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Preface

integrals of analytic functions over the real line, alone. The exponential
smallness with respect to a forcing parameter could then be inferred
from a shift-of-contour argument.

There pre-existed an impressive body of literature—mostly due to
Gallavotti and his coworkers—resorting to regularized, “improper”, in-
tegrals in overcoming convergence problems. The latter are caused by
the asymptotically quasiperiodic behaviour of the homoclinic trajec-
tory. In brief, my goal was to circumvent these KAM-type resonances,
at least to some extent, in bounding the splitting.

Already in the second nontrivial order I ran into formidable ana-
lytical difficulties. Even if some progress was being made, it always
seemed to be the result of technical trickery too case-specific to yield
any argument applicable in general. After a good two years, I had to
admit defeat, but was clueless as how to continue.

Accepting improper integrals as part of my formalism, advances be-
gan accumulating; expressed in terms of tree diagrams, certain terms of
the perturbation expansion (also known as the Lindstedt series) could
be grouped into expressions proportional to exponentially small inte-
grals. This, of course, was little more than a special case of what had
already been done by Gallavotti, et al. Still, the big picture somehow
seemed buried under the multitude of trees.

Vil



viil Preface

Within a relatively short period of time, I realized that the key
property in producing exponential smallness was the factorization of
the aforementioned integrals, which is somehow related to Gallavotti’s
fruits. More importantly, I could encode this property into an as-
ymptotic expansion of the splitting matrix, manifestly proportional to
exponentially small quantities. In other words, I managed avoiding
the earlier involved perturbative computations. Hence the title, Ho-
moclinic Splitting without Trees, of the thesis.
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Chapter 1

Main Concepts and
Results

the coordinate and momentum of the pendulum, and o € T¢ := (S!)?
and A € R? the angles and actions of the rotators, respectively. The
perturbation f is assumed to be real-valued and real-analytic in its
arguments, and A is a (small) real number, whereas the gravitational
coupling constant g is taken to be positive. This Hamiltonian is some-
times called the generalized Arnold model.

The equations of motion are
db=1, v=A I=g*sing+\0sf, A=N\0f. (1.2)

For the parameter value A = 0, which is addressed as the unperturbed
case, the pendulum and the rotators decouple. The former then has
the separatrix flow ¢ : R — St given by

o(t) = 2°(e”),
where
®°(z) = 4 arctan 2.

By elementary trigonometry, this function possesses the symmetry prop-
erty

PO(z) =2 — (2 71). (1.3)

3



4 1. Main Concepts and Results

The phase space of the unperturbed pendulum looks as in Figure 1,
where the separatrix—given by ®°—separates closed trajectories (li-
bration) from open ones (rotation).

R
N

Figure 1. A (¢, 1) plot showing the unperturbed pendulum sep-
aratrix that intersects the ¢ axis at integer multiples of 2r—the
upright position of the pendulum.

On the other hand, 1 : R — T¢ is quasiperiodic:
¥(t) = $(0) +wt  (mod 27),
such that the vector
w:= A(0) = A(t)
satisfies the Diophantine condition
w- gl >alg|™ for qeZ q#0, (1.4)

with a and v positive. Thus, at the instability point of the pendulum,
the flow possesses the invariant tori

Ty = {(qw,[,A) —(0,6,0,w) ‘ 0 e Td}

indexed by w, with stable and unstable manifolds (W§ and W, respec-
tively) coinciding:

Wyt = {(QS,@D,I,A) = (@0(2),9,gz83®0(z),w) ‘ z€[0,00], 0 € Td}.
(1.5)

Remark 1.1. The constant ¢ is the Lyapunov exponent for the un-
stable fixed point of the pendulum motion; in the limit s — —oo two
nearby initial angles ¢(s) and ¢(s + Js) separate at the exponential
rate e9°. As ¢(t) = ®°(e 9_1), the Lyapunov exponent fixes a natural
time scale of ¢g~! units, characteristic of the pendulum motion in the
unperturbed Hamiltonian system (1.1).
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When the perturbation is switched on (A # 0), our objective is
to show that some of the invariant tori survive and have stable and
unstable manifolds—or “whiskers” as Arnold has called them—that
may not coincide anymore. We wish to prove bounds on their splitting.

1.1. A short interlude for literature

The study of “separatrix splitting” mentioned in the paragraph above
is a subject with a long history, dating back to the Poincaré’s classic
Les Méthodes nouvelles de la Mécanique céleste [Poi93]. We refer the
reader to the paper [GGM99] by Gallavotti, Gentile, and Mastropietro
for a set of key references and interesting discussion.

In [GGM99], a three time scales problem arising in celestial mechan-
ics is solved in that paper. There the pendulum is quasiperiodically
and rapidly forced by two rotators having totally different time scales
compared to that of the pendulum; one of the forcing frequencies tends
to zero and the other to infinity. This has recently been simplified and
generalized to a case of several rotators by Procesi, in [Pro03].

Rudiments of the powerful field theory techniques, adopted and
developed by Gallavotti et al. in their works on the splitting problem,
are well explained in [Gal98|. Here the influence of Eliasson’s seminal
work [Eli96] on the Lindstedt series should not be overlooked; it has to
be considered the motivational impetus to introducing Feynman-like
graphs for analyzing perturbation series in this line of science.

While the very general paper [RW98| by Rudnev and Wiggins con-
tains an error in a crucial estimate, thus invalidating most of their
proofs, a large part of it is certainly worth reading. In particular,
readers valuing a pedagogical treatment will think highly of it. An
erratum, reference [RW00], was later filed based on further work. The
point in the latter, rather geometrical article, seems to be that in suit-
able coordinates the Fourier coefficients of the splitting obey so-called
“quasiflat” estimates which directly lead to exponential smallness.

Moreover, Gelfreich gave an excellent introductory account on the
splitting of separatrices at the XIII International Congress on Math-
ematical Physics (ICMP 2000) in London, [Gel01]. The exposition is
accessible to the nonexpert, and we recommend it as a starting point
to anyone intending to enter or familiarize oneself with the field. From
there one should advance to [GLO1], which covers more topics with
more details.
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The very recent and extensive memoir [LMS03] by Lochak, Marco,
and Sauzin is written from the geometric point of view, adding more
content to the concepts studied by the analysts. It also has a historical
flavor to it, making it interesting and accessible to virtually anyone.

1.2. Main theorems

Our approach will be to construct the perturbed manifolds in a form
similar to (1.5) as graphs of analytic functions over [0, 00] x T¢. To
see how this can be achieved, note that the unperturbed stable and
unstable manifolds, W; and W, consist of trajectories

(6(1), 9 (1)) = (2°(e”), wt)

that at time +oo become quasiperiodic, as they wrap tighter and
tighter around the invariant torus 7Zp; indeed (¢(t),v(t)) ~ (0,wt) in
the limit ¢ — 4o0.

Analogously, we will find the stable and unstable manifolds of the
perturbed tori by looking for solutions of the form

(6(t). (1) = (D(, wi),wt + V(e wit)) = (0, wt) + (P, T)(e™, wt)
(1.6)
with quasiperiodic behavior in one of the two limits ¢ — 4oc0. In effect,
we have to find functions X : [0, 00] x T¢ — R+ specified by

X = (®,0),

and real-analytic in its variables z € [0, 00] and 6 € T¢. Note especially
that we anticipate the exponential rate (“Lyapunov exponent”) v > 0
to depend on A, with v|,_, = ¢.

Remark 1.2. One should not assume asymptotic quasiperiodicity
in both of the limits ¢ — 400, as the unstable and stable manifolds,
which we denote WY and WY, are generically expected to depart for
nonzero values of the perturbation parameter \. Therefore, either the
past or future asymptotic of a trajectory will evolve so as to ultimately
reach the (deformed) invariant torus 7. The separatrix in Figure 1 is
thus transformed into something like the pair of curves in Figure 2.

Let us denote the total derivative d/dt by 0; and the complete
angular gradient (Jp,0y) by O for short. Substituting (1.6) into the
equations of motion

OF(¢,1) = (I, A) = (¢*sin§,0) + A If (¢,7),
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A\ 7
Figure 2. A typical (Poincaré section) illustration of what hap-
pens to the pendulum separatrix under perturbation. The origin
has been shifted for convenience.
we get
(w- 0 +7e"0.)° X (e, wt) = [(¢*sin ®,0) + AIf (X + (0,0))](e™, wt),
where @ stands for the canonical projection [0, 00| x T4 — T¢.
Define the z-dependent partial differential operator
L:=w-dp+ 720,
and notice the characteristic identity
LF(ze" 0+ wt) = O F(ze",0 + wt) (1.7)

for a differentiable map (z,0) — F'(z,0). Equation (1.7) simply reflects
the time derivative nature of L. In fact, if 7" is the “time-reversal map”

T(z,0) = (1, —0), (1.8)
then, by the chain rule,
L(FoT)=—(LF)oT. (1.9)
Let us abbreviate
Q(X) = (¢*sin®,0) + AQX) with Q(X):=df(X +(0,0)).

(1.10)
As a consequence, we have reduced the equations of motion to the PDE
L2X =Q(X) (1.11)

for the map (z,6) — X(z,60) in a suitable Banach space of analytic
functions, albeit its restriction to the set (“characteristic”)

{(z,0) = (", wt) | t e R} (1.12)

is what one is physically interested in. Our preference of working di-
rectly with the invariant manifolds, as opposed to individual trajecto-
ries traversing along them, motivates us encoding the time derivative
in the operator £. Nevertheless, it will be harmless—and indeed quite
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informative—for the reader to keep in mind that the objects we deal
with originate from (1.12) and therefore have a direct physical inter-
pretation.

Below, a key point will be introducing small imaginary parts to
the (independent) arguments z and 6 of X. This well-known method,
corresponding to extending a dynamical system to “imaginary time”,
allows one to use the invincible armory of complex function theory.

The action variables trivially follow from the knowledge of X (z,):
(I(t), A1) = (0,w) + Y (e, wt), Y :=LX.

The solutions X will provide a parametrization of the deformed tori
and their stable and unstable manifolds. We find two kinds of so-
lutions, X*(z,0) defined for z € [0,29] =: I* and X*(z,0) defined

for z € [25',00] =: I°. Here, 2y > 1. The tori will have the two
parametrizations
T = {(6.0.1,4) = ((0,0) + X"(0,6), (0,w) + Y"(0,0)) |0 € T}

{(6.6,1,4) = ((0.0) + X*(00,0), (0,0) + Y*(c0,0)) | 6 € T},
with stable and unstable manifolds
Wi = {(qs,w,A) = ((0,8) + X5U(2,0), (0,w) + Y>U(z,0)) ' sel* fe Td} .

In order to enable solving (1.11), we need to deal with quantities of
the form (w-q)7', ¢ € Z%\ {0}, stemming from the Fourier represen-
tation of the operator £. Here the Diophantine property of the vector
w € R? stated in (1.4) steps in. Since w = A|,_, = 1| _,, by rescal-
ing time (and the actions, correspondingly) in the equations of motion
(1.2), the constant a can be absorbed into g? and ) in the equations
of motion, leaving the ratio A\g=2 unchanged: (g, \) — (g/a, \/a?) .
Thus, we may as well take a to be 1 below, transforming the condition
on w into

lw-q| > |q|™ for qeZ*\ {0} (1.13)
We will moreover consider A small in a g-dependent fashion, taking
€:=A\g > (1.14)

small. This should be seen as an outreach towards the experimenter,
albeit there is a technical wherefore: eventually we wish to study the
limit ¢ — 0, which calls for such a choice. The domain we restrict
ourselves to is given by

D:={(e,9) €ECxR||e|]<e, 0<g<go}, (1.15)

This scaling is responsible for the usual requirement A = O(a?) for KAM tori.
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for some positive values of ¢, and gp.

Finally, note that if X = (®,¥) solves (1.11) on some domain
D' C [0,00] x T%, then so does

Xog(2,0) := X(az,0 + B) + (0, B), (1.16)

as long as (az, 0+ (mod 27)) € D'. The aforementioned invariance is
a manifestation of the freedom of choosing initial conditions for (¢, ))—
we may choose the origin of time and the configuration of the physical
system there.

For e = 0, the solutions are obtained from
X%(2,0) := (®°(2),0) (1.17)

using (1.16). In particular, X°(1,0) = (m,0). This will provide us with
a natural way of fixing o and 3 below.

The first part of the present work is dedicated to the existence and
analyticity properties of the invariant manifolds, and boils down to the
statement that follows.

THEOREM 1 (Whiskered tori). Let f be real-analytic and w satisfy
the Diophantine condition (1.13), and fix go > 0. Then there ezist
a positive number €y and a function y(€,g) on D, analytic in € with
|y — g| < Cygle|, such that equation (1.11) has a solution X* which is
analytic in € as well as in (z,0) in a neighbourhood of [0,1] x T¢ and
which satisfies

X"(1,0) = (7,0), X“(2,0) = X°(2) + O(e). (1.18)

Similarly, there exists a solution X*(z,0) = X°(2) + O(¢) which is an
analytic function of (271, —0) in a neighbourhood of [0,1] x T¢. The
maps

W% (z,0) = (X, Y*")(2,0) + ((0,0),(0,w)), Y**:=LX>",
(1.19)
provide an analytic parametrization of the stable and unstable manifolds
WY of the torus T,.

Remark 1.3. The neighbourhoods above depend on the Diophantine
exponent v and the analyticity domain of f.

Remark 1.4. A uniqueness statement is not provided in Theorem 1;
we do not prove the uniqueness of v, although our construction does
specify a single one. See Remark 3.6 below Theorem 3.4.
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The second part of the project is more involved. Its content is
summarized in the following theorem that discusses the splitting of the
stable and unstable manifolds under perturbation. Of central interest
in this context is the function

WY — WS = (Xu —XS,Yu —YS),
which describes the separation between a point on the manifold WY

and its counterpart on W5, for given values of the parameters z and 6.

For convenience, let us now assume that the perturbation is even:

f(o,¥) = f(=¢,—¢).

Namely, if (z,6) — X(z,6) solves equation (1.11), then, according to
(1.9), so does (z,0) — (2m,0) — (X o T))(z,0). Consequently, by a
simple time-reversal consideration (set ¢t — —t in (1.12)), the stable
and unstable manifolds are related through

X*=(2m0)—X"oT. (1.20)
In particular, as 7'(1,0) = (1,0),
X4(1,0) = X*“(1,0).
Moreover, the actions Y** = LX*" satisfy
Y =Y"oT, (1.21)

yielding
Y*(1,0) = Y*(1,0).

In other words, a homoclinic intersection of the stable and the unsta-
ble manifolds W{* occurs at (z,0) = (1,0), as their parametrizations
(1.19) coincide at this homoclinic point.

Remark 1.5. Equation (1.20) is what remains of the symmetry X° =
(27,0) — X% o T, which is just another way of writing (1.3), after the
onset of perturbation. This is an instance of spontaneous symmetry
breaking: The equations of motion, (1.11), remain unchanged under
the transformation X +— (27,0) — X o T, but the individual solutions
do not respect this symmetry; X* # X* = (27,0) — X“o T, if A # 0.

In order to study the intersection more closely, say the relative at-
titudes of the manifolds there, we express the actions Y ** as functions
of the original angle variables (¢,v) = X®%(z,60) + (0,0) appearing
in the Hamiltonian (1.1). To this end, let F'*" : (2,0) — (¢,¢) be
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the functions that mediate the above coordinate transformations, and
write Yo% = Y% o ['*% At the same time we distinguish

0:= (8¢,8¢) and D := (82,89)
for clarity. By the chain rule for Jacobian matrices,
DY*" = (8175’“ o Fs’“) DF?®*, (1.22)

The invertibility of the matrix DF*" is a consequence of Theorem 1.
Indeed, knowing (1.18) and X°(z) = (4 arctan z, 0), it follows that
2\-1
(s gy — (HIFZ) 0 o), (1.23)
0 Laxd

which renders the maps F' = F*" honest coordinate transformations if
e is small. As a matter of fact, block matrix inversion yields the explicit
formula

. A —(8.9)" 10, B!
s,u—1 __ z
(DE™)™ = <—(11 - U)W A B! :

dropping some superscripts for notational reasons and given
A:=0,0-0p® (14+0,¥) 10, ¥ and B :=1+9yV -0,V (0,D) '0y.
Here W is to be considered a column and 0,® a row vector, such that in
B there appears a direct product whose components read (0, ¥ 0y®), ;=
(0.¥), (89<I>)j.
At the homoclinic point, equation (1.20) implies that
F**(1,0) = (7,0) and DF?*(1,0) = DF"“(1,0) (1.24)

hold. Casting in the obvious manner Y%* = (Y, Yg"*), there are two
natural objects related to the homoclinic point—mnamely, the splitting
matrices:

T = 0p(Ye — Y5) (1,0) and Y=y (Ve — Yg) (7,0).  (1.25)

With the aid of (1.22), one has
O(Y"—Y?)(r,0)=[DY"-Y*) (DF*)""] (1,0).
Therefore, the matrices in (1.25) are related by
T="BY(1,0) +u’, (1.26)

the last term being the direct product of u := 9,(Y§ — Y§)(1,0) and
vi= ((DF")gy)"(1,0) = —((0:®)"'0p® B~")*(1,0).

As B =1+ O(e), what (1.26) tells us is that T and T differ by a

close-to-identity transformation plus a rank-one correction. Hence, we
infer the following:
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PROPOSITION 1.6. Suppose either Y or T s invertible with an in-
verse of O(e1). Then, for small €, also the other matriz is invertible,
and

det T = (1+ O(e)) det T.

Proof. If M is an invertible matrix and @ := M 1w,
det (M + uv™) = det M det (1 + av") = (1 +v" M ~'u) det M,

where the last equality follows from the trace-log formula and using
the identity tr (4v”) = vT4 with the Taylor expansion of log(1 + uvT).
Last, in (1.26), both v and v are O(e), such that v M~'u = O(e). O

In the sense of Proposition 1.6, studying T and T are equivalent
tasks. We choose T due to reasons to become clear later on, while
other authors—see in particular [GGM99]—have favored Y. With-
out going into the details, let us mention here, however, that it seems
that the perturbation expansion of T with respect to €, for which pur-
pose the Poincaré section {(¢,v) = (0,%)} is the natural one, results
in somewhat tidier expressions than those due to T on the section

{(,0) = (1,0)}.

THEOREM 2 (Homoclinic splitting). Denote A = Yy =Yy, such that
the splitting matriz reads T = 0pA(1,0). If ¥ — f(-,4) is a trigono-
metric polynomaial, then for each t € R there exist positive constants
C, ¢, and p, such that the exponentially small upper bound

|OpA (e, wt)| < Clelg e ",
where v 1s the Diophantine exponent, holds.

Why study the d x d matrix T instead of the full Jacobi matrix
D(Y" —Y*)(1,0) when measuring transversality of the homoclinic in-
tersection W{ N WY7 Because the latter is singular. In order to see
this, first notice that defining

f(o.0) =g*cosp — N f(¢,9) and G(I,A)=1iI*+1A°

allows us to write the restriction of the Hamiltonian to the unstable
manifold as

H(2,0) = (fo F* + G o LF)(z,0).
Moreover, the constancy of energy along trajectories, LH = 0, implies

H(2,0) = H (26", 0 +wt) ~ HY(0,0 +wt) = H*(0,0)  (t — —o0),
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where the last equality follows from nonresonance of w. Hence,
0= DH" = (0G o LF")D(LF") + (0f o F*)DF™".
Since D(LF") = DY™, subtracting the corresponding identity for H*
and recalling (1.24), we have
DY =Y (1,0 V=0 V:=Y>(1,0)+ (0,w)T,

which simply means that the splitting vanishes in the direction of the
homoclinic trajectory. The author is grateful to Dr Mischa Rudnev for
pointing this out. For further motivation, see item R1 of Appendix R
and Section 8 in [GGM99].
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Chapter 2

Perturbed Tori

cSUE to (1.20), we may concentrate on studying the unstable

(:\-/“\, . . .
4@%} manifold, as the considerations presented below hold for the
S '.@’/& stable one by a straightforward change of notation. Through-

out this chapter, and the ones that follow, the symbol C' will stand for

a generic constant that may vary from one place to another.

It turns out that solving (1.11) is easy except for X(0,6) and
0.X(0,0), i.e., the invariant torus and the linearization of the unsta-
ble manifold around it. Namely, these problems involve the notorious
small denominators of the Kolmogorov—Arnold—Moser (KAM) Theory.

The perturbed tori will be found by looking for solutions having
the general form
P(t) = Po(wt), ¥(t) = wt + Yo(wt),

with @y : T — R and ¥, : T¢ — R? satisfying the “¢ — —oo asymp-
totics”
D*®y(0) = g*sin ®g(0) + X0y f (P (6), 0 + ¥y (6)) (2.1)
D*Uo(0) = XDy f(Do(0),0 + y(0)) (2.2)
obtained from equation (1.11) by putting z = 0 and D = w - dy. Note

that if Xy = (®g, Vo) is a solution to equations (2.1) and (2.2), then so
is

05Xo(0) 1= (Po(0 + B), ¥o(0 + 3) + B)
for g € T<.
This paragraph tries to briefly convince the reader of the (reason-
able!) idea that studying the asymptotics of a solution to the general

7



18 2. Perturbed Tori

problem (1.11) naturally reduces to studying a solution of the asymp-
totic problem (2.1)—(2.2). Imagine for a while that we could solve the
general equation (1.11) on [0,29] x T¢. Then, by the scaling invari-
ance with respect to the variable z spelled out in (1.16), the function
Xo0(2,0) = X(0,0) will also be a solution. But plugging this “past
time asymptotic” of X into (1.11), the equation itself reduces to its
asymptotic form.

2.1. Spaces of analytic functions

Let us define the spaces we shall be working in. As linear subspaces of
¢!, the Banach spaces

B :={@: T = C| o], = 3 [9(g)le” < oo},

q€Z4

BY = {w:T! ¢ | |l == Y [#(@)le < oo,
qEeZ4

for any ¢ > 0, have the advantage that Fourier analysis on their el-
ements is convenient. Furthermore, we are trying to find a solution
X = (®, V) analytic on the torus, and, for a suitably small o, such a
function belongs to BY x BY because of the exponential decay of its
Fourier coefficients; | X (¢q)| < Ce~l1 with some positive constant C.
Indeed, if o > 0, the spaces above comprise precisely those functions on
the torus that admit an analytic extension to the “strip” |Smé| < o.
We will occasionally write B, when referring to both B and BY, or
when it makes no particular difference which of these two is in question.

EXAMPLE 2.1 (Analytic extension of f). Consider the perturbation
(¢,%) — f(¢,1) in the Hamiltonian H given in (1.1). It is analytic
on the compact set St x T, and by Abel’s Lemma (multivariate power
series converge on polydisks), it extends to an analytic map on a “strip”
ISm |, |Smey| < n (n>0) around St x T

Of course, as our analysis proceeds, f will appear all over the place.
This, in turn, dictates the analyticity properties of a plethora of maps,
in practice introducing the constraint o < 7 for the spaces B,.

Notice the natural embeddings
Boia C Bs,
for a > 0, due to the inequality

Ml <1 lloyar (2.3)
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Consider the linear operator 75 : B, — B, defined through set-
ting 73X (q) = eiq'ﬁX(q), with 8 € C?. It the imaginary part of 3 is
small, 73 is well-defined and bounded. Namely,

I X[, = Y X (q)e”! < 3 ol X (g) elotolldl < || x|

qeZ? q€Ze

o+a

whenever [Sm 3| < «, meaning 73| ;5 ) < 1. The realization of

o+aiBo
7g in terms of the variable 0 is, of courset just the translation ¥(6) —
U(0+3). 75 will serve as a useful device in encoding the real-analyticity
of f as an algebraic property into the Fourier series of certain other
ft}\nctions. This is due to the the fact that exponential smallness of
| X (¢)| in ¢ implies real-analyticity of a function X on the torus, and
vice versa.

We shall encounter n-linear maps from C%*! into C. Endowed with
the norm

1Al £ s ) = inf {M >0 ‘ |A(z1, . oz0)| < Ml2a|. . |2n] Y2z € (Cd“}

they form the Banach space £("(C%*1); C); see [Cha85).

2.2. Past and future asymptotics of the
solution in the perturbed case

This section discusses the t — +o0 asymptotics of the general solution
X. In these limits the motion settles onto the “distorted version” 7, of
the invariant torus 7y with the pendulum seizing to swing, but wiggling
quasiperiodically about its unstable equilibrium.

THEOREM 2.2. Under the assumptions of Theorem 1, there exist
positive numbers r and €y such that, for (e,g9) € D, equations (2.1)
and (2.2) have a unique solution Xy = (Pg, W) in the class of those
real-analytic functions of 6 € T¢ that satisfy ||Vol|, < r and (Vo) =0
(zero average). The function Xy, defined on {|SmO| < o} x D for some
o > 0, is analytic and uniformly bounded by (Cle|,Cg?|e|). Moreover,
it is R x R¥-valued on T? for € real. Any solution X} = (&}, ¥)) with
(V) = B € R and ||V — B, < r must be the one given by

Xo(0) = X(0 + 8) + (0, 5).

Remark 2.3. Remark 1.3 below Theorem 1 holds true. Recall that
we have defined € := Ag™2 in (1.14) and the domain D in (1.15). This
is a version of the KAM Theorem. Notice that X, € B2 x BY.
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Proof. The proof is a reduction to the one given in [BGK99]. Here
we systematically omit the subindex 0 of &y, ¥y, and X,. Let us
concentrate on the pendulum part, equation (2.1), first. We expect
® to be close to its unperturbed value, zero, and it pays to cancel the
leading term of g2 sin ®(6) on the right-hand side by subtracting g*®(6)
from both sides. We then have

(D* - *)® =U(®,V) =: U(X) (2.4)
with
U(X)(0) := g*(sin®(0) — ®()) + A0y f(D(6),0 4+ ¥ (0)). (2.5)

Pay attention to the fact that U(X)(#) depends locally on X—
only through X (0), that is. Abusing notation, we shall use U(X)(0),
U(X,0), U(X(0),0), etc., in the same meaning, whichever is the most
convenient form. Now, U(y,#) is analytic in the vector argument y =
(X, Xy) 1n the region |x4|, |xy| < 1, where > 0 depends on the
analyticity domain of f. The reader may consult Example 2.1 on page
18 for the definition of the number 7.

Let us now write down the Fourier-Taylor expansion

[e.9]

1 n
U(X(0),0) = mD U(0,8) (X(0),...,X(0))
n=0
00 1 4 ‘ R ~
= ZE 67'6'Ziqz DnU((),e) (X(ql)aaX(qn))7
n=0 " q=(q1,..,qn)
¢€24

(2.6)

where D"U(0,0) € L£("(C41);C) is the nth Fréchet derivative of the
map U(-,0) : CH*t — C: x— U(y,0).

The map 6 — U, () := L D"U(0,6) is analytic in the same domain
as 0 — U(0,0) = X0sf(0,0), i.e., |[SmO| < 5. In particular, it is
square-integrable—

IO gy @0 < o0

—and thus admits the Fourier representation U, (0) = > ;4 e %u,,(q)
with coefficients

1 7iq-9i n
(0) = /Tde L D"U(0,6)d 2.7)
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in £("(C?1);C). Using this notation, we translate (2.6) into the
Fourier language;

U(X,q):= Z Z unq_qu ) (X (@), -, X (gn))

n=0 qe(Z4H)"

(2.8)

The representation of U (X ¢) in equation (2.8) is a power series
in X, converging whenever X is sufficiently close to zero. Namely, we
have

LEMMA 2.4. The multilinear maps u,(q) obey the bound
(@)l n ey < CoP(rg + lel)rg e, (2.9)

where p and vy are any posztwe numbers satisfying p+ 19 < n, n >0
being the width of the analyticity domain of f in Example 2.1.

The proof of Lemma 2.4 is straightforward, but, for the sake of
continuity, is given in Section 2.3 below.

Considering the closed origin-centered balls of radius 7 < ry/2 in BY
and BY—Bg, and By, respectively—we next study Us : By, x B}, —

o,r?

B®: (®,V) — 15U (7_3®P,7_5¥). By equation (2.5),
Us(®(0),¥(6),0) =U(D(0),0 + 5+ V(0)), (2.10)

when 3 € R? The right-hand side is analytic in 3, and extends to
|Sm 5| + o + r < n through the same expression, leaving Uz analytic
with respect to X.

More quantitatively, one checks using the bound (2.9) of Lemma 2.4
that the power series

~ ~ L ——

Us(X)(q) :=5U(r_5X)(q) = €10 (7_5X, q)

Z D “*‘@*Zﬂi)un(q—zqz-) (X (@), - X ().
Z i (2.11)

converges uniformly with respect to X and 3, even if the latter has
a small imaginary part. We now prove all this, remarking that the
sole purpose of equation (2.10) was to clarify that, by introducing an
imaginary 3 into Ug(X), we are not force-feeding an imaginary argu-
ment to X, owing to the locality U(X,0) = U(X(6),0) and contrary to
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what the expression Ug(X) = 73U (7_3X) might at first sight suggest.
|Us(X)]|, obeys the upper bound

> Y Y etlerari (0= 320 (Xlan)---. X))

n= OqE(Zd) qezd
n(q — Z %)

< Z Z Z ooldl oISmBlla=3; ail
un(q — Z )
i=0

H|X ]e(" o)l
H | X (i) e
i=1

n=0 qe(z4)" qc74

< Z TS eRmbo)le-Tial

n=0qe(24)" qez4

<Z(Z (\i‘smﬂHo)lq\Hu (q )) Z H|X |eo\qz

q€74 qe(zd)™ i

< Cg*(rf + Ie]) Z 3 elSmlto=plalpon | x |0 < CgP(rd + |e]),
n=0gez

if we choose |Sm 3|+ 0 < p and r < /2, since
R . 1/2
11, = Y- (19(@)* + [(g)?) et < 2
qezd

Thus, fixing r = ry/3, say, we obtain

sup || Us(X)]l, < Cg?(r® + |e]) (2.12)
XeBE, xBY,
whenever
ISmBl+0<p<n-—3r (2.13)

LEMMA 2.5. Suppose (2.13) holds, and ¥ € ngr. Then, for r and
€o small enough,

(D?* — ¢*)® = Uy(®, V)
has a solution ®z(V) € BET, real-valued provided (3, €, and ¥ are,
and there are no other solutions in the ('-ball ngr D Bt‘fr. In fact,
Dg(V) = 75Po(7_5¥). The map ¥ — D5(V) is analytic on BY,. ®g(V)
also depends analytically on (5 as well as on (¢,g) € D (see (1.15)), and
obeys the bound

125(P)]], < Cle| (2.14)
uniformly in V, B, and g.
Remark 2.6. The smallness condition is C(r3 + €g) < r, where C' is

the same constant as in (2.12) and contains the norm of the perturba-
tion f.
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The standard but lengthy proof of Lemma 2.5 may be found in
Section 2.3.

Let us come back to equation (2.2), whose right-hand side may now
be written solely in terms of ¥ € BY | amounting to

DV =V (V) (2.15)
with V(U)(0) = A0y f(®(V)(8),0 + ¥(0)). Consider then Va(¥) :=
73V (7_5V). By Lemma 2.5, it reads

Va(W)(0) = V(m—pW)(0 + 5) = A0y f(Pp(¥)(0),0 + 5+ V)
and is analytic in the domain
B, x D x {|Smf| <o} x {|SmpB| < p— o} (2.16)
with the uniform bound
IVa(W)ll, < sup  [AOuf(¢,¥)| < Cg’lel,

|Sm g, |Sme[<n

provided Cle| <n (see (2.14)).

Equation (2.15) is the variational equation corresponding to the
action functional

S B;Ifr —R: ¥ S(V) :/ s(\0,0)do
Td
given by the integrand
s(U,0) = L(@D*® + ¥ - D*V) + g*cos ® — Af(®,0 + V),

where ® = ®(¥). S is invariant under the T%action ¥ () — W4(0) :=

U(0+3)+03, 3 € RY. Hence, 935(Vp)| 5o = 0 yields the Ward identity

IS(0) / IS (V) .
—— df = U (0) - Opi——— db =1,...,d 2.17
1 0T (0) A TR ) 210
of the symmetry in the functional derivative notation. In fact,
05(V) 2
——= = (D°V -V (¥ :
S = D - V()

Integrating by parts three times one sees that

/ V() - 0 D*V(0) df = —/ U (0) - 0 D*V(0) db = 0.

Td
The general identity (2.17) therefore reduces to the identity
/ ViU, 0)do = / U () - 0g:V(V,0)do (2.18)
Td Td

for the map V.
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In conclusion, we have the KAM-type small denominator problem
(2.15) with V3(, #) analytic in the domain (2.16) and bounded there by
C|A|, together with the Ward identity (2.18) stemming from a transla-
tion symmetry of the action that generates the equation. Furthermore,
Vs(¥,0) is real-valued whenever 3, ¢, and ¥ are. For 0 < 0 < p—so
that we may choose Sm 3 # 0—this is precisely the setup in [BGK99],
where the authors devise a method for dealing with such problems
using a Renormalization approach.

The subtle analysis in [BGK99] yields a unique solution ¥ € By,
to (2.15) with zero average and analytic in (e, g) € D. The inevitable
loss of analyticity takes place in the domain of 5. The map 6 — ()
is R%-valued on the torus for real e and satisfies ||| < C|\| = Cg¢?|e|.
Here it could appear strange to the reader that ¥ should vanish in the
limit ¢ — 0. But it is not, since we had to impose that A\g™2 = € is
small in order to guarantee that V(W)—with ®(U) of the order of e
in it—is well-defined. In other words, when ¢ is small, the coupling
constant A is also small.

Denote by W, n € Z,, the unique solution to (2.15) in the ball
Since By, C B} U has to coincide with ¥,,. Hence, ¥ is

RY
B o/n,r’

o/n,r’
the unique solution in

U By D {\If : T% — R? | W real-analytic and ||V, < r} :
n=1

Indeed, assuming the map ¢ — W(0) is real-analytic, ||¥]|,,, < oo for

some n, and we have that [ U], \, [¥[[; = [[¥[|x as n — co. Thus,

if | W[, <r, we gather that [|[¥]|, ,, < r for sufficiently large values of

n.

Finally, let us demonstrate the translation property. Suppose then
that (g, ¥s) € By, x By, and that (®g, ¥g) := ($g, Us + () solves
the system (2.1)-(2.2). Then (O, V) := (7_3Pg,73¥3) € BY, x By,
solves it as well, and we must have

(Pg, V) = (5P, 75V + )

by Lemma 2.5. U

2.3. Proofs of Lemmata 2.4 and 2.5

In order to season Chapter 2 with its fair share of technical flavor, we
now set about to validate the accessories used in the proof of Theo-
rem 2.2.
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Proof of Lemma 2.4. Write ||- || = || - || ;n(ca+1),c for short. From
(2.7) and the Cauchy Integral Theorem,

1 —1q- 7 1 n -
Jun ()|l = H(%)d /Tde ¢-(0+iB) D U(0,9+zﬁ)d9H

1
< e = sup|D"U(0,6 +iB)|,
n: 9cTd

for 3 € R% and |8| <. Take 0 < p < n and choose 8 = —pq/|q|. We
compute the standard norm of n-homogeneous polynomials,

HDnU(O, 0 + iﬁ)HPn((CdJrl;(C) = Sup|DnU(O7 0 + Zﬁ) (Zu ce ’Z)|7

|2|<1

which, using the Cauchy Integral Formula, turns into

n! U(Cz,0+i3)dC | ] .
P[5 Py T ST S s UG 0+ i)
Here (0, ry) is the origin-centered circle of radius 7 in the complex
plane, with the constraint 7o + p < 1. For |z| < r and |[Smé| < p we
estimate
U(2,0)] < Cg*(rg + |e]);

see equation (2.5). Here we have singled out A\g™ = ¢, and C'is inde-
pendent of g. We stress that U(z, ) simply stands for the expression
obtained from the expression of U(X, ) in (2.5) by replacing X () by
z € CIL,

Symmetric multilinear maps are fully determined by their diagonal—
the corresponding homogeneous polynomial, that is—which is explic-
itly confirmed by the Polarization Formula stated and proven, e.g., in
the (horribly expensive) texts [Cha85, Din99]. Hence, in order to ob-
tain the estimate in (2.9), we multiply the corresponding polynomial
estimate by the factor n™/n!, which, by Stirling’s Formula, behaves
asymptotically as e /v/2mn and may be absorbed into p and C. 0

Proof of Lemma 2.5. The proof is a simple application of the Ba-
nach Fixed Point Theorem. We establish that, for a fixed ¥ € B;Ifr, the
operator F' given by the formula F(®) := (D? — ¢*)"'Us(®, ¥) maps
B(‘ir into itself and is a (strong) contraction there. The latter will hold,
provided (2.13), when r and € are taken small. The rest will follow

from this.

We first observe that (D? — ¢g?)~! is a linear operator bounded in
norm by ¢g—2. Then, using the bound (2.12), compute

IF(@)], < g7%1Us(@, V)|, < C(r® + ) <7
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for sufficiently small r and €, which means that F(Bg,) C Bg,.
To prove contractiveness, take ®;, ®y € B | and establish | F(®;)—

F(®,)]|, < pu||®1 — Pol|, with i = u(r,€) < 1 for sufficiently small A
and 7 (i.e., p). The actual computation resembles estimating the norm
of Ug in the proof of Theorem 2.2, and is therefore omitted. The exis-

tence and uniqueness of the solution ®(¥, 5) € Bg, now follow.

For 3, ¢, and W real, F' maps the closed subset of real-valued func-
tions ® € BY, into itself and is a contraction there, so ®(¥,[3) is
real-valued by uniqueness.

The operator F' depends analytically on the parameter ¥ in B;I’ﬂ,.

Consider the sequence
0, F(0), F2(0), F*(0), ...

of successive substitutions. Each element F*(0) is analytic in ¥ € BY,.
Furthermore, the Banach Fixed Point Theorem guarantees that such a
sequence converges to the fixed point ®(W¥, 3) in geometric progression;

p rp”

FF(0) — ®(T < F0)]. < .

[ F7(0) — (¥, B)|l, < 1—u|| Ol T
Consequently, ®(, 3) is the uniform limit of a sequence of analytic
functions, and, as such, analytic itself. The same argument goes for
(€,9) € D (see (1.15)), as well as for § in the domain specified by
(2.13).

Let us denote ®(¥) = &(¥,0). If ¥ € BY

o,

then 7_50 € B;I’/Qm,

such that & = ®(7_3¥) is the unique element in Bf/z,r solving ¢ =
(D? — ¢*)"'U(®, 7_5V). The diagonality of 75 and D yields

©p(¥) = (D* — g*) " Up(®5(V), V),

where ®4(¥) = 730(7_s¥) € Bf,. But, in view of (2.3), the ball
B, —containing ¥U—is a subset of By, and ® = (¥, () is the unique
clement in Bf, solving ® = (D? — g%)"'Us(®, ¥). Thus, regarded as
elements of Bg,, the maps ®(¥, 3) and ®4(¥) coincide. On the other
hand, ®(V, 3) € BY,, because ¥ € B,

In conclusion, given ¥ € B;Ifr, the map & = ®5(¥) € Bgfr is the
unique solution to the equation ® = (D*—g?)~'Us(®, ¥) even in By, D
B2 .

A priori, we know that [[@g(¥)||, = [[F(®s(V))|, < r. On the
other hand, we know that ®3(¥)|_, = 0 by uniqueness, since & = 0
solves the equation ® = F(®)|__, = (D* — ¢*) '¢*(sin® — ®). Thus,
Ps(V) is of first order in € = Ag™? by analyticity, and uniformly
bounded in ¥ and 3, whence the estimate (2.14) follows. O



Chapter 3

Lyapunov
Exponent—Linearizing
the Unstable Manifold

N this chapter we study the motion in the immediate vicinity
of the invariant manifold (“torus”) 7, corresponding to the
solution Xo(#) of Theorem 2.2. To that end, suppose X (z,0)

is an analytic solution to equation (1.11) with X (0,6) = X(#). Writing
X1(0) := 0,X(0,0), the linearization X; should satisfy the equation

(D +v)2X, = DQ(Xo) X1, (3.1)

where DQ(X()X is the Fréchet derivative of Q at Xy, acting on Xj.
This follows from operating by 0.|.—o on both sides of (1.11); the case
of the left-hand side is straightforward elaboration, while that of the
right-hand side is a consequence of the chain rule after observing that
Q(X)(z,0) depends on z only through X evaluated at (z,0).

The trivial solution X; = 0 to the linear equation (3.1) has physical
relevance. Its existence merely reflects the fact that, once on it, the
motion is “unwilling” to leave the invariant manifold 7). In fact, if
X =0, we must take ®° = 0 (instead of 4 arctan) in order to stay on
the separatrix of the pendulum, which—after some thought—amounts
to X = X().

Note that (3.1) is a problem of “eigenvalue type”; recalling 7| _, =
g, we will strive to choose v = 7(¢, g) in a g-dependent neighbourhood,

27
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say
v —gl <g/2, (3.2)

of its unperturbed value g, such that (3.1) has a nontrivial solution.
That we succeed is the content of Theorem 3.4 below and indeed the
main result of this chapter. Consequently, our v will depend analyti-
cally on €, nicely controlled by |y — g| < Cygle].

The subtlety of proving Theorem 3.4 lies in solving a small de-
nominator problem that emerges in the process. We go about dealing
with this dilemma using a Renormalization Group method, treating
such small denominators scale by scale. Here we follow the framework
of [BGK99], albeit the technical setup below is very different—and
fortunately much less complicated.

We wish to study the components of X; = (®;,¥;) separately on
the left-hand side of (3.1). To do this, we cast the whole equation in
matrix form by expressing the Fréchet derivative on the right-hand side
in terms of the corresponding Jacobian matrix.

First, view the map X — Q(X) as the map that takes (¥, V)
to (Qa (P, V), Qg (P, ¥)) with the components Qg (P, ¥) = ¢%sin® +
ANOpf(®,0 + V) and Qg (P, V) = A0y f(P,0 + V). Then we split D =
(Dg, Dy), such that the component form of (3.1) reads

2
(D +~)? (gﬁ) _ <g cos ;Dﬁ; Moo ;J{zi) (&) . (3.3)

In each entry, f,, stands for the matrix (0,0, f)(Po, 0 + Vo).

Remark 3.1. The upper left corner of DQ(X), expressing in (3.3)
the “coupling” of the pendulum part ®; to itself, dominates. Indeed,
using the expansion cos®y = 1 + O(PF), the bound [|Po]|, < Cle
provided by Theorem 2.2, and the real-analyticity of f, we see that in

([ Dsfle DgQs _(¢* 0 2
DQ(XO) o (D@Q\y D\IJQ\IJ) (XO) N (0 0 +ged,

the matrix €A plays the role of a small perturbation.

From (3.3) we get for ¥; the equation

Uy = [(D+9)? = Mow]  (Moo®1) =1 TPy, (3.4)

Here J is a well-defined bounded linear operator from Bf to BY, pro-
vided that ¢ is small. Checking this is straightforward implementation
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of Neumann series and the fact that the operator (D + ~)~2 has the
diagonal kernel

(D+7)7%(p,q) = dpgliw-q+7)7% pgeZ, (3.5)
in the Fourier language. By going through the details, one obtains the
bound

11l 2 g5y < Cle] (3.6)
for the operator norm of .J, after using (3.2).

Remark 3.2. The definition of J is an instance where demanding
smallness of A\g~2 is natural, indeed necessary, as was discussed in the
context of introducing the scaled perturbation parameter ¢ = A\g~2 in
(1.14).

Consequently, using (3.4), we get for ®; the equation

(D +7)? — ¢%]|®1 = g*(cos Py — 1)y + Afp @1 + My Py = HP,.
(3.7)
A word of motivation for subtracting g?®; from both sides above seems
appropriate. ®g|_, = 0 by Lemma 2.5. Therefore H|_, = 0, and
®4]__, = 4 (recall that ®°(z) = 4arctanz) is a physically motivated
nontrivial solution to (3.7). In other words, the differential operator
(D + g)* — ¢* is singular. On the other hand, when € # 0 is small, we
know that ®, remains close to zero, making the whole right-hand side
in (3.7) small. We then hope to find a Lyapunov exponent 7, close to
g, such that (D + v)? — ¢g> — H stays singular and the equation still
admits a nontrivial solution close to the constant function 4.

It follows from (3.6) that the operator H appearing in (3.7), which
liesin £(B2) = L(B%; BY), has the useful properties summarized below.
The proof, which is hardly from The Book !, comprises Section 3.1 and
can be skipped by the reader without future damage.

LEMMA 3.3. Denote the kernel of H € L(B2) by H(p,q), (p,q) €
7% x 7. For |Smk| < g/3, there exists an operator H(k) € L(B2)
related to H by

(tsH)(p,q) := H(p+ 5,0+ ) = H(w - sip,q), s €L
Let 0 < o’ < 0. The kernel H(k;p,q) is analytic on
{(k.e.9.7) | ISmk| < g/3, (,9) € D, |y —g| < g/2}

Paul Erdos spoke of The Book, in which God had written down the most
elegant proofs for mathematical theorems. He himself doubted the existence of God,
whom he called the Supreme Fascist and accused of hiding his socks, Hungarian
passports, and the best equations. Liberally quoted from [Wik06].
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and it satisfies the bound
|H (k:p, q)] < CgPle| e~
with C = C(0'). As for the k-derivatives,
[H® (r5p,q)] < CK! (/3 — [Sma|) " g?lef e k> 1.

Moreover,

0
—H(0; < COle)?
S H0:0.0)] < Cle

1
1-2|y—gl/g

3.1. Proof of Lemma 3.3

Proof. To simplify notations, we decompose
Let & and ¥ be arbitrary functions in their “customary” function
spaces B2 and BY, respectively.

H, acts as ordinary multiplication: H,®(0) = Hy(0)P(f) with
Hy(0) € C. The map 6 — Hy(0) is in L*(T?), due to its real-analyticity.
Thus, Fourier transforms make perfect sense, and we write H; for the

transform of the latter map. Denoting a kernel element of the operator
H, by Hi(p,q), we may write the identity

> Hilp,q)®(q) = Hi®(p) = Y Hilp— q)®(q), peZ’,

qeZ4 qezd
or

Hi(p,q) = Hi(p — q).
We gather that the all-important translation invariance
tH, = H, (3.8)
holds, and that the kernel of H; satisfies
[Hi(p,q)| < CA[e~P=4 pg ez

Here o > 0 is the width of the analyticity strip around the real T¢ of
the map 6 — H;(0), i.e., of Xy. Since, by Theorem 2.2, X is analytic
with respect to (¢,9) € D, so is Hi(p, q).

Observe that the expression defining J in (3.4) may be cast as
_ -1 .
JO=[1—-(D+7)*(Muw)]  (D+7)(Mus®) = BAOD,

where B, A, and O stand for [1 — (D 4 7) " 2(Afp)] ", (D+7)"2, and
A fu.0, respectively. Assuming each index a and bin f, , stands either for
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¢ or v, the reader should bear in mind that f, refers to the multiplica-
tion operator corresponding to the Jacobian matrix (9,0, f)(®Po, 8+ ).
The Fourier kernel of this multiplication operator reads

fon(0,@) = fap(p — a), (3.9)
whence the translation invariance identity
tsfgb ::j;ﬁ (3-10)

readily follows.

Denoting A(q) = A(q,q) = (iw - ¢ + v) 2, we are interested in the
kernel

J(p,q) =Y B(p,r)A(r)O(r,q), p,q €2, (3.11)
rezd
of J. We shall also need the “shifted version” of A(q),
A(k;q) = (iw-q+ik+v)? keC. (3.12)
It is related to A(g) by the property
tsA(q) = AMw - s7q). (3.13)

Further, A(k;q) is analytic on {x | |[Sm«k| < g/3} x{~v | |v—g| < ¢g/2}
and satisfies
A(s )| < 36972 (3.1

Equation (3.14) also means that the operator A(k) corresponding
to the kernel in (3.12) belongs to £(B,) with [[A(x)]],, < 36g7%. As
for the rest of J = BAO, interpreting f,; as multiplication and the
subsequent inequality

| fabllys = 50D > fap(@:p)le” 1= < sup 37 | fap(a = p)le” ™ = || fasll,

d
PEZL q€7Zd PEZL g€z

show that B, 0 € L(B,).

As in the case of Hy, O acts as multiplication by a real-analytic
function whose modulus is bounded by C|\|. Thus, we estimate

O(p,q)| < CIAle™P=% and  [A(p)O(p, q)] < Clele 7. (3.15)
Bounding the kernel of B calls for the Neumann series
B=Y By with Bp:=(AAfy)". (3.16)

k=0
Then

BU(p) =Y B¥(p)= > Bilp.q)¥(q). (3.17)

q€Z% k=0
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The equalities here need an argument, since both involve changing the
order of integration or, summation. We go about giving such arguments

with the aid of Fubini’s Theorem. First, || By/[,., < (Cle|)* yields

v B, (0 —ip'9d9</ N B, (0)| do
/Z| WO < [ 5 Bw0)
s/dZZ\ﬁﬁmqﬂdeg/dZHBk\PHUdkoq
T T k=0

k=0 gezd

such that the first equality in (3.17) holds true. As for the second
equality, one easily obtains By(p, q) < (C|e|)*, and therefore

oo . 1 »
> > IBi(p. 9l (g)l < 1], (m) Y el < oo
k=0 qezd qezd

The expression of By, contains k—1 products of the operator A A fy, 4
with itself, which appear as convolutions in terms of Fourier transforms.
Explicitly, ¢f. (3.9),

Bi(p,q) =X > AW fowp— @) Mar) fyp(ar — g) -+

M) fop(ae1 —a)- (3.18)
Using the bound |A(p)f¢7¢(q)| < Cg~2e°ldl together with
e—op—al+Hae-1-al) < o=o'lp—dlg—(o=0")(Ip—ar|++Hax-1—dl) (3.19)
for 0 < 0’ < o, we see that

Bulp,a)| < (Co ) el 37 erlomentmale o)

k
< (C’|€|)k e—o'lp—dl (Z e—(o—v’)lrl> < (C|€|)k e—0'lp—dl

rezd

Thus, choosing e appropriately small we make the geometric series
arising in (3.17) convergent and obtain

Bp,g)l < Ce P, pgez’.
Using the latter with (3.15) in (3.11) leads to
[J(pq)| < Cle|e="=1, pq e Z°.
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Finally, Ha(p,q) = XY, cpa f¢7w(p —1r)J(r,q) implies
Ha(p, q)] < OgPleffe P4, pq ez, (3.20)
Exploiting (3.10), we compute
tsHy = Ats(fopd) = A foutsd = X fop (t:B)(tsA)O. (3.21)

What about t;B? Let us compute it with the aid of (3.16). First
of all,

tsBr = N to(Afyp)f = N [(tA) fo0]" = N [A(w - 5) )"

making use of (3.13). Looking at (3.18), this implies that s appears in
the expression of (¢sBy)(p, ¢) only in the factors of the form A(r+s) =
(iw - (r+s) +v) 2. Thus, (t,Bx)(p,q) depends on s only through w - s.
Moreover, the dependence on w - s is analytic in a neighbourhood of
the real line, as is clarified in the paragraph below.

Consider the shifted quantity

By(r;p,q) i= N Y A(kip) fuw(p — @) Ak @) fuw(ar — a0) -

¢, €74
i=1,..., k—1
s AR Ge-1) fop (-1 — q),
which for kK = w - s becomes (t;Bx)(p,q). The summand above is

analytic on
Dy :={e|le] <eo} x{x||[Smr| < g/3} x {v ]|y —g|l <g/2},

and the sum converges uniformly, as is readily observed after recalling
the bound (3.14) on A(k;¢) and looking at the estimation of | By (p, ¢)|
on page 32. Thus, By(k;p,q) is analytic. But the Neumann series
Y reo Be(k;p, q) also converges uniformly, making the limit B(x;p, q)
analytic on D,. Evidently,

(tsB)(p,q) = B(w - 5, ).
We now extend the definition of Hs by
Hy(kip,q) :=X Y fow(p — @) B(K; g1, q2)A(k; 32)O(g2, q),
q1,q2€Z4

motivated by equation (3.21). Using (3.14), a straightforward compu-
tation shows that also Hs(k;p, q) obeys an estimate of the form (3.20)
and that the convergence of the sum over ¢; and ¢s above is uniform
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on Dy. Hence, Hy(k;p,q) is an analytic function on the latter region.
Further,

(tsHs)(p,q) = Ha(w - 55p,q).

Recalling the translation invariance (3.8) of Hy, the operator H =
H, 4+ H, inherits all the features of H, discussed in the previous para-
graph.

The bound on the derivative H* (x;p,q) is achieved by a Cauchy
estimate. To that end, one observes

H'(k) = Hy(r)

and uses the bound (3.20) on D,. Similarly, 0H/0y = 0H,/07v, and we
get the bound on 0H(0;0,0)/0y appearing in the formulation of the
lemma.

All the estimates in the present proof are independent of the actual
value of g, as long as 0 < g < g, except for explicit appearances of g in
them. That is to say, they hold on Jy_,_,, Dy = {(k,e,9,7) | ISmk| <

9/37 (679)6D7 |ry_g|<g/2} O

3.2. Local invariant manifolds:
rudiments of renormalization

We now proceed to stating the main theorem of this chapter, discussing
the linearization X;. The proof of our result is based on an engrossing
Renormalization Group (RG) technique whose elements we lay down
here.

The main purpose of this section is to convey the central RG ideas
employed to the reader. Indeed, only after a rather heuristic discussion
will all the necessary technical aspects be sorted out with full rigor in
Sections 3.3-3.4. The latter step crucially involves making use of the
elementary observations of Lemma 3.3.

THEOREM 3.4. Under the assumptions of Theorem 1, there exist a
number €y and a map v = y(€,g) on D, analytic in €, with |y — g| <
Cyle|, such that equation (3.1) has a nontrivial solution X which is

(1) analytic in |e| < €y and
(2) analytic in 0 in a complex neighbourhood U of T¢,

and satisfies the physical constraint

O] —p =4 = (1)
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Furthermore, it is real-valued if € and 0 are real, and

sup [01(6)] < Clel and  sup |:(6) — 4] < Cgle.
oeu ocu

The map ~ is independent of (Vo). If X1 and X correspond to Xy and
X{ of Theorem 2.2, respectively, with (Vo) = 0 and (¥}) = 3 € R,
then

X1(0) = X1(0 + 3).

Remark 3.5. We chose the normalization 4, because the function
X0(2,0) = (4arctan z,0) is the physically motivated unperturbed so-
lution (separatrix) and arctan z = z + O(z*). Observe that V4| _, =0
is automatic by (3.1) and | _, =g > 0.

Remark 3.6. The pair (7, X1) of Theorem 3.4 is unique in the sense
that it is the only one making our construction work, which is mani-
fested by Lemma 3.13 below. However, we do not prove its uniqueness
as far as the properties spelled out above are concerned.

Let us commence sketching the backbone of Theorem 3.4 by recall-
ing equation (3.7):

[(D+7) = ¢°]® = HD;.
We expand the square and obtain
(D* 4+ 29D)®, = (H + ¢g* — ) ®,. (3.22)
For € = 0 it is known that
D1 (0)],_, = 9.9(0,0)],_, = 9.9°(0) = 4.

This suggests that, for € # 0 but small, the solution ®; should have
values close to the unperturbed value 4. Due to the linearity of (3.22)
such a solution may be normalized as (®;) = 4. Thus, we set

O (0) = 4+ £(0), (3.23)

where we demand the function ¢ : T — R to vanish on the average,
1.€.,

£(0) = 0. (3.24)
Plugging (3.23) into (3.22) results in
(D* +29D)¢ = (€ +4), where 7:=H + g* —+°.
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After switching into Fourier representation, this reads

£(g) = G(a) [Z (0, )EP) + pole)| g€ Z\ {0}, (3.25)

pEZA

0= m(0,p)¢(p) + po(0), (3.26)

pEZd

where pg is a function defined through its Fourier transform by setting

po(q) := 4mo(q,0). (3.27)
The symbol G(q) stands for the diagonal element G(q, q) of the operator
G whose Fourier kernel is given by

G(pq) ::cip,q{émw'q_ ) igif VOB (505

The matter of the fact is that, in terms of our new notations, any
solution & of
§ = G(mo€ + po) (3.29)
also solves (3.25); only the zero mode constraint (3.24) has been in-
cluded here. After finding such a £, we go on to show that it is a
solution to (3.26), as well.

As is apparent from the definition of G, this problem involves ar-
bitrarily small denominators w - ¢. Our strategy is to recursively de-
compose G into parts, each of which corresponds to denominators up
to a given order of magnitude. We then end up solving “partial prob-
lems” of (3.29) scale by scale, and show that these solutions converge
to a true solution of (3.29) as the recursion proceeds and smaller and
smaller denominators become dealt with.

Leaving the all-important scaling parameter ® € ]0, 1] to be decided
later?, we shall need the entire functions

7(}‘2_"%)6 f
e itneZy
n:C—=C:y,.k) = ’
X Xu(r) {1 if n = 0.
Their importance lies in the fact that the sequence (X, — Xnt1)nen Of
functions is an analytic partition of unity on R\ {0}; on this set
N-1
0< Z(X" — Xnt1) =1 —xn 1 pointwise, as N — oo.
n=0

Some of the first members of the sequence appear plotted in Figure 1.

2Aleph, R, is the first letter in the Hebrew alphabet.
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0.5

0o 025 05 075 1 125 15
X

Figure 1. Graphs of x;, — xn4+1 with n = 0,1,2,3, and X =
The maxima are located roughly at R™.

R

Let us now introduce the diagonal operators G, and I',,, n € N,
defined by

Gn(q) = xn(w-q)G(q) and T, :=G, — Gy,

respectively. Observe that Go = G and G,(0) = 0. The point here
is that in I',(¢) the functions x,(w - ¢) — Xn+1(w - ¢) act as cutoffs for
the values of w - q. Each I'), deals with the denominators w - ¢ that are
roughly of order X" and, intuitively,

n—1
Tpi=)» Th=G-G, (3.30)
k=0

gets closer and closer to G as n tends to infinity. Instead of the full
equation (3.29), consider the easier, approximate problem

Ty = F<n(7Tol’n + po), (331)

obtained by replacing G with I',,. It is easier since I',, discards the
most dangerous ones of the small denominators. However, its solution
should become a better and better approximation of the solution of
(3.29) with increasing n.

Having Gy = G + I'y, we decompose & = & + 1y and assume that
Mo = Mo(&1) solves the “large denominator problem”

o = Lo(mo (&1 + 10) + po)- (3.32)
Then, solving the original problem (3.29) for £ amounts to solving
&1 = Gi(mo(&1 +m0) + po) (3.33)

for &;.
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Assuming 1 — I'gmy is invertible® (we shall prove it is, once the
necessary Banach spaces have been defined), we can extract 7y out of
(3.32) and get

mo = (1 — Tomo) "' To (o€ + po). (3.34)
Therefore, (3.33) transforms into
& = G1(1L — mlo) ! (mo&a + po)
with the aid of the identities
7T0(]]_ — Foﬂ'o)il = (]]_ — 7T0F0)717T0
and
(1]_ — Woro)_lﬁoro = (]]_ — 7T0F0)_1 — 1.
Thus, defining the new objects
m = (1 —mlo) 'my and py:= (1 —mLo) ™" po,
we obtain
no = Lo(mi&1 + p1)
and
&1 = Gi(m& + p1). (3.35)

Indeed, equation (3.35) has precisely the same form as the original
problem (3.29) formulated in terms of £. Now, relaxing the assumption
that 79 be a priori known, suppose we are able to solve (3.35), and
take (3.34) as the definition of 7y, instead. Then the solution of the
full problem is recovered using the simple relation

E=& +m = (L—Tomo) (& + Lopo).

Owing to the aforementioned formal covariance between equations
(3.29) and (3.35), we may iterate the construction above. Thus, in
general, solving

$nv1 = Gy (Tny1&n1 + Pntr) (3.36)

for &,.,1 with the definitions
Tnp1 = (1 — ) M, (3.37)
pr1 = (L= mln) " pu, (3.38)
M = Da(Tpi1&ntr + pota), (3.39)

produces &, = &1 + M, OF
€n = (L= T0umn) ™ (€ns1 + Tupn) (3.40)

3Think of Ty as comprising only large denominators and mg being proportional
to e.
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for the solution of &, = G, (7.&, + pn)-
Equations (3.40) and (3.38) reveal through
Tnén + Pn = Tn [(1 = Tnmtn) " &ngr + Crpnga ] + (1 = 7 T) prga
the recursion invariance
méo+tpo=mb&+pr = =Tl +ppn=""" (3.41)

in our construction.

Let us tidy up the notation by giving the definitions
v (y) =my+p, and f, =1+T_ v, with To=0. (3.42)
In particular, (3.41) takes the form v, (&,) = vo(&o). We also set

En(y) = (1 —Tpmn) ™ (y + Topn) (3.43)
such that (3.40) reads &, = Z,,(§,41), and (3.41) reduces to
Upy1 = Up 0 2. (3.44)

Of course, this is nothing but a convenient way of writing
Vpg1 = (1 — m,0n) oy,

Notice also that =, is formally invertible.
One easily verifies
=, =14+, 0,41 (3.45)
As a consequence,
JaEn(®) = Eny) + Tcavn(En(y)) = ¥ + Tnvnsa () + Tcnvn(Enly))-
Applying (3.44) on the last term yields

fn-‘,—l = fn o En- (346)
Since fy = 1, we have the cumulative formula
fo="TZp0Z 0 02, 1. (3.47)

Hence, a similar expansion of (3.44) implies
Up = Vg O fp.
Inserting here the definition of f,,, we get
vp =v90 (L+Tpvy,). (3.48)

PROPOSITION 3.7. Let &, = Z,(§ns1). If &nsr satisfies & =

Gn+1 (7Tn+1£n+1 + pn+1)7 then én Satisﬁes gn = Gn(ﬂ-nfn =+ pn): and vice
versa.
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Proof. Suppose &,+1 = Gui1Vni1(€ny1). By G = G + 1, and
(3.44),
Gnvn o En = Gn—&-l“n—i—l —1+1+ ann—i—l'
But, with the aid of (3.45), this transforms into
(Gn/Un - ]].) o) En = Gn+1vn+1 - ]]_

As =, is invertible with &, = =,(§,11), the identity above proves the
claimed formal equivalence of the small denominator problems (3.36),
or G,v,(&,) = &, with differing indices n. O

Recalling (3.47), we immediately arrive at
COROLLARY 3.8. If &, = Gp(m&n + pn), then

50 = fn(gn) = fn + F<nvn(£n)
solves the complete problem: & = Go(moéo + po)-
Remark 3.9. The solution &, appearing in the corollary comprises
two terms having clear interpretations. The first term, &,, solves the
small denominator problem, namely &, = G, (m,.&, + pn), at the nth

step. The second term, I',v,(§,), on the other hand, consists of the
sum

n—1
Nen(€n) = an<§k+l) with &1 = (Brpr 020 Z,21) (&),
k=0

where 7 = Mk (&k41) solves the large denominator problem that can be
written as 7y = Frvg(§er + m0)-

Finally, we make a crucial observation. If we operate on (3.48) by
I'.,, from the left and set
Ty = fn(0) = T',v,(0), (3.49)
we solve the approximate problem (3.31):

Tp = F<n(770xn + /)0)
We shall demonstrate that the approximate solutions x,, form a Cauchy
sequence in a simple Banach space, and that their limit
¢ := lim x, (3.50)

solves the original equation (3.29).
We beg the reader’s pardon as we pass to the following sketchy

paragraph whose sole purpose is motivational. It could be titled “RG
heuristics”, and may be skipped without future damage.
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Think of an abstract map R, that takes (m,, pn, Gpn) to (Tpi1, Prs1,
Gp+1). The recursion scheme
5 = G(T‘-Og"'pO) & 51 = Gl(ﬂ-lgl +Pl) 7'11) e R’n_;l gn = Gn(ﬂ-ngn‘i'pn) &L T
is called renormalization of the problem, and R, is the corresponding
renormalization transformation. Then, in view of Proposition 3.7, it
remains for one to demonstrate that this process “converges”, in order
to be able to solve the original equation £ = G(mo€ + po). That is to
say, one wishes that the renormalization flow of the triplet (m, po, Go),
(T Py G) = (TTZ4 Ri) (700, po, Go), in a sense tends to a fixed point
(m*, p*, G*) of some limiting operator “R., = limg_.o, R} as n — oo,
and that the equation

§=G"(n"¢ +p7) (3.51)

is well-defined and solvable.

In our case G*p* = 0, such that the equation is linear and possesses
the trivial solution £* = 0. Corollary 3.8 then throws light on why
(3.50) should solve (3.29); f,.(&,) solves it, and &, approaches zero with
increasing n. Therefore, it is fair to expect that also lim,, . f,(0) is a
solution.

Remark 3.10. The name “Renormalization Group”, coined by physi-
cists, is rather misleading. In particular, the transformations R, are
virtually never invertible.

3.3. Banach spaces

Technically speaking, we need to control the renormalization flow (3.37)—
(3.39) by estimating the kernel elements of I, and 7, for the operators
1—m,I', and 1—1T",7, had better be invertible between suitable spaces.
Such Banach spaces will be defined in this section.

We begin by analyzing the properties of the operators I',,. A priori,
one expects the most significant contribution to arise from such ¢’s that
w-q = ON"), due to the cutoff y,, — xn41 in the definition of these
operators. Therefore, (3.28) implies

Tn(g)] = O(g7'R™). (3.52)

Next we shall concentrate on providing a rigorous and more detailed
estimate on such kernel elements.
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Consider the entire function

_J@=e®)/z ifz#0,
5(2) _{1 if 2 = 0.

For a complex number z = x + iy,

2
= |2|7%(1 — 2 “cosy + e ). (3.53)

‘1—6_2
z

It is therefore clear that the maximum of |s(z)| in any region xzo > z
is achieved on the real line, at z = x¢; in order to maximize |s(z)| one
has to minimize the real part of z.

Assuming n > 1,
Yn(K) = Xna1(r) = e 11 — e_(N7"N)6(N*6—1)] '

Dealing separately with the case n = 0, we get

e~ (NTTR)T (=1 )6 (R6 — 1) s((R™7)B(R—6 — ifn>1,
o (R) =X () = {mlmsﬁml OO0 1) 2
(3.54)

We consider these functions in the strips |[Smk| < N"b, where b is
a constant. Following the dogma stated below (3.53) we intend to
estimate Je (R7"x)% from below in order to bound the absolute value
of (3.54) from above. Let us denote z = X"k = |z]e’# for a while, such
that |Smz| < b, or
|sin | < b/|z], (3.55)
becomes the relevant constraint.
First, the entire functions e** and s(cz%), with ¢ € {1,876 — 1},

1
are bounded in any disk |z| < r and ¢~ 2" is bounded away from zero
there. In particular, we gather that there exists a constant C' > 0,
which is monotonically increasing in r, such that

‘6726‘ < Ce*%‘z|6 and  [c2%s(c2%)| < OJ2[° for |z] <7
Outside the disk |z| < 6b, (3.55) tells us that sin ¢ must lie on the
interval [—1/6,1/6] 4+ 2k7 for integer k. Therefore, cos6p > 1/2 and
Re 20 = |2/ cos b6y > |2|°/2.
Consequently,
_26‘

1
‘e — e R’ < e 2% for |z| > 60,
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and, for any nonnegative number ¢, the bound
lcz8s(c2®%)| < |1 —e e <1 4e M’ <9

holds true.
Putting things together, we choose r = 6b and obtain

—n,6 Lg-n
|e’(N "””)()‘SC’QWIN "0 for |Sm k| < R"D.

Hence, (3.54) implies the bound

1
n N iy > 1

() = ()] < CIR [ 4 ¢ LS (356)
1 if n =0,

for ¢ =0,1,...,6, where |Sm x| < X"b and the (new) constant C' only

depends on b—in a monotonically increasing manner.

We turn to estimating the kernel of the diagonal operators I',,. Pay
attention to the fact that G(q), which was defined in (3.28), only de-
pends on ¢ through w-q. Therefore, it is handy to introduce the analytic
function

1:C\ {0,2iv} — C: (k) = (2iys — k%)

In particular, ((w - q) = G(q) for ¢ # 0. This motivates the further
definition

) n(w- a+K) = Xnr1(w- g+ m)]e(w-g+r) ifw-g+r#0,
Fn("iap7 Q) = 517,(]{0 ifw-g+x=0.

The importance of the resulting operator I',, (k) is based on the possi-
bility of employing complex analysis along with the “variable” w - ¢:

I'n(q,9) =T0(0;¢,9) =Th(w - ¢;0,0).

Following earlier conventions, we shall often write I',,(k; ¢) instead of
the complete I',,(k; q, q).

Notice that the map x +— ki(k) has an analytic continuation to
C \ {27}, which we identify with the map itself. With this in mind,
we compute

inf |20y — (w- g+ k)| = g/2,
the infimum being taken over |Sm x| < ¢g/2 and |y —g| < ¢/2, whereby
(w-qg+r)(lw -qg+r) <297 (3.57)

for such x and 7.
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We can bound the nonzero kernel elements of I',,(k), within [Sm k| <

N"b, by

IXn(w-q+K) = Xnt1(w-q+K)
IN""(w - q + k)|

Tulkiq) = R g4 m)ilw- g+ 5)

1 ,
e 2R (wa+r)[° ifn>1,

1 if n =0,
(3.58)

< Crg 'R min(1, [ R™(w - ¢ + &)|) {

making use of (3.56) and (3.57). Here we have imposed the condition
b < g/2 on b. In particular, we have confirmed the earlier heuristic
estimate (3.52).

Now to the spaces promised. Ultimately the solution of (3.29),
namely ¢ (and therefore ®;) will live in the space BE. C ¢}(Z¢; C) for
a sufficiently small width a* of the analyticity strip—see Section 2.1.
The following weights will come in handy:

NMed ity > 1
(q) 1= = 3.59
wa(q) {1 ifn = 0. (3.59)

We extend these to negative indices by setting

won(g) S wa(g)™  (n€Z)
DEFINITION 3.11 (Spaces h,). For n € Z, let

I€ll, == D 1€@)lwn(a).

q€Z4

These norms induce the Banach spaces h,,. Observe that hg is the space
((Z% C) with the usual unweighted norm |||, := > qczal§(@)]-

Notice that our weights satisfy
o (@ =wnl) and wa(@) =1 (n=1).  (3.60)
The spaces at hand thus realize the embedding hierarchy
hpt1 C hy, (n€Z)
due to the trivial inequalities
<l (nED) (3.61)

for the corresponding norms.
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Operator norms || - ||L(hn~ hyy) Detween such spaces hy, and hy, will be
denoted by || - |,,.,, for short. We actually have,

Ll = 5up > [L(p, @) lwm(p)w_n(q)  (m.n€Z).  (3.62)
qeZd d
PEL
Either from this or from (3.61) by the Schwarz inequality one infers
I Mgz < g < M llgns (i1 € Z)
such that the operator spaces satisfy
L(hp; hmi1) C L(hp; hon) C L(Rpy1; hn) (m,n € Z).

Moreover, the Schwarz inequality implies the useful bounds

HL1L2H < HLlHl;mHLan;l (l7m7n € Z) (363>

nym —

From now on, n will always assume nonnegative values. Define the
domain

D, :={r € C| || < X"}, (3.64)
recalling that b < g/2. Then (3.58) easily validates the bounds
I (K)o < Crg™ 'RT" (3.65)

for k € D,,, where the (new) constant Ct is independent of k and g as
long as g < gg. This shows, in particular, that

(k) € L(h_p; hy) C L(ho; ho).

Remark 3.12. The weights w,(q) arise as follows. The diagonal
kernel of '), is strongly concentrated around small denominators w - ¢
of order N"; for large w - ¢ the value of T',(¢) is very close to zero, but
not quite equal to zero as opposed to the ideal case of sharp cutoffs.
Therefore, in an expression such as I/‘,E(q) = Fn(q)f (q) we cannot quite
let |£(q)| be arbitrarily large for large values of w - ¢. This “tail” can
be of the order of w,(q) = e "*"4l say, which amounts to £ € h_,.

It has to be emphasized that having the same power of X™" and
|w - q| in w,(q) is crucial, which can be read off from (3.58). This way
w - q “scales” as N" in all estimates in the nth step of the iteration.

The motivation for introducing the spaces h,, on the other hand,
comes from the fact that in the recursion (3.37) the domain of 7, will
shrink. So, in the norms || - ||,, we incorporate a weight that increases as
n grows. It is a matter of convenience to use the inverse of the weight

wy(q)~" appearing in || - ||_, .
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3.4. Renormalization made rigorous:
estimates and the Lyapunov
exponent

The rest of this chapter is devoted to demonstrating that the renormal-
ization flow of m, in (3.37) is controlled in the norms || - ||,,._, such that
the products ||m,||,,._,[[Tnll _,,., are small, so as to make the recursion
formulae (3.37)—(3.39) well-defined through Neumann series. Recalling
(3.65), the task roughly amounts to making sure that ||, ||,._, decays
at least as rapidly as X" with increasing n.

According to Lemma 3.3, 7y = H + g°> —v* € L(B2?) can be written
as

To(p, q) = po(w - 4)0p,q + To(p, q),
where 7y vanishes on the diagonal, and in the first term
pO("i) = 50 +ﬁ0("$)7 130(0> - 07
depends analytically on x, as long as |Smk| < g/3; explicitly dp =
H(0;0,0) + g> — 7% and po(k) = H(x;0,0) — H(0;0,0).
Similarly, we split 7, into its diagonal and off-diagonal parts:
Tn(D, @) = Pa(W - Q)0pq + Tu(p,@)s  Tulg.q) =0,
with
pn</€) = 6n +ﬁn("i>7 ﬁn(o) = 0.
The possibility of doing this follows from the computation
tsmo=tsH+0=H(w-s)+d=:m(w-s)
and its recursive consequence
temnsr = (1 — (tm) (£:T0) " tamn
=1 —mu(w-8)Tp(w-s)  Ta(w-s)
= Tpi1(w - s).

Motivated by the form of the s-dependence in the expressions above,
let us inductively define the maps

Tu1,5(K) 1= (L= mop(R) Ta(8) ' Tag(s), £ € Dy, [SmpB| <
(3.66)
starting at

mog(K) 1= Po(k) + Tog(K), k€ Dy, |Smf| < ay,



3.4. Renormalization: estimates and the Lyapunov exponent 47

by setting b < ¢g/3 in (3.64). Here

Po(k;p,q) 3= polk +w - q)dpq,

T3, ) 1= €7V H (k1 p, q) (1 = by,),
and, with ¢’ coming from Lemma 3.3,

Qg1 = (1 — ﬁ) Uy, ag < o' (3.67)
In particular, Eric Weisstein’s World of Mathematics [Wei] tells us that

an \, Qo - H(l——):%>0 as n — oo. (3.68)

As far as notation is concerned, we may omit 3 if it equals zero:
(k) = mo(k), and so forth. By a straightforward induction argu-

ment,
Tus(Kip, q) = PPV, (k:p, q),

such that 3 does not enter the diagonal of m,3. Of course,
[map (i 0, q)] = =™ D, (5 p, ). (3.69)
For clarity, set
Po.(k) := 0,1 + B,(k) with P,(k;p,q) := pn(k +w - Q)04
so that we may express the operator m,3(k) itself, without reference to
its kernel, as
Tng(K) = Po(k) + Tpp(k) = 0p + Po(k) + Tap(k), Op = 0,1,

for short. This decomposition satisfies

175 () s < 10n] + I Pa ()l + 1T (5) ] (3.70)

It will turn out that the sum in (3.70) is finite if Kk € D,, and |Sm 3] <
a,—indeed very small, as we are trying to prove—meaning that
(k) € L(hy;h_y).

The crux of analyzing the renormalization flow is the following
lemma, for which we provide an inductive proof later on in this section.
The reader is advised to take the result as granted for now.

LEMMA 3.13 (Modiﬁed Lyapunov exponent controls the flow). Set
b = g/3 and X = min(3,b?). There exist constants ¢, > 0, C > 0,
c>0, p>1, and a unique Lyapunov exponent y satisfying

7 — gl < ¢ylelg (3.71)
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such that, for any n € N, the bounds

- g ifn =0,
n < . 72
1706 (8) |l sy < Clelg {Nne—w Fn>1 (3.72)
D g an = 07
Pos)|,. ., < .
[ Bn (K) |, —, < Clelg {Nn FnsL (3.73)
6a] < Clelg {ig Z.jf” N ‘1’ (3.74)
iun =1,

hold true for (e,9) € D, k € D,, and |Sm | < a,. Moreover, c is
bounded away from zero and p — oo in the limit g — 0.

Remark 3.14. The factor X" in (3.74) is rather arbitrary, and its
precise form is inessential. In fact, the super-exponentially small bound
on T,s(k) enables proving decay faster than p~" with any p.

Remark 3.15. The sole purpose of introducing the complex variable
K is to go about proving the bound (3.73) on the diagonal part of .
We use analyticity in x and restrict the latter to a domain of ever
decreasing size.

The possibility of including the complex parameter 3 in the analysis,
on the other hand, facilitates proving exponential decay of 7, (k;p, q)
in the quantity |p — ¢|. This is sufficiently rapid for obtaining the
bound (3.72) on the off-diagonal part of m,. Also the analyticity strip
of # around R is taken narrower and narrower upon iteration, but
no narrower than a certain limit. Therefore the choice (3.67) for the
numbers «,, > 0 was made, as they have the positive infimum of «/6
units spelled out in (3.68). The only restriction here being oy < o’ due
to Lemma 3.3.

COROLLARY 3.16. The bounds of Lemma 3.13 imply

g ifn=0
n n<C
755}y < Clelg {Nn A

The caveat to get around in the proof of Lemma 3.13 is that 4,
is reluctant to go to zero along the recursion. To change the state of
affairs, we fine-tune the Lyapunov exponent v such that also §,, — 0
as n — o0o. As stated in the lemma, there turns out to exist pre-
cisely one such value of . This is what ultimately enables us to prove
the convergence of our renormalization scheme, consequently validating
Theorem 3.4 discussing the linearized solution Xj.
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Let us look at the flow (3.66) more closely, observing that we may
formally split

(1 — mng(k)Tn( ) = (1 = Pu(R)Tn(K) — (k)L (k)
= [1— (L~ Pu(w)Tu(x)" < )To(k)] " (1 = Pu(k)To(s))
= (1= Pu(R)Ta(r))" 1+rnﬁ< )

n(
The remainder 7,3(x) reads explicitly

rug(#) 1= (1 = Tup(R)Ta(K)) ™" Fus(K)Ta(k) (1= Pu(k)Ta(k)) ™.

In fact, this quantity is asymptotically very small in L(h_,;h_,) due
to the explicit factor 7,3; given the bounds (3.72)-(3.74) for some
particular value of n,

-1

s ()] < Clele™" (3.75)
Continuing abstractly, (3.66) becomes

Tur1,6(K) = (1= Po(k)Ta (k)™ Pa(k) + s0(K) + 3us(r),

where s,(x) is the diagonal and 3,3(x) the off-diagonal part of the
small remainder term r,3(x)m,3(k), respectively. Therefore, the diago-
nal P,(x)—containing the problematic 6,,—and the off-diagonal 7,,3(x)
iterate according to the rules

{Pn+1(n) = (1 = Po(k)C(k)) " Pu(k) + su(k), (3.76)

Tnt1,8(K) = Snp(k).

Notice that s, (k) is indeed free of . Namely, we learned earlier that
the diagonal operators P, (k) are independent of 3, so that s, (x) must
also be.

By construction, ¢, = m,3(0;0,0) = P,(0;0) for each n, such that
the diagonality of (1 — P,(0)T,(0))~" with T',(0;0) = 0 implies that
changes in ¢,, upon iteration only arise from the small term s, in (3.76):

Soit = 0n +dny  dy 1= 5,(0;0). (3.77)
But r,5(0;0,0) = 0, again because I',,(0; 0) = 0, such that
d,, = $,(0;0) = (r,m,) (0;0,0) = (r,7,)(0;0,0). (3.78)

We remind the reader of our convention of dropping one of the kernel
indices of diagonal operators. For instance, s,(k;q) = sn(k;q,q).
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Occasionally it is convenient to have also the flow of P, (k) ex-

tracted from (3.76) in explicit form; it reads
Pui1(8) = Po(K) 4 Po(R)Cn(8) (1 = Po(8)Dy (k) T Pa(k) + (s0(K) — dn).
(3.79)

Proof of Lemma 3.13. Here we finally prove that the bounds (3.72)—
(3.74), such that (3.76)—and indeed everything above—becomes not
only formally justified. To this end, we proceed by induction. As iter-
ating (3.72) and (3.73) is rather easy, the proof boils down to choosing
the value of our free parameter, the Lyapunov exponent =, so as to
guarantee that J,, satisfies (3.74) at each step.

(i) Case n = 0. Consider k restricted to Dy with b < g¢/3.
Lemma 3.3 and Py(x;q) = H(x;q,q) — H(0;0,0) readily imply

1Po(#)llo0 < ColAl

Furthermore, increasing Cj and employing (3.69) with |[Sm 3] < ag <
/

g,
[70a(K)[lg,0 < ColAl.
The leading Taylor coefficient py(0) = H'(0;0,0) and the corresponding
remainder of the function py = H(-;0,0) — H(0;0,0) satisfy
7o(0)] < 1Colel’g and  [po(rk) — Fo(0)w| < 5Colel?|w]%,
taking Cy large enough.
Assume that «y lies in the open g-centered disk of radius c|e|g:

v € L, :=D(g,c,|elg). (3.80)

Recall that 6y = eg?u(e, g,7) + g*> — 72, where eg*u(e, g,v) = H(0;0,0).
If 60(71) = do(72) and we denote v; = g(1 + z;), the Mean-Value Theo-
rem yields

71— 2] < 5 (21 + 22| + |elgllOyull ) I — el-

By Lemma 3.3, ||0yull, < Clelg™/(1 — 2¢,e]), and |x1 + 22| < 2¢,€].
For a sufficiently small |e|, we gather v; = 9, such that v — &g is
one-to-one on I.,. Moreover, the image of the disk I, contains the disk
D(0, (2¢, — lel — ||ull)]elg?). Thus, for a sufficiently large value of
¢, and small value of €, there exists a closed set Jy C I, which v — ¢
maps analytically and bijectively onto the closed disk

Iy := D(0, Cole|g?).
We are about to prove below that a correct choice of v leads to
6n € I, :=D(0, Cyle|g N*™)
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for each and every n € Z,.
(ii) Induction step: hypotheses. Fix n € N. Suppose

if n=0,

~ 9
||7T 5(ﬁ)||n,—n - |€|g {eq‘ if n > 1,

for some constants ¢ > 0 and p > 1—to be fixed later—and

_ g ifn=0,
b, . < CplelgR™
I2a(5) - < Clelg {1ﬁnZL

hold true for |¢| < €,, |[Sm (| < a,, and k € D,,. Suppose there exists a
closed set J,, C I, and a bijective analytic map A, : J,, — I, : 7 — 0y,.

Further, let the kernel elements of these operators be analytic in
D,, and continuous in the closure D,,. Also the estimates

1 1 2 ] =
|mwns(r———)—ag{M fn=0""" (381

n+2)2 e’ ifn > 1,
and
le]* ifn=0,

lel¥2 ifn>1," (3.82)

/ ]' —-n
(k) = Pn(0)5] < SCuR \5\2{

which facilitate dealing with the Taylor expansion of p,,, are supposed
to be satisfied.

In particular, it follows from (3.70), b < g¢/3, and the inductive
hypotheses that

, ble| + ¢ if n=0,
n < B,,C,lelg X" th B, := ) 3.83
pu()| < BLColdg R i {M¢ﬂ+wlﬂn217< )
and
1705 (K)]],n < AnChrlelg R, (3.84)
where
A, =17 _ iin=0, (3.85)
14+ X4 e " ifn>1.

The strategy is to iterate the above hypotheses and prove that, in
the bitter end, C,, and ¢, can be chosen in an n-independent fashion,
uniformly in g.

(ii a) The off-diagonal 7, 5(k). If § € C?, then

(71,5 (ks @) €m0 D, (p) o (q) 7 < ([, 5(8) ]
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But with a modification of (3.75),

~ = g ifn=20,
Irns(R)] ., < 4CrChle|B,  where B, := {e—cu” tn> 1,
(3.86)
such that
||ﬁ-n+17ﬂ(l{/)||n;—n S ||Tn6(l€)7rn/3(l{/)||n7—n S 2Cn|6|gNan
both provided ¢ meets the condition
le| < €41 = max (e, 1(4,C,Cr) 7). (3.87)

Hence, if |Sm G| < ay,
(i1, 3(R5 0 @)| < 2G| lgR" By, - (1 = 6,) ™00, (p)uy (g).

Now assume |Sm B | < a,y1 and, fixing p and ¢, take
p—q
Ip —q|
Obviously |[Sm | < a,,. What we get this way is

ﬁ = B + Z(an - an-‘rl)

|ﬁn+1,ﬁ~<l€;p7 q)| <20, |elg Nnén (11— Opq) 6_(an_an+1)|p_q|wn(p)wn(Q)

for each pair (p,q) € Z? x Z4. Thus, from the expression (3.62) for the
norm,

||7~Tn+1ﬁ~(,i) ||n+1;—(n+1)

< 2C,[elgR" B, sup Y et el wn (p)wn(q)
9€ ez {q) Wn+1(P)Wn+1(q)

< 2C,|elgR"B, Z et Fanlplyy, ()W), (3.88)
peZ4\{0}

After (3.60), the second inequality follows from shifting p to p + ¢.
We control the above bound by treating the cases |w - p| < R(®+D/2
and |w - p| > ROFTV/2 separately. In fact, if |w - p| < ROFD/2 then
Ip| > R=*+D/2 follows from (1.13), and

_ —2 _9—2 _ -2 —(n+1)/2v (11—
e 4(n+3) " ?am|p| <e 2n"%am |p| e 2(n+1)"2apN : wn—i—l(p) (1-R) <1,

whereas

\w . p’ > N(n+1)/2 — wn+1<p)f(17N) < 67(1,N)N—(n+1)/2.
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Since a,, > ap/6 by (3.68) and, for a > 1 and m > 0,
o € 2
m~“a™ > Z(lna) :

we have

6_2(n+1)—2anN—(n+l)/2u < 6_%626“0 ln(N—l/4y) R—(n+1)/4v

The remaining d-dimensional geometric series satisfies

Z e 2t ol < o(q) (M)d

peZ\{0} a0

Hence, we infer that if |Sm | < a,41 and k € D,,, then

~ a1
||7Tn+17,3<ﬁ)||n+1;—(n+1) < On-i-1|€|gNn+16 e
where we finally pin down the values of the previously free parameters

c = %mm (%GQQO ln(N*1/41/)’ 1 — N) >0 and [i= Nfl/max(41/,2) > 17

and take

~ 2 d
Chi1 > 2C(d)Re™ "' B, (M) C,. (3.89)

&%)

(ii b.1) The non-constant part P, (k) of the diagonal. If

K € Dpyq and |w - g < X*(1 = N)b, then kK + w - q € D,. So, by (3.60),

1Pt () st (1) = SUP [Pyt (3 @) w1 (@) 7>
qeZs

D, K+ w- = _
< max{ sup M, sup  [Poya(s;q)|wn(q) 2/N}
|w-g|<R™(1—R)b Wn+1(q) |w-q|>R™(1—R)b

[Pnt1(k +w-q) —26RT1(1-N)2)| }
< 3 _ P, N
< max{ oy enliedl 1P ()
But we know that the relations ||]5n+1(/<;)||m_n < ||Pus1(k) Hn;_n+ |0ns1]
and |0,41] = |Pnot1(0;0)] < || Pas1(0) hold. Moreover, (3.84) and
(3.66) yield

1Pt (D)l < i 38y < 2l () < 24, Calelg N,

n;—n —

Hn;fn

assuming (3.87) and x € D,, D D, 41 hold. Observe that, for positive
x and p, z~te~* "/(P) < 1. Consequently, if we demand that

N < min (3,5%), (3.90)

say, and
Chi1 > A, (3.91)
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it remains to be proven that

Pk +w-q)]

—— < Cpyae]g R (3.92)

sup
KEDn 41 wn11(q)
|w-q|<R™(1-R)b

Notice that the rather arbitrary (3.90) imposes an interrelation between
N and ¢, which is needed in the limit b < g/3 — 0; since we cannot take

b large, we have to take X = o(b) in order to guarantee e =28 ' (1-%)?* <
N/4 above.

In order to verify (3.92), we use the recursion formula
Pnt1 = Pn = PnY¥n @nPn + $n(-30) — 5,(0;0) (3.93)
subject to
an = (1 =ppyn)™ and (k) :=Tu(k;0),
which is an advocate of (3.79). The bound (3.58) yields
[V (k)| < Crg 'R IR, (k € Dy). (3.94)
By virtue of |s,(k;0)| < [|r. (k)7 (K)]],,._,, (3.86) gives

(3.95)

3 ifn=20
n 0) < 4020 209 n : ’
|5 (Ra )‘ = n F|6| {AngNneC/‘ ifn > ].7

in D,,.
(ii b.2) The Taylor expansion of p,1(k) = P,;1(x;0). Let us
abbreviate
ou(k) = Pu(k) — PR (0)r,
for each natural number n. The objective is to show that the estimates

_ 1\ Cuile[*yg
L)< (11— -t 3.96
a1 < (11 ) S, (3.96)
i.e., the iterate of (3.81), and
sup |(on41 — o) (k)] < Cn+1|€|7/49 N (3.97)

K€Dy,
hold. Indeed, with the aid of such bounds together with (3.82), (3.92)
follows from
sup (7 + |k|) e = (—) el (a>0)
2>0 «
for k = 1,2 and € suitably small. Moreover, the Cauchy estimate

—2n

5 5l =0 (5 € Dy,

lon 1 (R)] < lom(R)] +07|k] 7
— N ¢enn
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implies that also (3.82) gets successfully iterated.
The bound in (3.94) implies

1m(0) = 7,(0) =0,
such that !, (0) = p,(0) + s,,(0;0) according to (3.93), and hence

o) =0) = o= f 2 ac

Thus, resorting to (3.95),
>2g

Chriile
» < N_nb_l < n+1
1P 11(0) = 2, (0)] < j;lg’n"sn(“’o)' ~2(n+2)(n+3)’

if the constant C),, satisfies
Cri1 > 8(n +2)(n+3)Crb A, B,|e|/2C2. (3.98)
The bound (3.96) now follows, assuming also C,, < Cj,;.

We still need to demonstrate (3.97). This will be provided by (3.93),
since then
1 !

O-n—ﬁ-l(/{) - O-n('%) = (pn Tn anpn)( + sn R; 0 Zsl l' )
=0

such that (3.83), (3.94) and (3.95) yield (3.97) if
Cpy1 > 4CrR (B2 + 6A,B,,)|e|/*C2 (3.99)

Intuition behind (ii b.1-2). Due to the super-exponential de-

cay of s,(k;0) in (3.95) and the strong induction hypothesis |J,| <
Colelg N?™ on the constant part of p,, the flow of the remainder p, =
Pn — 0, reads roughly

ﬁn—i—l ~ (]- - ﬁn’)/n)_lﬁna (3100)

by (3.76). Hence, the a priori bound |(1 — p,7v,) | < 14 C|e] yields a
sequence diverging in n, with very little hope of proving bounds such as
(3.73)—=see (3.92). However, the support of vy is highly concentrated
on the interval [R*"1p, R¥p]. Tterating for n > k steps, with x on the
latter interval,

Pri1(k) = (1= pr(w)yx(w) "' P1 (k) = (1 + O(€)) pa(k).
That is, p, remains close to p;, which enables proving (3.73) through
(3.92).

In fact, our argument is different still: since x,(R&) = xn_1(k)
and G(Nk;0) ~ R71G(k;0), we have 7,(Nx) ~ R~y (k) for n >
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2. Inserting this into (3.100), we notice that the approzimate scaling
INVATIANnCe

ﬁnJrl (N "’i) ~ Nﬁn(/’i)
is consistent with the flow. This is what the bounds (3.81)—(3.82)
reflect.

(ii ¢) The constant part d,.; of the diagonal. Recall that v
may be viewed as a function of 9, by the induction hypotheses; the
identity 6, = A,(7) is bijective on J,. The flow produces a near-
identity analytic function 8,11 = 0, + d,(0,) of 0, on the disk I,,, such
that, for € small enough,

Ot (In) D Inyr. (3.101)

The analyticity of the map d, — d, can be read off (3.78) and the
expression of r,. As far as estimates are concerned,

2 if n =20
dn < n ~n < 2 2 g ' ’
4] < 070 0)],._,, < CCICr |eg {N oy
in the complex neighbourhood 21, of I,, of radius %]Inl, where |I,,| is
the diameter of the disk I,,. Consequently, a Cauchy estimate yields
the bound 4
sup |9d,,/96,| < Supé;‘e—w <3
on€ln Eunl

on the Lipschitz constant of d,, on I, provided |¢| < €,,; with

(3.102)

ifn=20
-1 5 901 2 g 1 ) 1
6n+1 = CO CCnCF {Nn€2c,u” ifn Z 1. (3 03)
In this case also
UNEST AR (3.104)

holds, which validates (3.101), considering how the boundary of I,, is
transformed under ¢, 1.

Notice that (3.102) implies

Ons1(@) = 0ua ()] = 3le —yl  (v.y € L), (3.105)
meaning that d, — d,41 i one-to-one. By continuity and (3.101),
there exists a closed set J,1 C I, that is bijectively and analytically
mapped onto I 1: Jyeq = 6,41 (Int1). We can backtrack with the aid
of the map A,,, obtaining a closed subset J,11 C I, (see (3.80)) that
is bijectively and analytically mapped onto I,,,1 by the map A, :=
Ops1 0 Ay

Tnt1 1= A5 (Tnrn).
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It follows immediately that
Jny1 C Iy

(iii) Large values of n and the limit ¢ — 0. Suppose C, is
independent of g, which is the case for Cjj. The recursive conditions
(3.89), (3.91), (3.98), and (3.99) can be summarized in bounds of the

form

Cni1 > Kin(9) G and Gy > Ln(g)’dlM Ci'
Choosing b := g/3 (due to (3.98)) and R :=min (3, %) (due to (3.99);
see also (3.90)), which is allowed, we may bound K,(g) and L,(g)
uniformly in g: supg. g, Kn(g9) < Ky and supg. g, Ln(g) < Ly. This
follows from the fact that N~te=* — 0 as X — 0. Moreover, L, < L
for each n, such that we may choose

Chry1 1= max (K, L]e|1/4Cn) C,.

The numbers K, > 1 converge to unity so fast that the number

K::ﬁKn>1

n=0

is finite. Now choose € so small that
Lle[*KCy < 1.

In particular, Cy = KyCy, and inductively C,, = Ky--- K, 1Cy < KCj.
We conclude that the sequences (C),) and (e,) (see (3.87) and (3.103))
converge to positive numbers.

(iv) Fine-tuning the Lyapunov exponent 7. The maps §,, are
relatively expansive; (3.105) holds, while the target I,, contracts by a
factor of N? < % at each step. Thus, demanding A, (J,) = I, at each
step for the map A,, = d,, 0 --- 0y amounts to

|z —y| < 2| An(z) — Aply)| < Cg (28" (z,y € Ju),

or lim,_,o|J,| = 0. Because the J,’s form an ever decreasing chain of
closed disks, their intersection consists of precisely one point:

(M= /mcl.
n=0

The value of 7 is an analytic function of €, because the sequence A1(0)
converges uniformly to v with respect to €. For real values of €, A,
sends reals to reals, making v real. 0
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Proof of Theorem 3.4. With x,, as in (3.49), the task is to show that
the limiting function {—see (3.50)—is an analytic solution to (3.29).

Given the formal definition yg := 75y, (3.49) implies
Tng = fnp(0).
Recalling (3.46) and (3.47), one clearly has
fn+1’5 = fng o En@ and fn,@ = EOB (0] 515 O---0 Enfl,ﬁ-
Hence, the recursion relation
Tnt1,5 = Tng T (fn(Ens(0)) — fap(0))
follows. Here (3.43) extends to
Zns(y) = (1 —Tpmnp) " (Y + Topnp)- (3.106)

Notice that the flows of p,s and 47,5(-,0) * are identical. Further-
more, the initial conditions agree according to (3.27), such that

Pns(q) = 4mn5(q, 0).
Due to the absence of second and higher order terms in y — =,,5(y),
DZn5(y) = (1 — Tmap) ™",

such that the chain rule reveals

Dfus(y) = (1 —Tomog) (L —Tymig) - (1= Tpimpo1,8) "
Recursive implementation of Corollary 3.16 in the form

12 = Tamtns) ™ e < M@ = Tortng) 7l < 2

implies that D f,5(y) € L(hyn—1;ho) with

sup (| D fns(y) anl;o <2n
yEhy

The Mean-Value Theorem ensures the existence of an element y, € h,
for which

1Fn5(Zn5(0)) = fap(0)llo < (1D Fus(W0)lln 1.0 Zns(0) I,

and we go on to estimate

15 = 2uslly < 2°[Zas O], (3.107)

with the aid of the inequality |- ||, _; < - 1l,.-

47,5(+,0) is shorthand for the function 6 > e'rm,5(g,0) through the
identification of a function with its Fourier transform.
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LEMMA 3.17. For parameters as in Lemma 3.13 and €y small, we
may percete Z,5 as an analytic map from h, to h, C h,_1 with

ifn =0,

_ g
=40 <C n
1Zns(0)l,, < Cle| {e—cu ifn>1.

Proof. Since I, annihilates the zero mode (I',(0) = 0), I'ypnp =
4Ty 7np)(+,0), which is super-exponentially small in the norm |- ||,
by [|Tns (-, 0)l_,, < 7nsll,,_,, and Lemma 3.13. According to (3.106),
Lemma 3.17 clearly holds if we take e small enough so as to validate
1Tl 175l < 5, say, for each n. For the bounds on 7,4 and T,
we refer the reader to Corollary 3.16 and (3.65), respectively. O

By Lemma 3.17, f,3 maps h,_; to hg, confirming that x,3 € hg for
each n. Coming back to (3.107), we can now write down
01,8 = Znplly < Clelg2te™ " (|Sm ] < ay).

Thus, taking |Sm 3| < o 1= ap/6 (see (3.68)), the sequence (Z,,5)nen
is Cauchy in the Banach space hy. Moreover, xog = 0 gives us

[e.e]
1€s1lo < Z [#n41,8 — Tnslly < Clelg,

n=0

which implies the bound
(@) < Clelge (g €27
We infer that ¢ is real-analytic on T¢.

Recalling that lim, .., ', (¢) = G(q) for each ¢q € Z%, let us take
the pointwise limit n — oo of (3.29) in the Fourier representation:

£(g) = lim To(q) (Toula) + po(9)) = G(a) lim (ToZa(a) + po(4))
= G(q) (o€ + /o) (9),

because 7y is a continuous operator on hg. Indeed, & solves (3.29)!

Quite similarly—and merely out of curiosity—we conclude by the
day-saving recursion invariance (3.41) that

En = Gu(mpbn + pn) = Go(mo€ + po) (3.108)
converges to £* = 0, pointwise in terms of the Fourier representation.
Hence, equation (3.36) really trivializes in the large-n-limit. Another
way of seeing this is the pointwise bound |Gpn(q)| < C|G(q)] ey | —
which tends to zero and paraphrases G*p* = 0 below (3.51). 7



60 3. Lyapunov Exponent—Linearizing the Unstable Manifold

We still need to demonstrate that the solution & of (3.25) also solves
(3.26), i.e., that

(0 + o) (0) = (0, )€+ po(0) = > 70(0, P)E(p) + po(0) = 0.

pEZd
From (3.108), G, ( ) = xn(w-¢)G(q), G(0) =0, and (3.29),
‘ann Z"Nn ’Xn w - q ’G WOS +:50) (Q)}
qEeZ4
< [1€llg sup[@n (0, g) [xn(w - q)
qE€Z4
< N&llo I7nllyi—r sup wilg@)xn(w - q)
q€Z4\{0}

< CH£”0 Hﬁan;,n E— 0 as n— 00,
Thus,
(o€ + f0) (0) = lim (7,8, + p) (0) = lim 7, (0).
But
lim $,(0) =4 lim 7,(0,0) = 4 lim 4, = 0,

and we are done.

If X, solves (3.1), it is a matter of applying the translation 75 on
both sides of the equation to get (D + 7)2X] = DQ(X})X], where
X\ = 713X0 + (0,0) and X| = 73X;. In other words, the translation
property in the formulation of the theorem holds, and the value of ~
does not change under such translations. O



Chapter 4

Proof of Theorem 1

o ET us summarize what we have learned thus far. The general
solution X%(z,0) = X°(2) to the equations of motion in the
* uncoupled case was found. In the coupled case we resolved
KAM-type small denominator issues, which contributed the t — —o0
(z = 0) asymptotic X(6) of the general solution X (z, ), as well as the
linearization X;(0) = 0,X(0,0).

We can now solve (1.11), and thus find the unstable manifold WY
also “far away” from the torus 7,.

To begin with, we single out the uncoupled part X° of the complete
solution X;

X=X+X with )~(|E:0 = 0.
Equation (1.11) now becomes
L£2X = —(7?sin ®°,0) + Q(X° + X),

as L?2XY = (2sin ®°,0) follows from (1.7) for £2X and the fact that
H(t) = PO(e) solves the equations ¢ = I and [ = p2sin ¢—see (1.2)—
for any nonnegative pu, especially for = «. In other words, the map
X has to satisfy

KX =W(X), (4.1)
defining the linear operator
K:= ((I)/ 22) with L := £* — 4 cos ®" (4.2)

61
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and the nonlinear operator 1% through the expression
W(X) := (—y*sin ®° — 7*(cos °)®, 0) + Q(X° + X). (4.3)

Throughout the rest of the work, we shall refer to different parts of
the Taylor expansion of a suitable function h(z,6) around z = 0 using
the notation

_ 92h(0,9)

k
. ha(z,0) = szhk(e) and  Oph == h—h<p_1.
=0

Observe that X, = X, and X; = (4,0) + X;. Consequently, if X
exists, there exists a map Z : [0,1] x T¢ — R (for real €) satisfying

X(2,0) = Xo1(2,0) — (4,0)z + Z(z,0) (4.4)

or, equivalently,

Z = (525?
We may transform equation (4.1) into the equation
KZ =W(Z) (4.5)
for Z, where we define W through
~ 2 0\
W(Z) = 6, [W(X) 4 (’V (COSSD VD“H , (4.6)

taking now (4.4) as the definition of X.

Let us consider the complex Banach space A of (bounded) analytic
functions Z on the compact set

M= {(2,0) | Re(2,60) € [-n,1+ 7] x T, Sm (2,0) € [-r, 7]},
7 > 0, equipped with the supremum norm, and its closed subspace
Al = {Z€A| Z§1 :0} (47)
For future use, let us also define the closed origin-centered balls
B(R):={Zec A||Z||, £ R} and Bi(R):=B(R)NA,.

Any element of A extends analytically to IL,. for some 7" > 7, allowing
uniform estimates on its derivatives on I1..

Remark 4.1. Whereas equation (4.1) is plagued by small denomi-
nators, equation (4.5) is not. This is so due to the decomposition (4.4)
which separates the previously solved “KAM-asymptotics” X<y from
X and enables reducing (4.1) to (4.5) on the space A;, which one could
well call the small-denominator-free subspace of A.
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4.1. Existence and uniqueness of 7

Postponing the proofs until the end of this chapter, we make two ob-
servations, important in demonstrating that (4.5) is solvable.

LEMMA 4.2. With sufficiently small R, T, and € (depending on the
analyticity region of f), the operator W : A — Ay maps the ball B(R)
in A into a ball By(R') in A; with R' = Cg*(R* + |¢|), and W]y, is
Lipschitz continuous on Bi(R) with a Lipschitz constant proportional
to g*(R + |e|). If the restriction of Z € A to a real neighbourhood of
[0,1] x T has the real range R x R? and € is real, then the same is true

of W(Z).

LEMMA 4.3. If 0 < 7 < 1, the linear operator K : A1 — Ay has
a bounded inverse K1 € L(Ay) obeying [IK™ | p4y < Cy 2771 (1 —
72)72. It preserves analyticity in €. If the restriction of Z € A to a
real neighbourhood of [0,1] x T¢ has the real range R x R?, the same
is true of K~1Z.

We have developed enough machinery to extract a solution from
(4.5):

THEOREM 4.4. For sufficiently small R, ¢g < R/2, and T (de-
pending on the analyticity regions of f and X<1), equation (4.5) has
a unique solution Z € By(R). It is continuous on D, analytic in €,
and bounded uniformly by Cle|. The restriction Z|j1)xme takes values
in R x RY, provided € is real.

Proof. We know by Lemmata 4.2 and 4.3, that X~'WW maps B;(R)
into itself:

KW (B, (R)) € B;(C(R?* +«)) C Bi(R). (4.8)

We may furthermore choose €y and R such that the operator =1
becomes contractive on Bi(R) (i.e., Lipschitz with constant strictly less
than 1). The assumptions of the Banach Fixed Point Theorem are now
satisfied, implying that X~'W has a unique fixed point Z in the ball
Bi(R).

The theorem also implies that Z is analytic in e. Namely, Lemma 4.3
says that K ~! preserves such a property. Furthermore, the e-dependence
of W comes solely from ~, Xy, X;, and {2, making it analytic. Hence,
the uniformly convergent sequence 0, KW (0), (K~'WW)2(0), ... of
successive substitutions reveals the analyticity of the limit—the fixed
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point Z:

12~ (KW O)ll < 1K WO 1

where L < C(R + €y) < 1 is the Lipschitz constant of KX~'W. If € is
real, this sequence consists of functions R x R%valued on [0, 1] x T
and the same goes for the limit Z. Finally,

1Z]l 0 < IETW)(Z) = (K7W (0) o + 1K) (0)]l o < LIZ| o + Clel

yields || Z]|, < Cle|]/(1 — L). Here (K~'W)(0) was bounded using R’
of Lemma 4.2 at R = 0. U

4.2. Putting it all together

To reach the statement of Theorem 1, we glue together the pieces
provided by Theorems 2.2, 3.4, and 4.4.

Assuming (Vo) = 0, we have constructed analytic maps - and
X(Z,Q) :X0(9)+ZX1(9> +(52X(Z,0) with (52X = Z+52X0

that solve (1.11) in a complex neighbourhood of [0, 1] x T¢ and satisfy
the physical constraint ®,|_, = 4. Recall now (1.16). Since (1.18) is
not automatically satisfied, we are required to pinpoint specific values
of a and f so as to fulfill X, 3(1,0) = (7, 0). To this end, we utilize
the Implicit Function Theorem.

First, set X(¢, g;a, B) := X(a, B) + (0, 5) — (m,0), which leaves us
with the implicit equation X(e, g;,5) = 0. Both X and a(i%ﬁ) are
continuous, and we get from X = (®° 0) + O(¢) that

0X(e,g;0,8)\ 4 .
N ) + 00

14 a2
(cf. (1.23)) for (¢,9) € D and for whichever values of o and [ the
map X is well-defined. Hence, if we choose €y small enough, there exist

unique continuous functions v and 3 on D, analytic with respect to ¢,
such that «(0,g9) =1, 5(0,¢9) =0, and

%(679;04(679)76(679)) = 0.

Moreover, a(e,g) € R and (e, g) € R? for € real, as X is then real-
valued. A good reference here is [Chi96]. O

X(0,9;1,0) =0 and det (
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4.3. Proofs of Lemmata 4.2 and 4.3

We conclude the chapter by presenting the proofs of Lemmata 4.2 and
4.3 used in the proof of Theorem 4.4.

Proof of Lemma 4.2. Given Z € A with ||Z]| . < R, we study
W (Z)—defined in (4.6), and clearly an element of A;. Notice that

in the relation (4.4), expressing X in terms of Z, the maps X and X
were previously determined and are independent of Z. Furthermore,
taking advantage of (4.4) and Theorems 2.2 and 3.4, we deduce

| Xl < C(lel + R). (4.9)

With the aid of (1.10), cast equation (4.3) as
W(X) := (g*sin(®° + ) — 42 sin ®° — 7 cos(®°)®, 0) + A QX + X).
Recall that f is analytic on the strip |Sm ¢, |%mw\ < 7. Also, the

imaginary part of ®°(z,0) = 4arctanz = 4z + O(23) is of order 7 on
II,, when 7 < 1. Hence, owing to (4.9), our function Q(X° 4+ X)
is well-defined for A and R sufficiently small and the strip I, about
[0,1] x T? narrow enough.

Since sin(®° +®) = sin B+ cos(P0)d + O(P2), in a neighbourhood
of I,

IW(X) e < lg° =77 llsin °+cos(%)@| o +Cg?[| DI+ A IAX"+X) o

The enticing factor g2—2 is the reason we chose to subtract 2 cos(®°)®
from both sides in equation (4.1), paying the price of making IC and
its inverse more complicated. Namely, [¢* —*| = [29 +v —g|lg — 7| <

(29 + Cygle|) Cgle| < Cg?le|. Terms proportional to ® are dominated
by (4.9). Thus, such estimates uniform in (z,0) yield

IW(Z)ll < Cg*(R* +e])

for € and R small—independently of each other and of g.

In order to obtain the Lipschitz continuity of W|y,, it suffices to

show that Z &3 X W(X) is Lipschitz, as neither (W()?))Sl nor

Xgl depend on Z =: 52X. To that end, we use the Mean Value The-
orem, see [Cha85], and conclude that for some Z =: 0, X on the line
segment between two points Z’ =: §,X’ and Z” =: 6, X" it holds that

IW(X) = WX < IDWEX)| 12"~ 2"
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Here the derivative is easily bounded by Cg?(R + |¢|) when (4.9) holds
and, therefore, when || Z]| < R.

From its explicit expression, one immediately recognizes that W
preserves the class of functions whose restriction to [0, 1] x T? has the
real range R x R?, if € is real. O

Proof of Lemma 4.3. £ maps A; into itself, and C in (4.2) inherits
this feature.

Let us start with the “pendulum part” of I, and solve

Lf=g

resorting to the method of characteristics; we first restrict ourselves to
the case (z,0) = (Ce*, 9 4+ wt) (with fixed (¢,¥)) in order to obtain an
ordinary differential equation (ODE). Recalling the identity (1.7), we
see that for an arbitrary ¢

(07 = 7% cos @°(Ce™)) f(Ce™, 0 +wt) = g(Ce™, W +wt),  (4.10)
and our task reduces to studying L; := 97 — 7% cos ®°(e™). Since a

translation in ¢ and ¥ eliminates (, we can just as well set ( = 1.

We proceed in the Fourier language. The function f solves equa-
tion (4.10) if and only if for an arbitrary ¢ € Z? the functions u(t) :=

et f(e q) and v(t) 1= e T¥tg(e ) satisfy
Liu = .

Noticing that cos ®°(¢") = 2tanh®~t — 1, we see that L; has got
the zero mode
uy(t) := (coshyt) ™,
i.e., Lyuy = 0. Since Lyu = 0 is a linear second order ODE, there exists
precisely one other zero mode uy of L; that is linearly independent of

uy. Because uy(t) # 0 for any ¢ € R, uy may be found by a standard
procedure:

dt t sinh vt
t) = t =
ua(t) = )/u%(t) 2 cosh vt * 2y

omitting any additive constant emerging from the integral. Let us
express the linear homogeneous equation L;u = 0 as the first order
system U = AU with U := (u,4)" and A(t) := (2 Cosgo(ew) (1)) Then

w = (l.“ 92) (4.11)
Up Us
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is a fundamental matrix solution of the system (i.e., w = Aw) with the

Wronskian
detw—uzi/idt=1
Cohdt ) wdt) T
and thus
wl < u? —uQ> and  w(t)w1(s) = (* uz(t)uy(s) — ul(t)ug(s)> .
—Uul (75} * *

In terms of a first order system, the complete equation L;u = v
reads U = AU +V, V := (0,v)T. Varying constants,

t
U(t) = w(t) (wl(to)U(to) —|—/ w(s)V(s) ds) :
to
Next, we get rid of the dummy parameter t, by taking t; — —oc.
In that limit u(ty) = O(e*), such that

w ™ (to)U (to) ~

1ot (ulto) + 7 "(ta) , 0)"

tends rapidly to zero. Therefore, for ¢ < 0,

u@z[ﬁmmwwmmm@M@w

o0

or equivalently

O ~ .
ﬂwmz/.mQWMMWmnwwS (4.12)

in terms of the kernel
f?@(s; Z) = Wq,g(z)Wq)l(zeW) — Wq;.l (Z)W<1>2(2678),
defined on {(s,2) €e R x C|z ¢ {0, £i, £ie "} }, where

1
War :=2P and Wse =~ 'Pln —|—nyle

with the auxiliary functions
P(z):=(z*+1)7'2 and Q(z):=2"1(2*—-1). (4.13)
This is so, because We;(€?") = u;(t), which also yields
IWa; = Ly =0 (j=1,2). (4.14)

For a fixed s, the function [zp(s; z) has a removable singularity at
z = 0. Accordingly, we define Kg(s;0) := lim,_o Kg(s;2) for each s.
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In a complex strip [Smz| < 7 < 1, the inequality |22 + 1] > 1 — 72
yields
|Ko(s;2)| < C(1— 1272yl s <. (4.15)

Since f(0,q) = §(0,q) = 0, we find that (4.12) remains true if 0
replaces €7'. Inserting all this into the Fourier series of f(z,0) leads to

f(z,0) = /0 Ko(s;2) g(z€7%,0 + ws)ds, (z,0) € [0,1] x T (4.16)

Here, the compulsory change in the order of summation and integra-
tion was justified by virtue of Fubini’s Theorem, taking advantage of
the bound (4.15). Indeed, we may express g(z,6) as the product of
2%h(z,0), where h is analytic in the same region as g. The analyticity

in @ implies |lAz(z, q)| < SuPeenT,|h(2, 9)|€—T’\q\ < Ce'ld (r<7 <1)—
C' being independent of z by compactness. Thus, if 77 := 7" — 7,

0 7 ; 1"
Z / ‘K@(s; Z) g(ze’YS,q) ezq~(0+ws) ds < C(l _ 7'2)_2’)/_2|Z‘2 e T \q\,
o0 Z

=/ q€eZ4
in which the right-hand side is finite.

The solution (4.16) is general, even though due to (4.14) the as-
sociated homogeneous equation admits—in a formal sense—a general
solution of the form

2
O(z,0) = ZW@j(Z) cj(0 —wy 'nz),
j=1

where the maps ¢; : T* — C are arbitrary. But the condition f° € A,
imposes fY(0,6) = 9,f°(0,6) = 0, which in turn constricts the ¢;’s to
vanish identically.

Following the line of reasoning above, solving the “rotator part”

Lf=g
amounts to integrating i = v and results in an expression like (4.16)
with the kernel
l?q,(s; 2) 1= Wy (2)Wa1(2€7) — Wy (2)Waye(2€7%) = —s,
introducing
Wei:i=1 and Wy =~ 'n.
For each index n € NU {oo} define now

0 . N ~
L(2,0):= | K(s;2) Z(2,0+ws)ds with K := (I;‘I’ f?@) ,

—-n
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where (z,6) € I, and Z € A; are arbitrary. Also denote
KZ:=I.

Since the integrand here is an analytic function of (z,#) on the compact
region II; and continuous in s € [—n, 0], it follows from an exercise in
function theory that I, with n < oo is analytic on II;; see p. 123 of
[Ahl66]. As an element of Ay, Z(z,0) has the representation 227 (z, ),

where Z is analytic on II.. Accordingly, (4.15) implies

KZ(2,0) — L(z, 9)( < 07—1/ e | Z(267,0 + ws)| ds
< C|z|2% (4.17)

72 ern ’

showing that I, — Kz uniformly on II, as n — oco. Hence, also Kz
is analytic on the latter region. Moreover, I,,(z,0) = O(z?) as z — 0,

which by virtue of (4.17) yields K : A; — A;.

We showed above that if Z € A; and KZ = Z’ (thus Z' € A,),
then Z = KZ' holds on [0,1] x T¢ C II,. But each side of the latter
equation are analytic on Il and hence agree there, meaning that K is

the left inverse of : KKK = 14,. A direct computation shows that it
is also the right inverse. In other words,

K=K on Aj.

K(s;z) € R, provided z € R. Thus, should the restriction Z|q 1),7d
be real-valued, so is (K~'2)](g 1jxa-

The integrals I,, also depend analytically on . Thus, according to
Theorem 3.4, they are analytic functions on the domain |¢| < €. Since
|7 — g| < Cyglel, the trivia v > cg > 0 and the final inequality in (4.17)
guarantee that the convergence I,, — K~!Z takes place uniformly on
compact subsets of D defined in (1.15) (g bounded away from zero).

It remains to be checked that K~! is bounded. For any Z € A; and
fixed 0

=1
Z(z,0) =) -1 Zi(0) P
k=2

converges in the disk D(0,7) := {z € C | |z| < 7}. Using the Cauchy
inequalities

|Zk(0)] < K= (1Z]]
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we deduce the bound

12(2,0) < 2(|21/7)11 2]
for z € D(0,7/2). InIL,, |z| < R for a certain R = 1+ O(7), such that
ze’ € D(0,7/2) whenever s < S := —y~'In(2R/7)). The bound in
(4.15) for K¢ clearly applies to Ky as well. Summarizing,

_ CHZH /O 3 /S 75 R2
K1z < 17 loo 75 (] -
e [ AV A

Cll 2o
~ 271 —72)%’
which finishes the proof. U
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Chapter 5

Analytic Continuation
of the Solution

ERE we assume that the reader is familiar with the notation
o\ introduced in the beginning of Chapter 4, as well as the results
. 24 Jy stated thereafter. The existing map Z = 02X solves (4.5) and,

by virtue of Ws analyticity, admits the representation

~ 2 0
5o X = K15, [(7 C(())S(I) ) X<1 + Zw X<1 }"’

. (5.1
PR [0 (R + 8,%) % - (Xer) ]
k=1
on the set II,, taking € small enough, and denoting
w® = %D’“W(O) (5.2)
and a repeated argument of such a symmetric k-linear operator by
()% = (a,...,1),
k times

for the sake of brevity. Observe that we have omitted a d5 in front of
the square brackets on the second line of (5.1) as redundant.

Equation (5.1) may be viewed as a recursion relation for 5, X Tt is
crucial that

0wl = O(eg?), (5.3)

73
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when (e,9) € D; see (1.15). Namely, any given order 6, X’ in the
convergent expansion

525(: = Z EK 52_55 ¢
=1
is then completely determined by )?Sl and the lower orders (52)?1 (1<
[ < ¢—1) through the right-hand side of (5.1). Moreover, since 5@1 =
O(e), only finitely many terms in the sum over the index & are involved.
Together these facts imply that only finitely many recursive steps using
(5.1) are needed to completely describe any given order 5 X" in terms

of X<; alone and that, at each such step, only finitely many terms from
the k-sum contribute. We next give a pictorial illustration of the above
reasoning.

5.1. Tree expansion

Despite the title of the thesis, we shall use plenty of tree diagrams.
However, this is done for bookkeeping and pedagogical purposes, and
our trees interact in no way; we simply choose to draw a tree instead
of spelling out a formula.

Let us first define the auxiliary functions

e w(O)_|_[(wcgs@f)g)_{_w(l)}j(’gl ifh=1,
= w(k)()~(§1)®k k=23 ...

and make the identifications
—® =K% and ——) =K7'6, Y _h®. (54)
k=0

Furthermore, let

and, for £ > 1,

% =K w®,

In the diagram representing the k-linear w®, the k “free” lines to the
right of the node stand for the arguments. We say that these lines
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enter the internal node, whereas the single line to the left of the node
leaves it. For instance,

= IC_lw(?’) ()?Sh 52)?7 K_152h(4)).

Notice that, as w™® is symmetric, permuting the lines entering a node
does not change the resulting function. We emphasize that all of the
functions introduced above are analytic on IL, and |e| < €.

In terms of such tree diagrams, or simply trees, equation (5.1) reads

—O0-—@+——0O+ +
(5.5)
+ + +

using multilinearity to split the sums )?Sl + 6,X into pieces. Above,
the sum after the first tree consists of all trees having one internal node
and an arbitrary number of end nodes, at least one of which, however,
1s a white circle. This rule encodes the fact that on the second line
of (5.1) the summation starts from k£ = 1 and that the contributions
with only X<; in the argument (i.e., trees with only black dots as end
nodes) are cancelled.

Using (5.1) recursively now amounts to replacing each of the lines
with a white-circled end node by the complete expansion of such a tree
above. This is to be understood additively, so that replacing one end
node, together with the line leaving it, by a sum of two trees results in
a sum of two new trees. For example, such a replacement in the third
tree on the right-hand side of (5.5) by the first two trees gives the sum

e

Before proceeding, we introduce a little bit of terminology. The
leftmost line in a tree is called the root line, whereas the node it leaves
(i.e., the uniquely defined leftmost node) is called the root. Having
assigned such a special role to one of the nodes, our trees are in fact
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what are called rooted trees in the literature. A line leaving a node v
and entering a node v’ can always be interpreted as the root line of a
subtree, the maximal tree consisting of lines and nodes in the original
tree with v as its root. We call v a (not necessarily unique) successor
of v/, whereas v’ is the unique predecessor of v.

The recursion (5.5) can be repeated on a given tree if it has at least
one white circle left. Otherwise, the tree in question must satisfy

(R1") The tree has only filled circles () and black dots (s) as its
end nodes,

together with

(R2') Any internal node has an entering (line that is the root of a)
subtree containing at least one filled circle as an end node.

After all, the recursion can only stop by replacing an existing white
circle with a filled one. Continuing ad infinitum yields the expansion

—0 = Z (Trees satisfying (R1’) and (R2')) = ZI T, (5.6)
trees T

where the prime restricts the summation to trees 7" satisfying (R1’) and
(R2'). We point out that each admissible tree appears precisely once
in this sum, considering different two trees that can be superposed by
permuting subtrees that enter the same node.

How does the earlier discussion concerning the description of 5o X"
in terms of a finite sum involving only X<, translate to the language
of trees? In a straightforward fashion. First, the second part of (5.3)

and X< = O(e) amount pictorially to
=0(e) and = O(e).
Second, w*) = O(g?) and the first part of (5.3) yield

—@&) =0(") (k=1,2,...)

% —01)  (k=2.3,...).

Expanding the filled end nodes

_@:

and

—), (5.7)

0o
k=1
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according to (5.4), on the right-hand side of (5.6), we get a new version
of the latter by replacing the rules (R1’) and (R2'), respectively, with

(R1) The tree has only numbered circles () with arbitrary values
of k) and black dots (e) as its end nodes,

and

(R2) Any internal node has an entering (line that is the root of
a) subtree containing at least one numbered circle as an end
node.

Let us define the degree of a tree as the positive integer

)+ > k#H—®) (5.8)

for any tree T satisfying (R1) and (R2). By #(G) we mean the number
of occurrences of the graph G in the tree 7'. That is, the degree of a tree
is the number of its end nodes with suitable weights plus the number
of nodes with precisely one entering line. Since a tree has finitely many
nodes, its degree is well-defined. Then a rearrangement of the sum
arising from (5.7) being inserted into (5.6) yields formally

—QO = i ST (5.9)

=1 trees T'
deg T'=l

deg T := #( ) + #(

where the asterisk reminds us that the rules (R1) and (R2) are being
respected by the sum.

According to the analysis above, the particular graphs appearing in
the definition of degT are the only possible single-node subgraphs of
T proportional to a positive power of €. Since each tree is an analytic
function of €, writing again (- )* for the kth Taylor coefficient, we have

(@) o
T = g b Tk = ¢dee™ E gk htdeeT
k=degT k=0

Hence, only trees with degree at most equal to ¢ can contribute to

(525(%1

Y, l
X =Y Y 1= ( Y T) (5.10)

=1 degT=lI deg T<t



78 5. Analytic Continuation of the Solution

or, alternatively,

X= Y T+O(E) (e—0) (5.11)
deg T'</
for each and every ¢ = 1,2,.... The expansion in (5.9) is in fact just

a compact way of writing (5.11). We emphasize that the latter can
be derived completely rigorously, for each value of ¢ separately, but
resorting to the use of formal series allowed us to treat all orders of
5,X at once. We call the series (5.9) an asymptotic ezpansion of 05X

the partial sums ZdegT<£T need not converge to 5, X for any ﬁxed €
as { — oo, but for a fixed ¢ the error is bounded by an ¢-dependent
constant times |e|*! on the mutual domain of analyticity, |e| < €.

ExXAMPLE 5.1. The beginning of the asymptotic expansion (5.11)
is

X =—) + — + ——A) + ——D +

+<D+<D+{z+0<e3>
=—0O +0(e)

2. Analyticity domain of trees

As already pointed out, all trees T above are analytic functions of
(2,0,€) on II. x {|e] < €}. Due to the projections 0, appearing in
(5.4), they also satisfy T'|.—o = 0,T|.—0 = 0, i.e., are elements of the
space A; defined in (4.7). On this space, the inverse of K = (g [?2)
(see (4.2)) constructed in the proof of Lemma 4.3 satisfies

0 ~
K h(z,0) = / K(s;2) h(z€7,0 4+ ws) ds. (5.12)

Consequently, we will now show that the analyticity domain of a tree
in the z-variable is in fact much larger than the neighbourhood of [0, 1]
that is included in II,; namely the wedgelike region

Urg = {|z| < 7} U {Rez>0, |argz| <9} cC
(with a new 7 and “small” ) in the right half-plane.

LEMMA 5.2 (Analytic continuation of trees). Without affecting the
analyticity domain with respect to €, there exist numbers 0 < 7 < 1,
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0 <9 <m/2, and 0 < o <1 such that each tree in the sums (5.9) and
(5.11) extends to an analytic function of (z,0) on U,y x {|Smo| < o}.

Proof. Observe that, as a polynomial, )251 is an entire function of
z. On the other hand, ®°(z) = 4 arctan z = 2i(log(1—iz) —log(1+iz)),
implying that |Sm ®°(z2)| < n in U, with 7 and ¥ sufficiently small.
By Example 2.1, f(®°(2),6) is analytic, making the maps h¥) and
X<y analytic on U,y x {|Sm@| < ¢} for some 0 < o < 1, where 7 is
determined by f and o by Xgl (ultimately by f and w).

Suppose h = dyh is a map analytic on U,y x {|Smé| < o}. Then
the integrand in (5.12) is analytic in a neighbourhood of the latter set.
By virtue of Fubini’s theorem,

0
K h(C,0)d¢ = K(s:C)h(Ce™ .0 d¢ ds =
f@ (.0)dc /Ooyg (5:0) h(CE™, 0+ ws) dC ds = 0

for any closed contour I' inside a sufficiently small neighbourhood of
U,y and enclosing z. Hence, Morera’s theorem yields analyticity of
K~'h with respect to z. As always, analyticity with respect to 6 fol-
lows from an exponentially decaying bound on the Fourier coefficients.
Applying this argument at each node of a tree proves the claim. 0

Since the number of terms in the sum in (5.10) is finite and the functions
Xopand X%in X = X%+ X< + 6, X* are analytic on U,y x {|Sm 6| <
o}, we get

PROPOSITION 5.3 (Analytic continuation). Each order X* of the
solution extends analytically to the region U,y x {|Smb| < o}. More-
over, if 1 — f(-,1) is a trigonometric polynomial of degree N, i.e.,
N s the minimal nonnegative integer such that f(-,q) =0 if |g| > N,
then 0 — X*(-,0) is a trigonometric polynomial of degree (N, at most.

However, (a straightforward upper bound on) X*¢ grows without
a limit as ez — —+oo, such that there is no reason whatsoever to
expect absolute convergence of the series > ,°  €/X* in an unbounded z-
domain. In fact, it is known that the behavior of the unstable manifold
(X = X") gets extremely complicated for large values of z even with
relatively simple Hamiltonian systems.
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Proof of the trigonometric polynomial part of Proposition 5.3. From
the equations of motion, (1.11), a Taylor expansion yields

v - 1 m v m
LX=-LX+ QX+ ) — DX (X)",
m=1

where the trigonometric degree of D™Q(X?) is N for € # 0 but vanishes
at € = 0 because X" does not depend on 6. For each k > 1, let ny
stand for the trigonometric degree of X*. Equating like powers of € in
the expansion above, we infer two things. First, n; = N. Second, we
must have, for each ¢ > 2,

< Nk, + -+ + N,y where k1 +---+ k,, = ¢,

n

“TAN+ g+ g, where ky 4o+ =0 — 1,

because the trigonometric degree of a product is at most the sum of the

trigonometric degrees of the factors; e’%¢’1? = 1249 and e'1fe—10 = 1.
Next, assume that n, < kN holds for each 1 < k < /¢ — 1, recalling

that this is the case if £ = 1. Subsequently, the estimate for n, above
becomes ny, < {N. O



Chapter 6

Size of the Homoclinic
Splitting

SPHE Lyapunov exponent y = v(€,g), whose existence we have
: studied earlier, turned out to be an analytic function of € in a
. neighbourhood of the origin (|¢| < €;). Hence, may be expand

Y=g+
(=1

Further, since £ depends on v, we write its perturbation expansion as

L= Eo + Z Ezﬁg.
=1
The operator-valued coefficients are given by

Lo=w-0p+gz0, and L;=yz0, ((>1) (6.1)
above. In particular, as X%(z,0) = (4arctan z,0)” by (1.17),

Y99 = (492/% + z?)) |

The expansion of the splitting matrix T—see (1.25)—therefore begins
linearly with respect to e:

T = i e
=1
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It is customary to call the leading coefficient, T!, the Melnikov term
or the Melnikov matrix.

Recall now (1.10). For convenience, we also remind the reader of
equations (2.1)—(2.2) and (3.1), i.e.,

D*Xy = Q(X,) = (g% sin Do, 0)7 + A Q(Xo) (6.2)
and

g?cos®y, 0

(D +v)*X, = DQUXo) X, = < 0 0

) X1 4+ ADQ(X0)X:. (6.3)
Curiously, a simple parity argument concerning (6.2) yields the fol-
lowing results.

PROPOSITION 6.1. The map 0 — Xo(0 — 3) — (0,3)T is odd for
a unique phase shift 3 € T The latter depends analytically on the
parameters € and g in the same domains as Xy, and (| _, = 0.

Proof. Suppose 3 := (¥), such that the average of the W-coordinate
of the shifted solution X}(0) = Xo(6 — 3) — (0,8)T vanishes. Let us
set X((0) = —X{(—0) and keep the even parity of f in mind. Surely
DX = O(XY), 101 = Whlle, and () = — (W), By the unique-
ness part of Theorem 2.2, we must have X/ = X{. In other words, the
map 6 — X((f) is odd. The uniqueness of [ follows readily, whereas
its analyticity can be inferred directly from that of Wy, O

As B|_, =0 and X =0, we get

COROLLARY 6.2. At the homoclinic point, the function Yy = DX
does not contribute to the Melnikov term of the splitting matriz:

DpYy (0) = 0.

Remark 6.3. Similar considerations about X; are doomed to fail
because of the parity breaking operator 29D appearing on the left-
hand side of (6.3).

Extracting from (6.3) the terms that are linear in e (which equals
Ag~? by definition) and recalling X{ = 0, we get

20 ~ 2 0
{(D+g)2 - (90 0)} X! = {9209(0) - ( o O)] X0 (6.4)
for X]. As the average of the upper row on the left-hand side of (6.4)

is zero and XY = (4,0)7, we see that v, = %g(D¢S~2¢(O)). This suggests
that v depends analytically on g. It also serves as motivation for (3.71).
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6.1. Some tools

We define the operator D!, acting on functions on T¢ with vanishing
average, by giving the expression of its kernel:

D_l(p C]) _ (iw'Q)il ifp:q€ Zd\{0}7
’ 0 otherwise.

Then D! is the right inverse of D and its range consists of functions
on T¢ with vanishing average.

Let us also define the integral operators

Z[t|h(z,0) := /t h(ze',0 +wr)dr with T :=7Z|0].

—0o0

The symbol Z, will stand for the “lowest order” of the operator Z7—
having v replaced by g in the definition. Obviously,

¢
Th(ze™, 0 +wt) = IZ[t|h(z,0) = Th(z,0) + / h(ze'™,0 + wT) dr.
0
Applying (1.7) at ¢t = 0, the formal identity
LT =1 (6.5)
follows. Complementing (6.5), one also gets
L6 =6, (6.6)

by a direct computation.

We also point out that the inverse of K = (ﬁ L?g ) on A; constructed
in the proof of Lemma 4.3 satisfies

t
K th(ze™, 0 + wt) = / K(r—t; 2" h(ze",0 + wr)dr, (6.7)
where the kernel can conveniently be expressed in terms of the matrices

Ws; 0 .
wo= (" ) =L,

namely,

K(1 —t,2e"") = Wy(ze? )Wy (2€77) — Wy (2™ )Wy (ze7). (6.8)
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6.2. The homoclinic trajectory

Consider the homoclinic point at (z,0) = (1,0). If we let the system
evolve with time, the flow of the coordinates (¢,v) is given by t +—
(0,wt) + X (e wt), according to (1.6). As the initial point lies on
both WY and W5, so does the whole trajectory, which means that
X4 wt) = X5(e,wt) must hold true at all times (after analytic
continuation to large [t|).

On the other hand, defining the time-reversal operator (recall (1.8))
Th(z,0) := (hoT)(2,0) = h(2~", -0),
(1.20) states that X* = (2r,0) — TX". Thus, we have
X" wt) = (27,0) = TX (", wt) VteR. (6.9)
Moreover, differentiation with respect to ¢ yields
Y (e wt) = fY(e”t, wt) VteR.

Denoting the ¢th Taylor coefficient of a function at the origin by a
superscript ¢ and recalling ¥° = 3° = 0, Proposition 6.1 implies—in
full agreement with (6.9), we stress—that

Xe =11 -T)xt+(0,8H)7.
This is the unique decomposition of 2(& into its odd and even parts.
Notice now that (6.6) and L2U! = ¢*Qy(X°) imply
5 = ¢35, 09 (X0). (6.10)

The imposed condition X (1,0) = (7,0)7 contains the relations

X4(0) = —6X'(1,0)  (£=1),
such that, in fact,

B =V(0) = —6,9'(1,0).

6.3. The Melnikov term

Let us study the lowest nonvanishing contribution to the splitting in
detail. The symmetry (1.3) comes in very handy, since it implies,
together with the even parity of f, that

F(@2(z71), —0) = £(2°(2),0). (6.11)
By Corollary 6.2 and (1.21), the Melnikov matrix reads
T! = 206, Y (1,0) = 29°Zo61 D Qe (X°)(1,0),
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the last equality Eeing obtained from (6.10) by applying £,. By equa-
tion (6.11), 01 DyQy(X°)(2,0) = 05 f(®°(2),0) — 05 f(0,0) is invariant
under (z,60) — (271, —0), such that setting

F(s,0) = /00 D5 f(@2(e”°),0 + wt) — 0 f(0,0 + wt)dt  (6.12)

yields
T! = ¢*F(0,0).
Here the second term in the integrand removes the quasiperiodic limit

of the first one, making the integral absolutely convergent. In fact, the
integrand tends to zero at an exponential rate as |t| — oo.

We now give a result, due to Lazutkin in it’s original form, [Laz03],
and extended by [DGJS97], [Sau01], and [LMS03] to the quasiperiodic
setting.

LEMMA 6.4 (Lazutkin). Suppose a function F' is analytic on the
set S = [—i0, 1] x {|Smb| < n}, continuous on its closure S, and
satisfies the identity

F(s,0) = F(0,0 — g 'ws). (6.13)

Then F extends analytically to {|Sms| < 9} x {|Sm| < n}, with
(6.13) still holding. On R x T? it obeys a bound of the form

|[F(s,0) — F| < CB(g)e™* "™ Blg):= sup |F(s,0)],
(s,0)eS

where F stands for the 0-average (F(s, -)) and is independent of s.
The lemma applies to the function defined in (6.12), due to Exam-

ple 2.1 and Lemma 5.2. Because the y-derivatives in the integrand are
interchangeable with total #-derivatives, F' = 0, and we get

PROPOSITION 6.5. There exist positive constants ¢ and C such that
the Melnikov term satisfies

T < CgPe e

1/(v+1)

Proof of Lemma 6.4. (Adapted from [Sau01]). The Fourier transform
of (6.13) yields

F(s,q) = F(0,q) e w05, (6.14)

which extends to an entire function of s. For s € [—id}, i¥],

|[F(0,q)| e D3 = |F(s,q)| < B(g)e ",
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and therefore,
(0, q)| < B(g)e"s lwal=nldl,
Finally, plugging this into (6.14), we get

‘ﬁ(s,q” < B<g)€f(ﬁf|3ms\)g‘1\w-qlfnlql (s € C).

For [Sms| < ¢ and |Sm6| < n' < n, the series ) ;4 F(s,q)elr? is
uniformly convergent and, as such, provides the analytic extension.

Since ax™" + fr > a(v+ 1)(%)71’/(%1) for positive «, 3, v, and =z,
we get from the Diophantine condition (1.4) that

|F(s,q)| < B(g)e 29 "eld™—ldl < B(g)eﬂslq\e*ww,n%)g‘l/(”*”

holdsif s € R, ¢ € Z?\{0}, 0 < § < n, and w(,n—0) := (Ja)"/ 1) (n—
5)V/(V+1)(V + 1)1/—V/(”+1). Moreover,

Z e~0ldl < 054,
q€2\{0}
where C' only depends on the dimension d. The bound of the lemma
now follows.
By (6.14), we compute F := (F(s, -)) = F(s,0) = F(0,0), such
that F does not depend on (s, 6). O

Remark 6.6. Notice that, for small values of g, the analyticity do-
main of F'in Lemma 6.4 is much larger than what the right-hand side
of (6.13) suggests.

Remark 6.7. Identity (6.13) in Lazutkin’s lemma is equivalent to
(s + g 'w-09)F =0, (6.15)

or, calling F(z,0) = F(g~'Inz,0), to LoF = 0. There exists a whole
industry trying to push through the argument given above replacing
T! with a “better measure” of the splitting, such as Y, by searching
for a coordinate system in which the “measure” satisfies (6.15). The
state of this quest is best described in [LMS03].

Neither Lemma 6.4 nor Proposition 6.5 is optimal. There is a re-
finement in [Sau01] which, however, is not optimal. In many special
cases one can derive a much stronger bound.

EXAMPLE 6.8. (Gallavotti et al.) A good concrete perturbation to
dwell on is f(¢,¥) = 3¢, cos(¢ + ¥). The Melnikov matrix is now



6.4. Hiding v 87

diagonal. In fact,

Jnao(eny _ (i + )" 1 {[sinh(gt>+z']2"', nen,

(1+ e2t)2n — coshl(gr) | [sinh(gt) — i*", n € Z\N,

which implies

TL =92 /°° cos(wyt)  sin(wyt) sinh(gt) gt
h o cosh?(gt) cosh?(gt)

-1 —
= 2wy, {sinh (ﬁ)} — 27wy, {cosh <%)}
29 29

exp —%g’“') ifwp, <0

. )
exp —%‘;f') if w, >0

~ 8 |wg| - as g — 0.

The integrals can be found using the Residue Theorem after lifting the
contour of integration to Smt = 7/g or, alternatively, by looking them
up in [EMOT54]. We emphasize that the domain of integration being
the whole of R and the analyticity of the oscillatory integrand above
are absolutely crucial for obtaining exponentially small asymptotics.

6.4. Hiding v

We adhere to the notation
X(t;2,0) := X(ze",0 + wt), (6.16)

which makes the dependence on the Lyapunov exponent v implicit,
such that the perturbation expansion reads compactly

X(t;2,0) = X (t; 2,0)
=0
instead of the more verbose form *

1 d*
t ¢ t
X(ze", 0+ wt) = ; 0:6 {E! legX(ze7 ,0 —I—wt)}

e=0
With little trickery, the equations of motion retain their appearance:
defining

Q(X)(t; 2,0) = [(¢%sin @, 0) + A QX)](t; 2, 6)
together with

QX)) (t;2,0) = 0f (X (t;2,0) + (0,0 + wt)),

1Recall that + is a function of e.
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and implementing (1.7), we obtain the analogue of (1.11):
OY (t;2,0) := 0F X (t; 2,0) = Q(X)(¢; 2,0). (6.17)

The explicit dependence of a function on z and 6 will often be
suppressed. Notice, however, that

X(t):= X(t;2,0) = X(0; 2z, 0 + wt). (6.18)

But due caution should be exercised when dealing with derived quan-
tities; for instance, the partial derivative with respect to z obeys

0. X (t;2,0) = €70, X (0; 2¢",0 + wt) # 0,X(0; ze", 0 + wt).

On the other hand, 9, X (t) and 20,X (t), as well as 0;X (t), inherit the
functional quality (6.18), and Q(X)(¢) was constructed so as to have it,
too. Furthermore, smoothness guarantees that the partial derivatives
0, 0., and 0y commute.

6.5. Regularized integrals

This section borrows heavily from Gallavotti, et al.; see for instance

[CG94] and [GGM99).
We consider functions h(t; z, 0) that can be expanded as finite sums

P
Z tPhP(ze, 0 + wt), (6.19)
p=0

where h? is analytic on {0 < |z| < 7} x T%—a punctured neighbourhood

of the origin times the d-torus—with at worst a finite pole at z = 0.

Let us then denote by Twh(t; z,0) the truncated Fourier series

Z\qISN iz(t; 2,q)e' % and define a regularized integral

1 t
frnoyi=m g [ eI
the residue at R = 0 meaning that of the analytic extension from the
complex half-plane with e R sufficiently large. This is well-known
from the theory of Laplace transforms. The truncation, Ty, is needed
to insure that the origin of the R-plane is not an accumulation point
for poles, since factors (R + iw - ¢)~* appear from the integral.

PROPOSITION 6.9. The regularized integral is linear. Moreover,
(1) fh(t;2,0) = f h(to; 2,0) + fti h(7;2,0)dr for any real to,
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(2) if h and b’ are trigonometric polynomials (in 0) and h(t; z,0) =
W (t; z,0) for allt, then § h(t;z,0) = § b’ (¢;2,0) for allt, and

3) Ty f h = § Th.

Proof. For a finite to, resp—o ftt e~ FITly(7) dr is equal to the eval-

uation j;z e Hrlu(r) dTlR 0 fto T) dt, since the integral is entire in
R, from which (1) follows. If h is a trigonometric polynomial, then
fh(tz0) = res L' e Brlh(r; 2,0) dr, yielding (2). Claim (3) is
trivial. 0

It is thus natural to employ the compelling notation

][; h(T;z,0)dr E][h(t; z,0),

and to view z and # as mere parameters. We also define

oo 1 oo
][ h(7;z,0)dr := lim res —/ e BTy h(T; 2, 0) dr
t t

N—oo R=0

when it makes sense (for instance, if h(t; z,0) = h(—t; 271, —0) with h
as in (6.19) and h? analytic on {0 < |z| < 7} x T9), and write

t +oo t 00 00
fo=f i ]S
+oo t — 00 t —00

Finally, foo stands for the operator that is defined by

t
][ h(t;z,0) E][ h(T;z,0)dr,

together with the previous line. Property (1) in Proposition 6.9 yields

COROLLARY 6.10. The (regularized) integral satisfies

t
8t][h(t;z,0) = %][ h(7;z,0)dr = h(t; z,0).

—0o0

PROPOSITION 6.11. Suppose h is analytic on {|z| < 7} x T¢, and
denote h(t; z,0) = h(ze",0 + wt). Then

¢
][ h(7;2,0) dr = (ho)t + D ho(0 + wt) + To1h(ze™, 0 + wt).

Proof. Decompose h = (ho) + [ho — (ho)] + 01~ and use the linearity
of §. g
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Remark 6.12. Observe that, unless the integrals converge in the
traditional sense, ffoo does generically not tend to ffooo or 0 as t tends
to 0o or —oo, respectively.

COROLLARY 6.13. Under the conditions of Proposition 6.11
t
][ Orh(T;2,0)dr = h(t; 2,0) — (hy).

Proof. Notice 0.h(T; z,0) = Dho(0 + wt) + L1 h(ze",0 + wT), and
recall the identities D~'Dhy = hg — (hg) and ZLh = 6,h. O

PROPOSITION 6.14. Analogously to the ordinary iterated integral,

][][h(t;z,e) :][_;][_; h(s;z,0)dsdr :][_;@ — ) h(r; 2,0) dr.

Proof. The first identity is a definition. In order to confirm the sec-
ond one, we first assume that it holds for the trigonometric polynomials
Tyh, and compute by item (3) of Proposition 6.9 that

][ ][ s)dsdr = hm TN][ s)dsdr

= lim][ ][ Tnh(s)dsdr = lim (t—T)TNh(T)dT

— J\Plnoo g Ty [(t —7)h(7)] dr E][_ (t —7)h(r)dr

keeping z and € implicit. Notice that the last identity is a definition.

Suppose now that h is a trigonometric polynomial in 6. If ¢ < 0,
an integration by parts (with sufficiently large Re R > 0 followed by
analytic continuation) yields

][ ][ sz@dsdT—res—/ ][ h(s;z,0)dsdr

1
= t][oo h(s;z,0)ds — Les ﬁH(R, t),

where .

H(R,t) := / e®Th(r; 2,0) dr.
But one easily checks that res RZO%H = res R:o%%H from the Laurent
series, and that the latter equals fjooTh(T;Z,e) dr. The case t > 0
follows either by analytic continuation or a direct computation. U
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We need to extend the definition of the matrices W;, given above
(6.8), by setting
W(t; 2) = W;(ze™) (j=1,2).
Then, motivated by (6.8) and its usage in the expression (6.7) of X!

on the class of functions h(z,8) that are analytic at z = 0 and satisfy
h = &k, we also define K = diag(Ke, Ky) such that K(t,7;2) =
K(r —t,ze"), i.e.,

K(t, 75 2) := Wa(t; 2)Wi(75 2) = Wil 2)Wa(T5 2).

For some functions W and W', and an operator O, the shorthand
notation
W W' oh := W OW"h) = W' O(W'h)

turns out to be practical. For instance,
t
][ K(t,7;2) h(7;2,0) dT = [Wao, Wi| 4D (L; 2,0), (6.20)

whereas, the operator in (6.7) reads [W,, W;];. Thanks to the regular-
ization in the integral, s, Wl]f can be applied to a much wider class
of functions than [W,, W;|—the latter being restricted to h(t; z,0) =
h(ze™ 0 + wt) with fast decay as t — —oo. But how is this operator
related to (the inverse of) K = (6 2 )? We now dwell on this question.

LEMMA 6.15. Let S1 denote the space of functions h analytic on
{|z] < 7} x T and satisfying (hi) = 0. Setting

Uh:= (D* —+*)"'hg + 2D (D + 27) ' hy,
the operator L:8 — 8 defined by
Lh:=Uh+ Waa, W¢1]I{5gh + 72(84 cos @O)Uh}
inverts L: _
L=L"'YonS.

Remark 6.16. The fact (LUh)<, = h<; makes the definition of L

somewhat more understandable, since then

72 (82 cos DOYUR = §y(y? cos ®° Uh) = —5o(LUR) = —LUh + h<;.
Proof. First, by virtue of LWaga, We1]702 = 02, compute
LLh = LUR + 63h + ~?(cos ®° — 1)Uh = (L% — v*)Uh + 6;h
= (D* —7*)(Uh)o + 2D(D + 27)(Uh), + 63h
= ho + z(h1 — (h1)) 4+ d2h = h — z(hy).
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So, if (h1) =0, L is the right inverse of L. Next, notice that h = Lf is
equivalent to the system

ho = (D* =~*)fo, M= (D+27)Dfy,
52}1 = L((;Qf) — 72(52 COS (I)O)fgl,

or, using [Waa, Wa1];Lds = 62, to

J<1— Z(fl) = Uh«,
52f = [W(I)Q, W<1>1]Z{52h + ’72(52 COS (I)O)fgl}.

Finally, since Uh<; = Uh,
LLf=Lh=f—{f) [z + Waz, Wai]7{7*(62 cos @%)z }].
Demanding (f1) = 0 proves that L is also the left inverse of L. O

PROPOSITION 6.17. Denote h(t; z,0) = h(ze, 0+wt) for a function
h € 8i; see Lemma 6.15. Then Ly = 02 — v*cos ®°(ze) and L =
L2 — 42 cos PO satisfy

Lih(t; z,0) = Lh(ze", 0 + wt).
The operator Wes, W«m]f maps Sy into itself and, in fact,
Waz, Waily = L' on Si.

Proof. First, identifying h(t; z,0) = h(ze™, +wt) for h € Sy, notice
that
Weaz, War] p02h = [Wag, Wa1|02h,

because the integrals converge even without regularization. Recalling
(4.13) and setting P(t; z) = P(ze) and Q(t; z) = Q(ze™), we have

1
Weaz, War|ph<i = %[Q, Plyhe + 2P][][ Ph<,

where Proposition 6.14 was used for the double integral. Splitting () =

Q1 — Qo, where Qy(z) = 271, all regularized integrals above—except

for § Qah<1—can be replaced by the convergent [ _ ., since P(z) and

Q1(z) are both O(z). The exceptional one can be explicitly computed:
1 t 6(Rf’eriq-uJ)‘r

(f @sher) o =y [ (ol +ehnta)

z

e [0t = e 0) irg=0,
(iw - q) " hi(g) + 2 e (iw - ¢ —v)Tholq)  if ¢ € Z%\ {0},
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by analytic continuation from Re R > v to a neighbourhood of R = 0.
On Sy, the coefficient h;(0) vanishes, such that [Was, Wear] s h(t; 2,0) =
H(ze", 0 + wt), where H is an analytic function on {|z| < 7} x T
Leaving the details to the reader, we point out that Ke¢(t,7;2) =
v tsinh(y(t — 7)) + O(z?) yields
0
H,(0) = —][ v tsinh(y7) € hi (0 + wT) dT

—0o0

h(0) | - _
— _% + D YD+ 27) ' h(0).
In particular, (Hy) = —(h1)/47*, meaning that [Wag, We1]; maps S,
into itself.

Since L is invertible on &7, by Lemma 6.15, we are left with checking
that Li[Waa, an]j: =1 on S;. This boils down to the identities

Li(uv) = (Lyu)v + 2(9,u) (Ov) + u 02v,
LiWg1 = LiWas =0 and  We10:Wa2 — Waa 0Ws1 = 1,
together with Corollary 6.10. 0

PROPOSITION 6.18. Let Sy be the space of analytic functions h on
{Iz] < 7} x T¢ and denote h(t;z,0) = h(ze,0 + wt). Then L =
D + 720, satisfies

Oih(t; 2,0) = Lh(ze, 0 + wt).

The operator f maps Sy into itself and, in fact,

][:8t1 on Sp.

Proof. This follows from Corollaries 6.10 and 6.13, and Proposi-
tion 6.11. U

COROLLARY 6.19. With the interpretation h(t; z,6) = h(ze,0 +
wt), the operator K = (ggg) = (Lot gtz) 18 wnvertible on the space

S x 8y, where

K1 = W, W) = <[W¢2,w¢1]f 0) |

0 #

In terms of coordinates, by virtue of (6.20),

t
K h(t; z,0) E][ K(t,;2)h(r;2,0) dT.
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Proof. Invertibility follows from Propositions 6.17 and 6.18. Recall
that K = (1%1, 1?\1, ), where Ky(t,7;2) =t — 7. Hence, Proposition 6.14
finishes the proof. 0J

6.6. Asymptotic expansion for the
splitting matrix

Starting from (6.17) and using Proposition 6.18 with (Y;*) = (DX{) =
0, we have

YU(t: 2, 0) :][t QXY (r: 2, 0) dr

The identity X*(¢; 2,0) = (27,0) °_° Xu(—t; 271, —0) yields
Yi(t;2,0) = Yi(ze™, 04wt) = Y(2z e —0—wt) = Y(~t; 271, —0),
such that defining the d component column vector

At z,0) = (Yy = Yg)(t; 2, 0)
and the functions

[o%t;2,0) = f(X*"(t;2,0) + (0,0 4+ wt))

thus results in an expression for the splitting matrix Y of (1.25) in

terms of regularized integrals: T = 0pA(0; 1,0) with

t 00
OpA(t; z,0) = /\][ Do fi(T;2,0) dT—i—)\][ Do f(7;2,0)dr,
—00 t

where the subindices attached to f* stand for partial derivatives (our

convention is ¢ = (¢, 1) and 9 = 95 = (0, y)).

Remark 6.20. Extracting here the first order in e = g=2\ casts the
Melnikov matrix in a compact form in terms of the regularized integrals:

T =9,A'(0;1,0) = g2][ 02 f(®°(e97), wr) dr.

The reader is invited to compare this with (6.12) and the equation
following it. Without going into the details, we point out that a similar
procedure, using Lemma 6.4, that resulted in the exponentially small
bound on Y! can be applied here, despite the “unusual” integrals.

Suppose that, even with the superscript u, the integral

][OO Oofy(152,0)dr (6.21)
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exists. If the integrand is a trigonometric polynomial in 8, then Propo-
sition 6.9 implies that the value of the integral only depends on the
integrand’s restrictions to {(t; z,0) |t € R}, as the notation suggests .
Now, fizing (z,0) = (1,0) and dropping it from the notation,

OyA(t) = A ][_ " fi(r) dr + A ]{ 7 f5500(X° = X*)](7) dr, (6.22)

since X*(7;1,0) = X*(7;1,0).

Let us make the assumption that ¢» — f(-,%) is a trigonometric
polynomial, such that, by Proposition 5.3, each order of X in € is a
trigonometric polynomial in 6. Even so, equation (6.22) is formal in
the sense that the integrands are defined for 7 > 0 only up to an
arbitrarily high order in €. However, it is asymptotic, which is to say
that at each order the identity is ezact. Put differently, (6.22) is a
collection of exact identities, one for each order in €, written in closed
form. Moreover, at each order, the integrands are analytic functions by
virtue of the extension result in Proposition 5.3. Of course, we need to

check that, each order of (6.21), i.e., the integral ftoo (89f$)€(7; z,0)dr
with arbitrary ¢ € N, exists °.

The point of the formula above is twofold. First, the integral
£, o f3(7) dr (at each order in €) turns out to be exponentially small
in the limit ¢ — 0. Second, we can actually construct a (formal)
recursion relation for the function Jy(X* — X")(7), taking us to ever-
increasing orders in €, as follows. Differentiate both sides of (6.17) with
respect to € and obtain

0 07
with L, = 07 — v* cos ®Y(ze"), as in Proposition 6.17, and

2 S U (4. A2 0 vyt
Mo(t; 2, ) = <g cos @ (t,z,@)o v* cos PV (ze) 8>+)‘f{z’$(t5279>‘

Owing to the #-derivative acting on X*" and Corollary 6.19, we get
t
Dp X" (t;2,0) = K(t,t2) [M*0p X" + A f20] (1 2,0) dt’,
+o0
upon choosing oo in conjunction with X® and —oo with X*. The
most convenient way to see this is to infer the identity for dyX™* and

(Lt 0) aexs,u — Ms,uans,u + )\f;‘):;

2This is the first of the two places where we need to restrict ourselves to the
use of trigonometric polynomials. . .
3...and this is the second.
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employing K(—t,—7;27') = —K(t,7;2) and X*(t;2,0) = (27,0) —
Xu(—t; 271, —0).

At (z,0) = (1,0), M*(t) = M"(t) and fj () = fj,(t), such that
(2) of Proposition 6.9 validates

Op(X° — X")(1) = ][ K(r,7") [M"0p X" + X[, ] (+) d7’ +
< (6.23)

oK) Mo - X)) dr

By construction, the quantities appearing in square brackets above are

f-gradients:

Ms,uans,u + quj;;z — 89&(3@
with

A (t; 2,0) = (I()t (%)Xs’u(t;z,@)

_ {Q(Xs,u) B (72 cos %O(ze”t) 8) Xs,u} (t: 2,0)

regardless of the value of (z,60) and, but only at (z,6) = (1,0),
[MP0p(X° — X)) (t) = [Op(A° — A™)] (¢).

Notice the structure of (6.23); it is an affine fixed point equation of
the form ( = £+ BM?*( solved formally by ((t) = 0p(X*—X™")(¢). This
is highly interesting from the point of view of asymptotic analysis, since
M?® = O(e) multiplies ¢ on the right-hand side. Indeed, truncating the
Taylor series in €, e.g.,

k

¢Sk — Z €ict

i=0
the identities (¥ = (€ + BM*¢)* = (€ + BM*¢=F"1)* become ex-
act. Hence, we can recursively construct arbitrarily high orders of
Op(X® — X*)(t) from its lower orders, without the need of diverting
from {(¢;2,0) = (t;1,0) |t € R} in order to compute the f-derivative.
Cumulatively, we have (¥ = [Z;:é(BM s)jé’]k, where the index j is a
power.

PROPOSITION 6.21. In brief, the (presumably) divergent Neumann
series 22 ((BM®)/E is an asymptotic expansion of 0p(X* — X")(t) in
the sense that
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(1) At each order in € it terminates after finitely many well-defined

terms, and
2) [9(X° = X*) = [S2o(BMYE] ™| (1) = O+ for each
k e N.

Once inserted into (6.22), the latter series provides us with an as-
ymptotic expansion for the splitting matriz 0p/A(t) on the homoclinic
trajectory (t; z,0) = (¢;1,0), and in particular for T = 9pA(0;1,0):

COROLLARY 6.22. In the asymptotic sense of Proposition 6.21,
BpA(t) = A ][ Dy f2(7) dT + A ][ [ £ Z(BMS)JE] (r) dr
—00 t =0

The operator B above has the expression

t
Bh(t: 2,0) = ][ K(t, 7 2)h(r: 2, 0) dr, (6.24)
whereas & is the restriction of
Et; z,0) = K(t,T;2) 0pA"(T; 2,0) dT

o0

0 (z,0) = (1,0). We may split the kernel K into the useful sum

1 2
K(t,m52) =Y ) (t—7)Kij(t 2)Ky(73 2), (6.25)

=0 j=1

setting

1 /Q 0 _ P 0 1 /P 0
KOl - % <O O>7 K()l - (0 0)7 KUZ - _% (0 0)7

= 0 P 0 - P 0
K02: (602 0)7 K11:2(O O>7 Kllz (0 O)?

with P(t; z) = P(ze") and Q(t; 2) = Q(ze"") defined in (4.13), and

= 0 0
Ky = Ky = (() 1)-

In this way, also &€ splits into pieces:
1

E(t; z,0) ZZZtKwtzé'pzﬁ)

i=0 p=0 j=1
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where, in the Kronecker delta notation,

&;(z,0) = _][ (=) P K5 (75 2) 02U (13 2, 0) dr.

—00

We shall see that, for each fixed pair (z,6), these t-independent factors
are exponentially small with respect to g, as the latter tends to zero.
Furthermore, if

Kfj(t; z) = tPKy;(t; 2),

then
i 2

1
(BM*)'E =Y "> "[(BM*)'K?] £
=0 p=0 j=1
This is so because, by Proposition 6.9, all integrals due to (6.24) fac-
torize formally: if h is a trigonometric polynomial at each order, then
1

]{Oo(hg m2,6) dr = ZZZ[][ (732, 0)TP Kyj(; 2) dT | £ (2, 0).

=0 p=0 j=1
By virtue of Corollary 6.22, we infer

PROPOSITION 6.23. On the homoclinic trajectory, the following as-
ymptotic expansion of the splitting matriz holds:

89A(t):][oo)\89f¢( )dr + & (HEP, (6.26)

where repeated indices are contracted (i € {0,1}, p € {0,4}, j € {1,2}),
(2,0) = (1,0), and

(1) = ]{ h 7 fg i(BMS)lej] (7) dr.

As we already pointed out, but have not yet proved, the terms
appearing in the asymptotic expansion of Proposition 6.23 are expo-
nentially small with respect to g. The factors cfj shall pose no prob-
lems, the functions M*® and Kfj being explicit and simple. In brief,
Theorem 2 begins to emerge!

For the record (at (z,6) = (1,0)),
(1) = (—1)pi ][ ey myan @2
- =0

where B, is shorthand for the operator [Ws, Wi]; appearing in (6.20).
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6.7. Emergence of exponential smallness

The “asymptotic” integrals in (6.26), including £}, are of the form

][ OpF (X" t;2,0)dt = Z Z zqelqe][ (X'”tzq)] dt,

= 0<|q|<¢N

evaluated at (z,0) = (1,0), where the integrand on the right-hand side
is a trigonometric polynomial of degree < ¢/N by Proposition 5.3. We
also point out that, by construction, the latter are #-gradients, which
allows us to omit the harmful ¢ = 0 terms. Above, F depends on
X = X" locally, i.e., only through X(¢;z,0), as well as analytically
near XY, i.e., the series

F(X)=FX°+X) = }:zﬂk (6.28)

converges. In fact, since F' is one of the functlons in
O U= jo<p<i<land1<j<2}, (6.29)
we observe that
F(X"t;2,0) =tPF(X"0;2¢", 0 + wt) (p€{0,1}), (6.30)

with (2,0) — [F(X%0;2,0)] analytic on (U, \ {0}) x {|Sm0| < o}
for all ¢ by virtue of Proposition 5.3. At z = 0 there is a simple pole,
due to Ky,, at worst.

Next, we present a lemma that we use for analyzing such integrals.
Its proof is given at the end of the section.

LEMMA 6.24 (Shift of contour). Suppose that the function h(t; z,0)
= tPh(zed", 0 + wt) is analytic with respect to (z,0) € (Uyy \ {0}) x
{ISm6| < o} and h(-,0) = 0. Moreover, set t,:=sgn(w-q)dg~" and

H,(R) ::L/" 9B (1 g (o) g iy
0
for each q € Z2\ {0}. If

0
][ e (t 4 ity )PR(e9 M) ) dt| < A(g)e M

—00

and if Hy(R) admits an analytic continuation to {0 < |R| < p} with a
pole of order k at R = 0, respecting the bound

sup |[Hy(R)| < B(g)e 1,
|Rl=p
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then we obtain the exponentially small (¢ > 0) bound

‘][: h(t;1,0) dt' <C {A(g) + B(g) i 1 (@)j] e

1l
—=i'\yg

With the aid of Lemma 6.24, we shall prove in Chapter 7 the fol-
lowing key result:

PROPOSITION 6.25 (Convergence vs. exponential smallness). Fiz
at € R. There exist positive constants c, €1, €3, and C, such that the

estimates
€5 LA gmeg /D

NGy {

1
both hold true for all ¢ =1,2,....

This dichotomy, in which the exponential smallness competes with
the usual bound due to convergence, is not new; see [Gal94, GGM99,
Pro03]. Tt is remarkable that we get the same exponent of the facto-
rial, 4(v + 1), as the latter articles—even though our method is quite
different.

Theorem 2 follows immediately from Proposition 6.25 by an argu-
ment due to Gallavotti, et al.: For each g, let n(g) be a positive integer.
If |¢] < 1 and € = émin(en(g) 1, &),

n(g) ’ 0 ,
) < co S (e ey (1)
— 2 = €1
=n(g)+1
\e[)n(g)ﬂ

1

€9

1/(v+1)

< Clele=s Y 4+ CJelentormiel

since ¢! < ¢ < n(g)* in the first sum. Now, set n(g) = cg~/#*1/In 2,
such that n(g)In|é| < —cg= "+ and

€= (¢/ea)n(g)*"* = e3¢/ In2) 0+ eg~
for sufficiently small g.

Remark 6.26. We used the exponentially small but diverging esti-
mate to bound the partial sum Z?igl) €0y A?, whereas the remainder
of the series was easily controlled by convergence. As n(g) — oo with
g — 0, the important thing here is to have the exponentially small
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bound on A’ for arbitrarily large ¢, in addition to the e-analyticity
of (%A

Proof of Lemma 6.24. By shifting the contour of integration from
R to the complex plane by it, := isgn(w - ¢)Yg~" units, we compute

][ tph(egt7 Q) iq-wt dt = }ge_so/ 6—R|t|tpﬁ(€gt’ q)eiq-wt dt

Ly i —9g ™ Hw-
= res —{ e M H,(R) + oL, (R) peo 1,
where H, is the integral defined in the formulation of the lemma and

0
I,(R) = / TR g PR(e90H1) g .
There were, a priori, two additional line integrals foitq, but they cancel

due to the residue at R = 0, as is easily checked. Because B( +,0) =0,
(the analytic continuation of) I,(R) cannot have a pole at R = 0, which
we infer from the Taylor expansion of h(z,6) at z = 0. Hence,

efal (R) [, - :

_ iq-wt i \P g(t+itq)

res ———— ][_ e " (t + ity )Ph(e ,q) dt.
If H,(R) has a pole of order k at R = 0, then

il(—)j sup |, ()]

|

[e.e]

k

—zt
s o) Aoy (

7=0

—iRt,
res 671%(3)’ _
R=0 R

because the Laurent coefficients
H. . = 1 HQ(R)

S AR
v m i, RO

satisfy
[Hy—j| < " sup [Hy(R)],

|Rl=p
whenever the circle |R| = p is inside the domain of H,.

Under our current assumptions, for any 0 < 6 < o and ¢ € Z4\ {0},

o)
][ tph(egt’q)eiq-wt dtl < D(g)e—6|q|e—w(ﬂ7a—_6)gfl/(u+l)7

where

0= [0+ 503255

Jj=0
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since—mimicking the proof of Lemma 6.4—we are free to take w(d, o —
) = (Ya)¥/ ¥+ (UT*‘S)”/(”H)(V + 1). Summation over ¢ produces a
factor C5~ O



Chapter 7

Proof of Theorem 2

JE are left with proving Proposition 6.25, since Theorem 2 was
already shown to be its corollary. Here things are most con-
veniently explained using tree diagrams. Consequently, and
contrary to what the title of the work suggests, there will be trees
all over the following pages! However, each tree will be treated as an
individual, solely for bookkeeping benefits, and no cancellations nor
regroupings are forced upon them.

By Proposition 6.23, we need to consider the simple factors c”, as
well as the more involved integrals

][ F(X"t,z,q)dt = Z ][ X“tzq)} dt (7.1)

of Section 6.7, at each order ¢ > |¢|/N > 0. As F comes from the
collection in (6.29), all integrals of the latter type shall be controlled
with the aid of Lemma 6.24.

Due to the superscript u—referring to the unstable manifold—in
the integrand above, the required bounds on the integrals over R_ in

£, = ffoo +4,° are straightforward, and are discussed later.

In order to deal with fooo, we present the procedure below, which
amounts to little more than integration by parts. First, we expand F
according to (6.28) and split

X=X t0X——— s —O

103
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like in Chapter 5, at the same time dropping the superscript u from
the notation. We can then express F' pictorially as

> 2

m=0 0<m’<m

where the binomial coefficient in front of the tree comes from the
combinatorics of shuffling the arguments of the symmetric F(™ 1,
which is attached to the root (node). Next, we replace the subtrees

—(O= 5, X with the expansion (5.9) derived from (5.5).

In a tree T, with root vy obtained like this, a generic subtree T,
with root v has the expression

T, = Uy(K Ty, KTy 5 (X)) 2™, (7.2)
where T, is a subtree—with root w;—entering v and the node function
U F(™) coming from (6.29), if v = vy,
Y Jw™) as in (5.2), otherwise.

In a pictorial representation, there are m, lines entering the node v and
precisely m, — m,, of the latter are leaving a black dot (e) end node:

The “whole” tree T),, contributes at orders ¢ satistying
0> 1+ (my, —mp) + Y deg T, =: d(T,,), (7.3)
j=1

IThis convention merely facilitates drawing.
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where deg T;,—defined in (5.8)—counts end nodes with suitable weights
as well as nodes with exactly one entering line in the subtree T,,. By
this we mean that d(7,,) is the largest integer such that

T,, = O(eTw)) as ¢ — 0.

7.1. Some combinatorics

LEMMA 7.1. The number of nodes, n(T,,), of a tree T,, contributing
at order £ > 2 is bounded by

n(T,,) < 20 — 1). (7.4)

The number of end nodes is at most £ — 1.

Proof. n(T,,) attains its maximum with respect to the “degree”
d(T,,)—which is a lower bound on f—as follows:

(1) If n(T,,) is even, there is only one line entering the root vy and
the rest of the tree is binary, i.e., contains only end nodes and
nodes with exactly two entering lines.

(2) If n(T,) is odd, the tree is binary.

Moreover, each of the end nodes is either e or @, which contribute the
least to the degree; see (5.8). These choices minimize the number of
end nodes when the O(e) nodes having exactly one entering line are
excluded (except at vy which is always O(e€)). Therefore, d(T,,) gets
minimized with respect to the number of all nodes, n(7,,). Since in a
binary tree of j end nodes there are 2j — 1 nodes, we infer (7.4).

If there were more than ¢ — 1 end nodes, each of which is O(e),
d(T,,) would exceed /. O

COROLLARY T7.2. At most 25¢ trees contribute at order /.

Proof. Tt is well-known that the number of (rooted) trees with k
indistinguishable nodes is N (k) := £ (**~?) < 14*=1 which follows from
generating functions (see [Drm04]) and the bound (2m)! < 4™ (m!)2.
By Lemma 7.1, the number of end nodes is less than ¢. We label the
latter arbitrarily by the labels in {e} U{@ |1<m < -1} in order
to form an upper bound on the number of our trees; these are the
only possible labels, as otherwise d(7,,) certainly exceeds the order
(—contradicting (7.3). The labeling of a tree with j end nodes can be

carried out in at most (j;.rﬁl) < 2+1 ways. The desired bound on
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the number of the resulting trees is thus obtained from
-1 (e-1)
(+k—2 20 —
1 N(k N(k) < 26
A1) (1) T s
because, by Lemma 7.1 the number of the end nodes is bounded by
¢ —1 even though the number of nodes can be as large as 2(¢ —1). The
term 1 on the left-hand side counts the single node tree F(©. U

7.2. Simplification of integrals: scalar
trees

We take a preliminary step towards bounding the values of the trees.

Let us split the kernels K of the operators K~! appearing in (7.2)
into four pieces according to (6.25). These operators are attached to
the lines between the nodes of a tree. Each of the 2% trees counted in
Corollary 7.2 thus breaks into at most 4% new trees, as there are no
more than 2¢ such lines by Lemma 7.1.

At the same time, we also expand the matrix products due to the
coordinate representation of (7.2) at each node:
d+1 d+1

U (D1, Ta) = oo > (UG T T,

Jji=1 Jm=1

where the T}’s represent all arguments of U, (i.e., lines entering the
node v)—including X<;—and the superindices specify vector compo-
nents. We next separate each scalar term into its own tree, thus getting
up to (d + 1) of these scalar trees from each old tree.

There are lines carrying a factor ¢ — 7, coming from the ¢ = 1
terms of (6.25). They correspond to double integrals: [ ﬁoo(ah')2 =

ffoo dr (t — 7). We remove these factors, insert a new node o on the
line with a node function Uz = 1 and an integral sign both on the line
leaving and on the line entering v. This operation can be depicted as

— . | (7.5)

It does not affect the number of trees, but slightly simplifies the dis-

cussion below, even though the number of lines in a single tree can be
as much as doubled.

Altogether, we arrive at the following conclusion:
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PROPOSITION 7.3. There are less than CY scalar trees to be consid-
ered, with Cy = 21°(d +1)%, at each order (. Each of these trees has at
most 4(¢ — 1) lines.

Remark 7.4 (Some conventions). From now on, by a tree we will
always refer to a scalar tree, where all the decompositions above have
been carried out. In order to alleviate notation, we systematically omit
all vector component indices.

Recall that the node w’ is the unique predecessor of the node w.
Let T, be a generic (scalar) tree with root vg. Denote by V' the set of
all nodes and by Vi the set of integrated nodes, i.e., the nodes whose
leaving line carry an integral. We consider the root vy an integrated
node, such that Vi, consists of all nodes of T, except black dot (e) end
nodes. We can describe T;,, by giving its node structure recursively: if
T, is the subtree of T" with root v € Viy,

T,0) = u(t) [] / T, (7) dr. (7.6)

—0o0
we‘/;x\t
w'=v

We call u, the multiplier of the node v. It comprises all factors in the
expression of the tree carrying the same variable of integration (“time
label”), constricted in-between integral signs. In particular, it contains

all subtrees ———s entering v, as these are the functions X<; involving
no integrals.

To be completely explicit, the multiplier u, of a generic node v €
Vit 1s one of the functions in the list below:

(1) K,6:h®), if v is the end node (k); see (5.4).

(2) I_('Uw(m”)<Hw¢Vim )?§1> <Hw€Vint Kw>, if v is neither an end
node nor thewrggt Vg. o

(3) 1, if v appeared from splitting a double integral; see (7.5).
(4) FOmo) (met )Zgl) (Hwe,vim Kw>, if v = vp; see (6.29).

The functions K, and K, refer to diagonal elements of K;; and [_(i]- in
(6.25), respectively. m! is the cardinality of {w € Viy | w' = v} and
m, —m,, the cardinality of {w € V' \ Vi | 0’ = v}. We point out that
each factor in u,—and u, itself—is a scalar, due to Remark 7.4.
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We draw the scalar (sub)tree in (7.6)—originated from (7.2)—as

where m/ is the number of factors in the product. This diagram is rem-
iniscent of the one below (7.2), except that the operator U, has changed
into the multiplier u,, and the subtrees ———e have been absorbed into
u,. Moreover, recalling the decompositions above, the present diagram
carries [*__ on its lines instead of K~'——compare (7.6) with (7.2)—and
has possibly more nodes due to the diagram in (7.5).

In what follows, we do not consider the end nodes with a black
dot (e) nodes anymore. Subsequently, we will not mention the set Viy
below, and refer to “integrated nodes” as just “nodes”.

7.3. Integration by parts
Reinserting the implicit arguments (z, ), the multipliers u,, obey
uy(t; 2,0) = tPu, (2™, 0 + wt) (7.7)

for the obviously defined w,(z, ). The power p can be nonzero only at
the root, v = vy, where it possibly assumes the value 1. The latter is
caused by case 4 in the list collecting all possible multipliers above.

We will now turn our attention to the integrals Jfo w(t; 2,0)dt, i.e.,
g res i o(t; 2, q H / (152, qu)dr dt, (7.8)
Bo0 R v w
@t qw=q w'=v

at each order ¢ > |q|/N > 0, which arise from (7.1) together with (7.6).
In fact, at this stage v = v (the original root), but we preferred writing
down the more general form. We have omitted the usual hat in the
Fourier transforms, since there is no danger of confusion.

Remark 7.5. The task is to show that the t-integral in (7.8) extends
analytically from large and positive values of Re R to a (punctured)
neighbourhood of R = 0, such that the residue can be computed. For
this, we need the specific structure of the multipliers u,,.
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Let us define
501 = 502 =1, 501 = 502 = 511 = 511 = —1, and 512 = 512 =0.

There exist positive, continuous, functions a;; and a@;; such that
1K (t;2)| < aij(2)esM and  |Ky(t;2)] < aij(z)egm‘” (7.9)
hold on {(t,z) e R x C | |z| =1 and ze" # +i}. Moreover,
Ajs
J (7.10)

13’
g

aijdij =

where A;; is independent of . Notice that, in the Kronecker delta
notation,

Following the notation used with the multipliers, we drop the sub-
indices 77 and just write &, and &,.

For each node v, define the numbers
r, = sup min{k € Z ! Vo> 0:uy(t;z,0)e k" L 0ast — oo}

(2,0)eB
with
B :={|z| = 1,]arg z| <9} x {|Smb| < o}. (7.12)

Thus, recalling (7.7), we are inside the analyticity domain U,y x

{ISmf| < o} of Lemma 5.2. These numbers measure the divergence
rate of the multipliers in the limit ¢t — oco.

LEMMA 7.6. Ordered according to the list of possible u,’s on p. 107,

&+ k, case (1),
— Eot (my —ml) + > &w, case (2),
° o, case (3),

&+ (my —ml) + Y e Swy  case (4),

where & € {0,1} depends on the choice of F in (6.29). Moreover
uy(2,0), see (7.7), is analytic on {|SmO| < o} with respect to 6 and
on Uy \ {0} with respect to z. It is also analytic in the punctured
neighbourhood {|z| > 7'} of 2 = oo, at which point there is a (possible)
pole of order r, (if r, >0).

Proof. The maps ®°(z) and f(®°(z),6) are analytic in these do-
mains, without singularities at z = 0, 0o; see (1.3). The rest follows by
staring at the expression of u, in each particular case. 0]
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Starting from the end nodes of a tree—setting s, := 0 for them—we
recursively define the integer numbers

Sy 1= Z max(0,n,) and mn, =71, + S,. (7.13)

They measure the divergence rate of (sub)trees in the limit ¢ — oo:
LEMMA 7.7. For T, as in (7.6), and any § > 0,
T,(t;2,0)e” ™ L0 as t — o0 (7.14)

and

¢
< H / Tw(7) dT) et 0 as t— oo (7.15)

hold true in the region B of (7.12).

Proof. Assume that (7.14) is true for each successor w of v (w' = v).
By (7.6), we only need to observe that, given § > 0,

'/ (73 2,0) dr

in the limit ¢ — oco. For then (7.13) implies (7.14) for the node v.

Since (7.14) is clear in the case of end nodes (n, = r,), we have an
induction proof for the claim. 0

t
<C)+ 02/ e T g — O(e[max<0’”w)+5]7t)
0

Let us now come back to the integral in (7.8), i.e.,

/ o(t; 2, qw) H / (T; 2, qu) dT dt, (7.16)
0 il

recalling Remark 7.5. An obvious problem is the exponential divergence
of the integrand, T, (¢, z; q), in (7.14). Our cure is the following. Since
U, is meromorphic at z = oo, by Lemma 7.6, we may expand

Ty

uy(2,0) = Y 2y (0) + vy <—s(2,0) (7.17)

k=—s
for any integer s > r,, with
Uy < s(2,0) =01 as z— oo
Extending (7.7), we write

Uy 1 (15 0) = tP e uy 1 (0 + wit),
Uy <—s(t;2,0) = P uy «s(2€7,0 + wit).
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In particular, the integral

o0
/ uy<svtquH/ w(Ts 2, qp) dr dt
0 W' =v

is convergent for e R > —~, by virtue of (7.15), and can be estimated
on a circle |R| = p < v for the purpose of Lemma 6.24.

The rest of the integral (7.16) is integrated by parts: for —s, < k <
r, and sufficiently large values of Re R,

/ zuvktqu/ w(T5 2, qu) dr dt
0

w’'=v

:zkuwk(qv)/ ek tiguw—Rt 4p H/ (T3 2, qp) dT dt
0 w'=v

2Fuy1(q0) | Eu(0) 1 Rt A
= : Tt dt Nl
o) § 20 Z:R | e Sran, @)

where p € {0,1} depends on the choice of F' in case (4) on p. 107,
R, =R —ky—iw-q,

and
E, = E,(t;z,{qu}) : H/ (T; 2, qu) d.

According to the Leibniz rule and the recursion relation in (7.6),

dﬁ = 3" T.0) H / T () dr

"X OS] (L] re)

conv w’'=

leaving z and a bunch of Fourier indices implicit. Above, > _  stands
for a convolution. Throwing the sums out of the integral, we observe
that the remaining integral in (7.18) produces integrals similar to the

original (7.16), except that

(i) u, changes to w,,
(ii) R changes to R,,
(iii) p changes to p/, and
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(iv) the integral on the line leaving w, namely ffoo Tw(7)dr, is
replaced by the integrals on the lines entering w, namely the
product [[._, fjoo To(T)dr.

Thus, a single step in the integration-by-parts scheme can be de-
scribed in terms of trees as follows: Given a tree, consider one of the
successors, w, of the root, v = w’.

The line from w to v is “contracted” by erasing the node w, reattaching
to v all subtrees originally entering w, and replacing the multiplier of
the root, v, by u,. Finally, we rename the root w.

We can proceed recursively, as follows. Let us number the nodes
of the original tree, say Ty, with the aid of the figure above. First, set
vg := v. Then choose a successor w and define v; := w, contracting
the line from w to v. Next, in the new tree (the rightmost diagram)
called T7, choose a successor of w and call it v. Contract the line from
v9 to v1. Repeat until the tree has been exhausted and all nodes have
been numbered. We can express the sequence of trees formed as

Tt =u, ] / To(7) dr. (7.19)

where in the product we consider the tree T; with the root v; having
the successors w. Define the numbers

rii=r, (1=0,1,...).
Analogously to the numbers s, in (7.13), we set
5; 1= Z max (0, 1),
wET;: w'=v;

where the numbers n,, are the ones defined in (7.13) for the original
tree. Notice that, although sy = s,,, s; is not simply equal to s,,, but
is the analogue in the tree T; of which v; is the root. Similarly to (7.15),
s; bounds the divergence rate of the product in (7.19): if 6 > 0,

t
( H / Tw(T) d7'>e_(5i+6)7t—>0 as t— oo. (7.20)

weT;: w'=v;
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The following, elementary, property is useful.

LEMMA 7.8. For every i,

Siy1 trig1 < S5

Proof. We compute

Sip1 = Z max (0,1n,) = Z max (0, 1,,) + Z max (0, 7).

weTj41 wET;: w#v;41 ’/LUETi
w'=v;41 w' =v; W =Vi41

SInce rip1 1= Ty,ps Moy, 2= Toyy + Su,p,, and

Z max (0, 7) = Su,,

weT;
w'=v;i41
we get
Si11 -+ Tiy1 — E max (07 nw) + nvi+1 S Si,
weT;: ’LU7£U1'+1
w'=v;
as claimed. O

Let ko := 0 and Qy := 0. Suppose that at the ith step we are
considering the integral

(o] 5 ) t
/ e(iQrerkW*R)t tPi Uy, (Ze'yt’ o, )elq% “wt H / T, (7_) dr dt.
0 weT;: w/=v; ¥~

Then the integration-by-parts procedure described above takes us at
the (i + 1)st step to a similar integral with i replaced by i+ 1, defining

ffiJrl =k +k and Qi1 = Qi + qu,, (7.21)

multiplied by the factor

Zkiuviaki(qvi)

(R — kip1y — iw - Qz’+1)1+pi_pi+1 ‘ (722
The integer indices p; ;1 and k; can assume the values
0<piy1<p;<1l and k;= ki — Siy ..., T (7.23)
With the aid of Lemma 7.8, it is straightforward to see that
0<hi+ri+si<ng, (7.24)

where n,, = Sy, + 7y, = So+ 1o is the number describing the divergence
rate of the original tree, Ty, in the sense of (7.14). The number of
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possible values of k; above is thus at most 1 4+ n,,. This implies the
two-sided (equivalent) bounds

Ti— Ny < ki <7;poand 0 <1y — ki <y,

We continue recursively until there are no nodes—alternatively, in-
tegrals that require regularization—Ileft. The result is a sum with terms
of three different species. Setting

Ri =R —kiy —iw - Q;,
such that Ry = R, the first ones are of the form

2% Uy, 1 (Q; )
” 2 viki\Hvi) 7.25)
1+ 7 i+1 ) (
=0 Rerip e

where |Vipt| is the number of nodes in the original tree; see above (7.6).

We need to define

E;i(t) :== E;(t; 2, {qu|w € Tj,w" = v;}) := H / (752, Gw) dT,

weTy: w'=v;

which is the analogue of E, in (7.18), in order to make the presentation
more compact. There is the second class of terms

Jj—1 k. o0
| | < Zuvi,ki(qvi> iqy. - w—R;)t 4p.;
( R1+pi_m‘+1 ) A e e Uyj<—kj—s; (Zew’ qu) Ej (t) dt,

i—0 Ltit1
(7.26)

for 0 < j < |Vin|. Last, again for 0 < j < |Vin/,

J—1 g, k;

ity 1 (Qu,) \ 2 U, 1, (G, )

AMR 222 F(0). (7.27)
Trpi—p: T+p, j
() 5

7.4. Estimates

By the very definition of s;, we can bound

|B;(t)| < Cpyesteo 1l (¢ > 0),
for |z| = 1 with |arg z| < 4. Postponing the proof by a few paragraphs,
we formulate

LEMMA 7.9. Suppose u,, # 1 (case (3) on p. 107). The coefficients
Uy, k; (q) have the bounds

< Oy rhirigmoll,

|uvi7ki (qu‘>
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On {1 < |z| < 77! with |arg z| < 9} U{| | > 771}, for a new C,,,
[ty sy (20 o) < Cop(7]2]) 787571 (1 4 3o el

Remark 7.10. It is worth pointing out that the second bound in
Lemma 7.9 appears from only one node, such that the powers ¢
cannot accumulate. After its first appearance, there is no need to
further decompose the multipliers.

For |z| = 1 with |arg z| < ¥, the integral in (7.26) is bounded by

Co,Cr,
,.)/1+P]

where (7.24) has been used. Thus, the bounds on (7.25), (7.26), and
(7.27) read

[Ving| ~1 C Vi -1 Vi -1
H _ Yu s T ) o 21 T g,
’Rl-i-pi—pz‘ﬂ‘ )

i+1

C,.Cp, j— j

H . v; VE; (37_—1)nvo—l—l,rzg:é(ki—m)e—aZgzo\qvi|—02\qw|

1+Pz pz+1 ,-)/1+Pj
= H—l

and

*Ulqvj|*02|qw\
)

(37-_1)”U0+1

H 4 C”JCE Z olk -—m)e—UZZzolqvi\—UZWw'
1+p1 pz+1‘ ‘R1+p3| 7

Zo | Bt j4+1
respectlvely. Here the products of the factors e?l%| are bounded by
e 19l because the tree is a Fourier transform with index ¢, and the
¢»’s come from convolutions. It is an exercise that n,, < ¢ in a tree
contributing at order £.

LEMMA 7.11. For all j =0,1,...,
J

Z(lﬁ — 1) > Ny,

=0

Proof. From (7.21) and (7.23), we clearly have k;;; > —s;. Then,

J J i—1
S (ki—ri) =k — > > —(s;+715) = D7
i=0 =0 =0
i—1
> Si—1 — T 2> 2 =89 —Tg = Ty,
7=0

with the aid of Lemma 7.8. O
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Proof of Lemma 7.9. Here we usually omit the subindices ¢, v, and
vp. According to Lemma 7.6, u, is analytic on {|z] > 771} x {|Sm 6| <
o} with a pole of order r, at z = co. A Cauchy estimate then reads

[uy 1 (0)] < 8 sup luy(2,0)] < orkr,

l=r-
Now |y 1(q)| < ecldl SUD|gmo|<o|Uuk(0)] yields the claimed bound.
The second inequality is a trivial consequence of the first one for
|2| > 2771, For other values, use (7.17) to bound |u, ._;_ (2, q)| by

_ ~ _ T+l;2+8
< [l Fo {24y (2, ) 4+ Ceolilr et ST it}
=0

< Cefo\q||Z|fl~cfsfl{(27_fl>l~€+s+r+1 4 Tfl;fsfrflngrfers}’
where |2|7"|u, (2, q)| < Ce?l4l. Now, recall 7 < 1 and (7.24). O

Suppose that, in the domain B of (7.12),

et if t <0,

7.28
x(t)e™t, ift >0, (7.28)

for a polynomial x. Then, by virtue of the bounds (7.9), equations
(7.10) and (7.11), and elementary computations,

ChAZ‘j {62%, t <0,

<
T |yt)emt, t>0,

‘Kij(t;z) / (= 1) R (s ) Wt 2, 0) dr

—0o0

where y is the polynomial

(1) = L+i+ax(t), ifn+&;>1,
y(t) 1= 1+t z(t), ifn—l—gij:()(z'.e.,n:j:l),

The functions h™ in (5.4), representing end nodes, admits a bound
like (7.28) with C), proportional to g?. For them, the factor y=2 is
essentially cancelled; C/~? is bounded in the limit ¢ — 0. We can
recursively bound an entire tree by beginning from the end nodes and
proceeding towards the root. At each node whose multiplier is not
identically 1 (case (3) on p. 107) there is a node function bounded by
C,g* with C, = O(1) as g — 0, such that the factors v~2 above do not
accumulate but are balanced;

|‘/int|_1 Jj—1
H Ch.. < Cvi>CEj < (O*A)IwntICLV\thI <oVl
=0

=0 %
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Here V, defined above (7.6), is the set of all nodes including the black
dot () end nodes. Moreover, A is the maximum of the four possible
A;;’s above, and there is one of the latter for each of the |Viy| lines
carrying an integral.

Notice that the fraction 1/R;; is analytic on the domain where

|R| # 2pis1 = k1Y + iw - Qi
Thus, they are all analytic in a punctured neighbourhood of the origin,
namely

0 <|R| <p:=min{p; | p; > 0}.
On the circle |R| = p they satisfy the bounds

1

1+pi—pit1
Ri+1

< (max (pi1,p) P < pr i,

Since Q| = ZLEB“'A ¢v; = q¢ # 0 by assumption, p > 0 indeed.
Further, for some j,

11 ; 1 )7 lfQj:07
p=p;=3zlkjy+iv- Q] > 3 .
o d 2{CL|QJ'| if Q; # 0.

We can associate with v; the orders ¢,, with the property that

where £ is the order at which the tree contributes, and which bound the
Fourier indices we have to consider: |g,,| < ¢,,N. This is a consequence
of Proposition 5.3. In particular, for all j,

|Q;] < EN.
Thus,
-1 1
11 e | S0 (0<5 < Vi),
=0 i+1

By Proposition 7.3, the order of the pole at R = 0 in our integrals does
not exceed K := 4¢. We insert this into Lemma 6.24 and compute, for
0<J<K,

1% J _ 1 — v\ — v
<§> p K = WT—J < C*max (g o™ (ga(¢N)) 7 (01) )

There are at most
(40)! < 4% ()
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orders in which we can exhaust all lines of a tree contributing at order
¢, since the latter has |V| < 4(€—1) lines, according to Proposition 7.3.

7.5. Remaining integrals

The integral over R_ in (7.1) is simple, because the integrand satisfies
the identity (6.30) and has the analyticity properties stated below that
equation. In other words, we can separate the (possible) pole and the
constant term from the rest: writing F'(X"*; 0, z2,0) = F(z,0),

F(X"%t,2,0) =tz e " F  (04+wt) +tP Fy(O+wt) +176, F(ze™, +wt).

Applying fi)oo on each term separately, we get

][0 Z_leiq/'eﬁ—l(Q) +

F(X"t,2,0)dt = (—1)" Y — -
—0o0 q (qu_r)/) P

iq’~€ﬁv 0
+ (_1)?2 ﬁ -+ / tp(SlF(ze"’t,G—i—wt) dt
q'#0 -

These terms are small compared to to the large bounds obtained for
the f;° part above.

Studying the coefficients cfj appearing in (6.26) is most conveniently
done in terms of the representation (6.27). Since M™ = O(e), only

—t
][ [ %(B“Mu)lf(fj] (7)dr
with [ < ¢ can contribute to cf’] at order ¢. Moreover, we only need
to consider ¢ > 0, because 9pA(t) = 9pA(—t). The integral consists,
through (6.25) and obvious change of notation, of 4! terms of the form

][:t(le)(Tl)][Tl (11 _Tlfl)pl(vaM)(Tlfl)"'Kl(Tl)][j—l (11 — 70)P (K M) (70)75° Ko (70).

Ifpo=1, weuse o= (19— 1)+ (11 —T2) + -+ (1, — t) + , getting
[ 4+ 2 terms of the original form except that py = 0 and either it has a
factor t or precisely one p; — p; + 1. We proceed by computing

T o N h(q)eir«™  h(0)rm+l
][ (1 —7)"h(wr")dr’ = Z (z'c(uq-)q)m“ (£n)+ 0

e a#0

(m € N).

Suppose that, starting from the integral with respect to 7y and pro-
ceeding all the way to 7, we always pick the “resonant part” of the
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integrand. This results in terms of the form

iq-wT Bl(Ql) Bo(qo)

(iw - Q)P (iw - Qg)Pr+! (7.29)

e

Here

Qi = ZQi and Qi =gq.
=0
Due to M = O(eg?), (7.9) and (7.10), each K;K;M produces a factor
CAle|gP*' to the upper bound, whereas analyticity produces e~l4l
(which we prefer even though at each order we reduce to trigonometric
polynomials). In particular,

l
1=0

Since, for all 4,
liw - Q]! < aMQi¥ < aH(NE)
and p; < 1 (except for one index, for which it is < 2), we obtain the
upper bound
Cﬁye‘lgle—a\cﬂ (£')2V

for (7.29)

Skipping further details, this is the general upper bound on the
integral. It is smaller than what was derived for the integral ffooo F—
and thus for £} in (6.26)—above. In conclusion, no matter which term

() () with £y 4 fy =1

contributing to dyA’ we choose, it is always smaller than the upper

bound on (Efj)[. Obviously, ¢; and ¢ refer to coefficients in the power
series.

Remark 7.12 (The sums over ¢;). We should have multiplied the
above estimates by the number of possible sequences (g;), with ) . ¢; =
q, that arise from the convolutions. However, we took a shortcut. Since
the analyticity domain with respect to € is the compact {|Smé| < o},
it can be substituted by some {|Smf| < ¢’} with o < ¢’. Then, for
every i we actually have the factor e=?'1%! in the estimates above. While
e~ 2l < e=oldl we get rid of the sums over ¢;:

Ze_(al_a)qi S OO"—U-
qi
A similar remark applies to the Fourier indices in Section 7.4. O






Chapter 8

Discussion

SHE main achievement in this work is the derivation and subse-
quent analysis of the asymptotic expansion (6.26) of the split-
() . ting matrix Y. Each term in the expansion is proportional to
an integral of the form ffooo OpF(X*; 1,2,0)dr, which we showed to be
exponentially small in the limit g — 0 at all orders /.

The latter involves extending the integrands analytically into a
wedge {|argz| < ¥} on the complex plane. Because of the identity
X"(t;z,0) = X"(0; ze"™, 0 + wt), this implies that shifting the contour
of integration becomes possible. One of the key points is that we need
to do this order by order, because there is no reason why the series
Xu(z,0) =32, " X" (2,0) should converge for large values of |z|.

Our estimates are not optimized for trigonometric polynomials.
The proof was cooked up bearing analytic perturbations in mind, al-
though we had to abandon this case as too intricate. In our notation,
Procesi, see [Pro03], obtains a bound (in the case of trigonometric

polynomials) on the determinant of Y proportional to e=e9""'". This

Y (”“), at least when the tori are abundant

is smaller than our e~
(v>d-1).

In any case, the greatest interest lies in the novel method, which in
our opinion underlines central features of the problem. First, the source
of exponentially small contributions is completely obvious. Second,
the need to use order-by-order analysis culminates in the success of
extending X% to {|arg z| < ¥} analytically and the failure to do so for
the “full” X*. Third, the large powers of the factorial ¢!, associated
with the regularized integrals, are produced by accumulation of poles
at the origin in the R plane.

121
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To some extent the factorials produced by poles in the R plane are
artifact, as is shown by the following simple example. In order to study,
say, the regularized integral

00 t
][ u(f + wt) / v(0 +wr)ze? dr dt,
0

—00

we have to show that the sums
t

Sty [ [ e

p 0 —00

extend analytically to a (punctured) neighbourhood of the origin, R =
0. First, we integrate by parts, just as was done in (7.18) when con-
structing an analytic extension of the tree integral (7.8), and get

1 0 o
ﬁ(p)@(q—p)i.{ / PN g7 4 / elirertr=R)T dT}
Z R—ip w ]

P —0o0

. 1 1 1
= Jio(q —p . ‘ + ‘ .
Z R—@p-w{(l(q—p)-wv) R—(7+Zq-w)}
Here the pole at ip - w gets arbitrarily close to the origin, unless we
restrict p somehow—for instance, by considering trigonometric polyno-

mials. Either by simplification, or by computing the same expression
directly by starting from the inner integral, we obtain

1 1
;i(q—p)-wv R—(y+ig-w)

In the latter form there is no problem; the pole has cancelled. Of course,
this is a naive example and in general it is hard, if not impossible, to see
whether a given pole popping out of the integration-by-parts procedure
should really be there.

There was another place, namely the coefficients cfj appearing in
Proposition 6.23, that produced large powers of ¢!. Even though in-
tegration by parts was not exploited, the source of the factorials was
again the accumulation of poles at the origin in the R plane. In both
this case and the previous, the type of the “divergence” is very similar
to what is encountered in KAM theory. There repeated resonances, or
arbitrarily many occurrences of the operator D~! in convolutions, ruin
absolute convergence of the Fourier-Taylor expansion of a solution by
producing high powers of the factorial ¢!. On the other hand, the state
of affairs can be cured by well-known resummations, as in [Gal94]. Such

resummations still escape us in the context of homoclinic splitting.
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