terms are not affected as they are analytic
in 7. K3 looks messy but

Kt = Kist 4 e BRIy () (e7 M — 212 (J¢))),

which is what one would expect apart from the funny ¢ dependency. But
even that is compatible with K2 when k < ¢/v/t.

5.5 Summary

Fortunately we shall not need all the hideous details of the previous sections—
the contents of the present section will suffice. The following two theorems
are now easy to see by collecting terms from the previous sections and using

([A4)) for the Koo terms:

Theorem 5.1. Let K™ := K&+ KI5 and K§" .= K + K3}, There exist
positive € and ¢ such that for all k < e

K3 = Vit (2) (e 3% + O(k(1 + [¢])e 2",

R 1 1,2
K3 = V@01 + e ),
K& = Vi ()(1 + O(~

-(1+ [€]))

=Y

and

|(—8§ +k2)Kgole| < Ce—%kBt—|x|(k:26—ck\§| +k’€_‘§‘),

1 1
— 2 + KK < CemaM el emeklel o mlél),
(=08 + k) K™ (5 7 )
1 _. L& 1 _
(=0 + K*) K| < C’e"“(?e Vi 4 —e k)

Vit

where everything about K3 is said under the additional assumption k <
1/t

1 .
Furthermore, K2, Kt and K2 are even as functions of €.
; o, IS 0

The first three estimates may look rather poor with their linear growth
in &, considering that the actual kernels decrease. However, these estimates

suffice to show that if o

MO <
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then

/ eTFERPh dE = Vi ()
Rd -

/Rd e FEREIR dE = f/;(x)(/hdg + 0(%)).

Theorem 5.2. Let Kit := KI6 4 K1t 4 Kot Kol .= K1t 4o Jrest 4 ol
and Ky := KP° + K. There exist positive € and ¢ such that for all k < e
K, = K{SSt + O(k‘Qe_%kSt_Ck'x_g') + O(%e—ék%—ckaﬁ—ﬂ)

|z—¢]

i)

I
K = Kt 4 O(;e
and

(=02 + k) K| < Cem it (ke 3107l 4 fPemeklal=3lél . i omekla—t])

e (L g L —ekp-tie L —argeg
4+ Ce™ 2 (;6 2 + ;6 4150 m@
1 1 =l 1 1 el
(=8 + KK < C (;e‘%f—f' eV 1l e )

where everything about K™ is said under the additional assumption k <
1/vt. (K&t is given by (B3).)

In the previous paragraphs we analysed the case of small k. For larger
values of k we have:

Theorem 5.3. For any € > 0 there exist C,c > 0 such that for any k > ¢,
t>1andn € {0,1}

(P4 DI (2, €)| < Ce 2k t=cle=¢]

Proof. Theorem takes care of very large k, say k > r. For k € [e,r] we
use the Dunford—Cauchy integral
d¢

et — / e '(( = DpHy) ' —=
r 2mi
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and estimate the resolvent. In Section we saw that the spectrum has k*
as a lower bound. Thus I' can be chosen so that Re( > %k‘”‘ and Re p; <
Re s < —c < 0 for some c¢. Asymptotically the path can be chosen to be
s — 2k* + set for some a < 7/2. The resolvent kernel is then bounded
by Ce~c*=¢l: for large || this follows from Theorem BT, otherwise just from
(Z18) and continuity. O
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Chapter 6

The nonlinear analysis

6.1 Regularisation

We start by showing that due to the — A? term solutions of (ICl) acquire
arbitrarily many spatial derivatives in a short time. These are bounded in

the following norm:

Definition 6.1. Define )

(1+ |z
Fix some r > d 4+ 1 and let X be the Banach space of continuous functions
R¢ — C with the norm

w'(z) =

[ fllx == sup [f(z)lw™"(2). (6.1)

z€R4

Let X (™ be the space of n times continuously differentiable functions R — C
with the norm
1/l x e = max [|0f f[| x
lul<n

where p is a multi-index.

The X norm was already used tacitly in the comment after Theorem BT
which also explains the bound on r.
Convolutions with exponentials are often needed:

Lemma 6.2. Let n > d. There exists C > 0 such that for any a,b > 0

/ e~e=Ely,n (be) d§<{
R4 -

w"(bx) when a > b

w"(bz) + Gw"(az) when a <b

alata

39
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Proof. Divide the integration region into S = {£ : | — 2| < 1|z|} and its
complement:

/ e~lz=Elm (bg) de
R4
<wra) [eetag et [ g i

O

Theorem 6.3. Let n be the solution of (L) with n(0) = ny € X. There
exist 6, > 0 and C,, > 0 such that if |no||x < 6, then

(D)l < Cullmoll x-

Proof. The idea is to establish that if the initial condition is small enough
in X™ the solution gains another derivative in an arbitrarily short time:

[7() |t < Cellmol| xe-
7 satisfies

Om=—ALn+ A N(n)

where N(n) := (1 + V)n + 2¢on* + 3n°. This is equivalent to the integral
equation

n(t) = e_m2770 +/0 A e~ 9 A2N(n(s)) ds (6.2)

which can be differentiated:
t
Qin(t) = e~ 0y + / A e 87 9EN ((s)) ds. (6.3)
z z ) z

For a short enough time 7 < 1 the right side of (E£2) is a contraction in a ball

{Inlleqo,,xemy < Cllnollxw }. This is because N is Lipschitz continuous in

tA?

any bounded subset of X(™ and the convolution kernel G of e=*4" satisfies

z|

06t )| < e T
; o

By Lemma B2 (t < 1)

2]
/ / ——— € ST (€) déds < C’/ ——rw'(z)ds
Re (t —5) =S (t—s) T
< Ct~ ‘4 w'(z)
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when |v| < 4. Thus (E2) has a solution n € C([0,7], X™) with ||n| <

Climoll x -
Differentiating (E3)) yet again yields

t
0, 00(t) = Oy 'S Om+ [0y, B IS DLN((5)) d.

Estimating the integrals as in the previous case we end up with

1

102,08t 2)] < C(g7

|0%mo]| + £/ sup [|9; ||} ().
v<p

Now back to the theorem. Fix a time step h = 1/n such that h < 7
and h < 1/n. The previous argument shows that if ||n(kh)|| xw < d then
[n((k + D)) xo+n < Crslln(kh)| xw for & < n and [[n((k + 1)h)||xm <
Chsln(kh)| xe after that. Iterating this we find that if [|no]|x < C} 50 then

In(W)ll xen < Chsllmollx- O

6.2 The norm

Now we introduce the rather complicated norm which will be used in the
fixed point argument. We are back in the (z, k) representation.

Definition 6.4. Let m > 2. Assume ¢ > 1 and let
1

ky = min{k, 1} + 7 (6.4)

Let n > d—‘gl and define the spaces X; with the norm

|f (x, )|
(wm(x) + kyw™ (k) )wn (k3t)

[flle == sup
(z,k)ERY

From now on we shall denote w™ simply by w when there is no danger of
confusion.

This needs some explaining. w™ is related to norm of the space X in
the previous section if we set r = m + d — 1. See also Theorem BTl and the
comments after it. There are essentially two kinds of terms in the semigroup:
nice functions of x and nice functions of kz or x/v/t. The latter ones have k
or 1/4/t in front, which compensates for their poor decay. The denominator
takes this into account. The time behaviour in the leading term of the semi-
group is e~°*t which motivates the k3t-dependent term. The limit on n will
provide sufficient E—integrability for the proof of Lemma
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Using the mixed Fourier representation involves replacing the powers of n
in (L3H) by mixed convolutions. Continuing our abuse of notation we denote
these by x*:

(f % g)(2, k) = f(x,z%—ﬁ)gu,ﬁ)d%

Rd-1

Lemma 6.5. Let f,g € X;. Then

C
1 glle < ey [1F1le lglle-

Proof. Using subscript ¢ in the sense of (4l and p := |p]

|(f * 9)(, k)| < Hf\ltllgllt/R (w™(@) + pew™ (pew) )" (P°1)-

v

(W™ (@) + [k = plaw™ (k= ple))w" (k= 71°t) do .

Expanding the product yields four terms. Three of these have at least one
w™(z) and can be estimated by Cw™(x)I,

1;:/ (P (1 — %) dp
Rd-1

Split the integration region into S := {p’: [p— E| < %|E|} and its complement.
Then estimate

P [oi- e |

< Cw"(k‘?’t)/ W (pPt) dp < El w"(k3t).

Rd—1 t3

w"(p*t) dﬁ)
d—l\s’

The last term I’ is more complicated:

—

P [ pem ) %0 F - o™ (8 — gy (F - 5) 4
Rd—1

< Chyw™ (ky)w"™ (k) / pew™(|k — plex)w™(|k — p1*t) dpf
S

+ Co™ (k) () / ol e ) (57) 4
Ri-1\§

The first term is of the appropriate form as the integral is bounded by C'/ t5
We need to extract a k; also from the second integral. Use |k — pl; < ki + py.
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The term containing k; is clear and it remains to estimate

— 1 n —
/ piw™(per)w" (p°t) dp < / (p+ —=)*w"(p’t) dp
Rd-1\§ Rd-1 Vit

C Ck
S @ S e
t 3 t 3

6.3 The linear problem

From Theorem it follows that if the initial data is in X, the solution
at t = 1 will be in X, We shall take ¢ = 1 as the starting point for the
contraction mapping argument. The contracted variable will be the difference
between the solutions of the linearised problem and the nonlinear problem.
First we need the following result on the linear problem:

Lemma 6.6. Lett > 1. Then
u = K(t— 1)771 :U0+U1,

up(t; 2, k) = Ae 5FY [ (2), A= [ m(©)de,

R4 -
C
Jui ()l < 7517||771HX<3TL)'

Proof. Denote s :=t— 1. First assume s > 1 and k& < e. According to Theo-
rem [0 K5 4+ K2t or K", depending whether k > 1/+/5 or not, produces
ug plus something which satisfies the estimate for u;. By Theorem and
Lemma the K terms are easily found small and includible in u; except
for Ki&*, which requires somewhat more careful inspection.

Assume z,£ > 0, € < 1. We shall use these two estimates derived from

B3):

C 2, (2-8)? C 2, (2-8)?
K(s)] < e ks < ek 365
| 10 ( )| — \/; — \/g
< £ praiiad (6.5)

47’  VAws
< 7xf e ks I24t'52 < 7x§ e ¥ (14_5)2
T VAm(s)3/2 T V4ms3/?
< Ekix&e_%k%_%ks‘z_ﬂ (6.6)
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where s’ ;= (14 2k?)?s. Split the integration region, use (E3) for large £ and
(E&4) for small &:

1/ks
(K15 (s)in) ()] < C”\?EHXQ_%ICQS<"‘?3~”‘7 /0 el Elem (€) dé
+ / T bl m g dg).

1

/ks

(6.7)

The first term can be estimated by

Climllx
NG

which can be absorbed into u;. For the second term split the region further
into S 1= {£ € [1/ks, 0] : |€ — x| < x/2} and its complement. Let us first
integrate over S. S is empty unless # > =2-, which assume. Then

2 —ip2s—lisx
kiwe 2% 5750,

3ks?

1 C Ck
—zkslz—¢| m < m < s m—2 < m ]
/Se wm (&) d¢é < —ksw () < —(k‘s n k‘s\33|)2w () < Cksw™(ksx)

For the complement of S we use
/ e~ Hhela—€lym(¢) 4 < etk / WE) dE < Chawo™ (ko).
[ o0\

Thus the second term of (&.7)) can also be absorbed into u;.
For k > € and s > 1 use Theorem B3 and Lemma

(K (s)in) ()] < Cllm | xe 2" /Re‘”‘f'wm(@ d¢ < Ol || xe 2 "™ (x).

Even after multiplication by w™"(k3t) < C(k%)" this remains bounded by

1645 m

Cllmllxe” 1 *w™(z) and can be absorbed into w;. Similarly ug can be ab-
sorbed into uy.
For s < 1 use Theorem with a = s~ 1/4:

C smw™ (k3 _
()i (o)] < L) [ =5 ag

< Cllml xomw" (k%)™ ().

Again this and ug can be absorbed into u;. O



6.4. THE CONTRACTION PROPERTY 45

6.4 The contraction property

Next define

where 7 solves ([LH), n1 = n(1), v and u; are from Lemma B0 Rewrite (CH)
in terms of these:

t
v(t)=F(v)(t) = —/ e~ D D N (s, 10(s)) ds (6.8)
1
N(s,v) = 3™ + 20" = 29 (uo + 11)™ + 9™
We will prove that this F is a contraction in the norm

]| := sup t/22 | (1) |- (6.9)
t>1

Assume ||no]|lx < 6 and |[v|| <6, ||7]| < 6 and |7 — v|| < 5. We shall show
that || F(v)|| < €62 and | F(#) — F(v)|| < €36 for some C independent of
§ and 4. & can then be taken small enough to assure that F maps the ball
of radius ¢ into itself and contracts. All instances of C' in the sequel will be
independent of § and 4.

By Theorem B3 and Lemma B8 ||uol|; < C§ and |luy|l; < C§/tY/3. Thus
lvi|| < Co and, as ) = ug + uy + v, ||7(¢)]]; < Co. By Lemma EH

oy - C6?
1Nl < Sl + 5117 < =g (6.10)
A straightforward computation also yields
_ Cso
IN@) = NW)le < == (6.11)
t 3 tiz

When ¢t > 2 we treat t — s < 1 separately using Theorem and the rest
using the results of Chapter Bl and Lemma B8l When ¢t — s > 1 and k < ¢
we split the semigroup kernel into Ky + K, where

all 1
K, K} 1 when k& < —,
K} + K{™=*  otherwise.



46 CHAPTER 6. THE NONLINEAR ANALYSIS

The worst term would appear to be Ko Dy (1gui?) but fortunately the function
is odd and thus annihilated by KoDy. ([E8) is thus split as

F = At) + B(t) +C(1)
A(t) = — /1 T Kol — ) DuN (s 0(s)) ds
_ /1H Kot — ) Dy(300(2up + 1) % 1 + L) ds
B(t) = — /1 T Kt — DN (s, 0(s)) ds
ct) = — /; K(t — 8) DN (s, v(s)) ds.

Let us start with C(¢). By Theorem

C

—|z—¢]
e
(t—s)3

[(K(t = 5)Dp) (2, €)| <

as t — s < 1. Hence and by (G.10)

00 = O [ e [ 76 b)) ds
-1 (t—s)1s3 Jr
< 4 /t %(u)m(x) + k™ (kor))w"(k3s) ds
t—1 (t—s)is 3
< th(Slz (W™(z) + kw™ (k) )w™ (k3t),

where Lemma and s € [t — 1,t] were used. Thus ||C()]|; < 052/tL§1.
Similarly we get [|C(t, ) — C(t,v)||, < C6/t"5 by starting from ([EIT) and
throwing away the extra 1/12.

When estimating A and B these integrals often appear:

Lemma 6.7. Assume p < q andt > 2.

<+ wheng<1

t—1
dS Clogt
/1 sy~ o whena=1

¢ when q > 1.

tp
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Proof. Split the integration region:

/t—l s _ (2 ”/”2 ds  (2)° /H ds
1 (t—s)pst =\t L t o (t—s)P
2\? (% ds 2\ (% ds
<|(- — 4+ | = —.
HONA- OV

For A and B we have several cases depending on the value of k. Let us
start with B when k& < min{e, 1/v/t}. Using Theorem 52 and ([EI0) we find

1B(t)| < C&*(I1 + I + I3)
=1 1 ! 1
I, = —gle—¢] kow(k.€)) ded
=[] e () + () deds

t—s S

O

I = / / Lottt L ((e) 4 haw(ha) déds
1 R §3

t—s

I3

S 3

t—1 1 _clz—gl 1
/1 /Rme Vi (W() + ksw(ki€)) déds.

Similarly, using (6.11]) and throwing away the 1/12 we get [B(t, ) —B(t, v)| <
C66(L + I + Is).
By Lemma B2, 1//5 < k, < 2/+/5s and w(z//5) < w(x/\/t)

=1 1 1 x
[gC/ —(w(@) + —=w(—=) | ds
' 1 (t—s)sd:s< (@) Vs (\/§)>

SC'l?gt
t3

For I, we use simply

(w(z) + kw(kex)).

=1 ds x Clogt  «x
Ay SR
2 1 (t—s)sdT (\ﬁ) 5" (\ﬁ)

assuming d < 4. Unfortunately this is no good when d = 2. For d > 3 we
have I, < Clogt/t"/°k,w(kx) (even when d > 4).
With 75 we need to use Lemma again, then estimate w(x/4/s) and

w(z/\t—s) by w(z/V1):

Igﬁlt_l#< t—sw(x)er(\/tx_—s)ﬂL tgsw(%))

< e (ol ot + () + ()
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when d < 4. This will do in three and four dimensions but when d = 2
the second term in parentheses is not small enough (for d > 4 we get I3 <
T w(@) +w(@/VH)).

Let us then proceed with A, still assuming ¥ < min{e, 1/v/t}. First
bound the argument using Lemma G5

. 2
1300(2u0 + ) 1 + 3779)]|e <
S 3 T12

(6.12)

Denote the exponent by ¢ := d;g,l + % Then by Theorem B.1]

JA(t)] < Cs%e 7 /t_1/< ! eV 4 ! e_|5|>-
- 1 r\t— S Vit—s

i
-%(w(f)jL - i))dgds

NowE

| 1 1 ol 3
< 2 _lxl _ C\/t—s 2
sore [ GGt amave e ) o
= ds C§?
< 2 <
<9 w(x)/l G s tl/6w(x)

where d > 3 was used on the last line. If d = 2, however, we get a completely
useless estimate that grows with . |A(t, ) — A(t, v)| < Cdw(x)/t'/® can be
derived similarly by starting from (EI1) instead of (E12).

Next we shall deal with & € (1/+/%, €) where the estimates of Theorems ET]
and are more complicated. Let us start with B again. It is bounded by
the sum of

t—1 —%kQ(t—s) N N 1
oz [ Y / =gl 4 g—cklal=tigl L 1 ko).
/1 ra— . (e +e + — Se )
1
i1 (W(E) + ksw(ke€))w" (ks) dds  (6.13)

S 3

and

t—1
C'5? / LA / <k2€—%lx—5\+k3€—ck|xl—%\5\+k4€—ck|x—£l).
1 R

L (0(6) + kawo(k©))w" (Ks) deds. (6.14)

S 3

The first integral is rather like the k < 1/4/t case. Use Lemma G2,

e_%kQ(t_S)w”(k‘?’s) < Cw™(k3t)
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and assume again d < 4:

2o (K3 o ; w(r) +w(kx
€T < o5 i) | g () etk
1
(o) + k:sw(krsx))> ds
< C’(S%)”(k?’t)(ig (w(z) +w(k)) + tdl%l (Viw(x) + w(k:tx)))

(for d > 4 replace % by 1). Again this only works when d > 3, in which

case we get
logt

Then the other term:

-1 . n(1.3
G < CF° / ot (K s) (Fwle) + Bw(ke) + Bhw(k) ) ds

t
1 S

< CF%u (k) /1 Tl @) + k() ds

s3 (t—s):

[SMIN)

< 052w"(k3t)t1%(w(x) + (k)

when d > 3. Here we estimated

Cuwm(k3t)

—1k3(t—5)7.2 n(1.3
e 4 kw(l{:s)g(t_s)2/3.

Next we estimate A when k € (1/v/%,¢). We split it into two parts as we
did with B: by Theorem Bl and (E12) A is bounded by the sum of

t—1
1 1
0526—90/ e—ékz(t—s>/ <_€—ck|s|+7€—|§|>.
1 r \L— s Vt—s

: w”(’zgs) (W(E) + kyw(ky€))deds  (6.15)
and
t—1
052 —|z| —ik:&(t—s) k2 —ckl¢| k AW
e /1 e /R< e + ke )
. w(k3s)

(W(§) + ksw(ks€)) déds  (6.16)

s
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where ¢ = % + % The first term is bounded by

ET0) < Co%w(2)w (k1) / Tds _CFen
= N TR

when d > 3. With the second term we again need to exchange a k for
1/(t — s)Y/3:

2 n(1.3 o ds Co? n(1.3
BET10) < Co*w(x)w™ (k') e e < tl/mw(x)w (k%t)

when d > 3.

The differences B(t,7) — B(t,v) and A(t,7) — A(t,v) are again treated
by using (E11]) instead of (EI0) or (E12), which results in estimates similar
to the above, with 62 replaced by 80.

When k > e we use Theorem B3 and (E10):

/1_ K(t — s)DpN(s,v(s))ds

<o / R G / e8I (w(E) + kyw(k,E)) deds
1 R

S 3
t—1 e—%k‘*(t—s)
< Co% (k) / (@) + huwo(kar)) ds
1 S 3

< Sl S2w™ (k3t) (w(z) + kw (ko))
t 3
and similarly for the difference F(7) — F(v).

Finally, when ¢t < 2 we estimate like we did with C earlier. Thus we have
established:

Lemma 6.8. Assume ||nol| < 0 for a small enough §. Then F : Bs — B,
given by ([E8) is a contraction in the norm ([BX). Bs :={v: ||v| < d}.

6.5 Wrapping it up

When ||no||x < 6 for a small enough ¢ it follows from the contraction mapping
principle that (EX) has a unique solution v satisfying ||v(t)||, < 6/t'/12.
Rolling back our variable changes we find that this is equivalent to (L)
having a unique solution for which 1 = u + v, provided we get from ¢t = 0 to
t = 1 somehow. Theorem B3 takes care of that and also guarantees sufficient
differentiability for 7 to solve (Ldl). By Lemma |uyll, < C§/tY/3, thus



6.5. WRAPPING IT UP o1

v1 = v+ is small in the ¢t norm. Eventually we see that (ILT]) has a unique
solution

Y =1+ U+
where “was used to denote the inverse transform of (L7). From the ¢ norm

d+1

estimate it follows that | (¢, z)| < C3/t“5 *12. By Lemma G0
y

iolt,2) = Souto(a)o(t, 7)

where A = [, n(1,z)dz = [p.n0(z) dz, as the integral is preserved by (I).
Thus we have proved Theorem [Tl
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Appendix A

Another integral

The following integral is needed in Chapter

_ /OOJHQ Leq%ﬂﬂgl dT
—oo+ia k2 + 7—2
/ AT 410) it 4Ty )
k2 + (1 + 1a) 2m

The second line looks like the inverse Fourier transform of a product, so let
us try to transform the factors separately.

o0 : . oo+ia
/ A tia) 10,0 et dr _ / =l et d—T,eo‘g. (A.2)
k2 + (r+ia)? 2w —ootia K24+ T2 27

The trick here is to notice that the integration path can be raised or lowered
arbitrarily as long as any residues are taken into account. The exponential
factor can thus be used to make the integral small as long as £ #0. If £ =0
the integral diverges but has a principal value, which is zero when a = 0 due
to the integrand being odd.

There are two cases, which interest us: @ > k and a = 0. In the first case
the integration goes above both poles +ik and we get

0 when £ > 0,

B2 = {2 cosh(k&)e®  when & < 0.

If @« = 0 we integrate between the poles to get

@2 -

—e " when ¢ > 0,
eks when £ < 0.

23



o4 APPENDIX A. ANOTHER INTEGRAL

The other factor is familiar enough:

/oo e_(7-+ia)2t+i7'§ g — Le v +o¢§
oo 2 \Ant

Putting all this together

2
fi)oo irte_m“n) cosh(kn) dn when a > £,

0o 1 __Ue-n? k)
S e sen(n)e dn  when oo = 0.

(EWURS

These convolutions can be computed rather explicitly:

U RVE SR + F(—kVE 55)  when a >k,
e P 222) = [(kvVE, —55))  when a =0,
where
f(z,y) = e*z(z +vy), (A.3a)

z(x) = \/_/ e~ dr. (A.3b)

Of course the difference between the o > k case and the a = 0 case is
only the residue e****¢l at ik, which can also be seen using f(—z,y) =
e 2™ — f(x, —y). We also have these estimates:

00 f (2, y) — (22)"F f (2, y)| < Cu(1+ 2" + [y|")e (A.4a)
and when > 0

|f(z,y)] <e —?—min{|zy|,y*} <e — —Ixy\ (A.4b)
[f(@,y) = flo, =) < C(1+)[yle ™. (A.dc)
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