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Part 1

Consistency in aggregation



Chapter 1

Preliminaries

1.1 Introduction

In the calculation of economic aggregates, for example price indices, it is often necessary to
compute the value of these aggregates in some relevant subgroups as well as for the whole data.
These subgroups might be for example different groups of commodities, industries, countries
etc. The subaggregates and the overall aggregate are usually computed using the same method,
for example the same index number formula. This presents a two-faceted consistency problem.
First, is it possible to obtain the overall aggregate by using only the subaggregates? Second,
if this is possible, can the overall aggregate be derived from the subaggregates using the same
method that was used to calculate the subaggregates?

The problem is of considerable interest for production of economic statistics. If the aggrega-
tion method used permits a calculation of larger aggregates using only information contained in
the subaggregates, there is an obvious informational economy, as only data on some intermediate
level of aggregation is needed to arrive at a higher-level aggregate, instead of the whole data.
Transparency of the calculations is also increased, as the connection of sector-level aggregates to
the total aggregate is straightforward. The statistics may be expressed as a multi-level aggrega-
tion scheme, in which each level is sufficient to derive all the higher level statistics. If the second
requirement is also satisfied, it will be possible to move between different levels of aggregation
consistently, applying the same method of aggregation on each step. As most economic aggre-
gates are best described as a hierarchical system of aggregates and subaggregates, it is evident
that it is natural to require that different levels in the hierarchy are consistent with each other
in some meaningful way.

These problems have been considered in the context of price indices in numerous studies
(see for example Balk [7], [8]; Blackorby, Primont and Russell [13]; Blackorby and Primont [15];
Diewert [27]; Gehrig [47]; Gorman [50], [52]; Pokropp [75]; Stuvel [96]). ; Theil [99]; Van Yzeren
[109] ; Vartia [105]).According to Stuvel the ”aggregation test” states that

7if for the subaggregates of which a larger aggregate is composed the quantity
(price) indices of a given type are known along with the base-year and current-year
values of these subaggregates, it should be possible on the basis of this information
alone to obtain a quantity (price) index of the same type for the larger aggregate”.

This definition ignores the second problem as it does not require that the calculation of

2



CHAPTER 1. PRELIMINARIES 3

the overall aggregate from the subaggregates be in any way compatible with the method of
aggregation (here the "index of a given type”) used in computing the subaggregates. A more
stringent requirement, combining both requirements, is called consistency in aggregation by
Vartia [105] and is examined for example by Balk [7], [8], Blackorby and Primont [15] and
Diewert [27]. This requirement states that if one calculates the index for the larger aggregate in
two steps, calculating first the indices for the subaggregates and then feeding these along with
the value data of the subaggregates into the same formula, one must necessary get the same
result as if one had calculated the index in one step. It is a generalization of this requirement
that will be discussed in this study.

The above description of consistency in aggregation presents the problem of what is meant
by same formula, or more generally, same method of aggregation. Intuitively, this seems obvious,
and is usually not considered. For example, Stuvel does not even attempt to define what is meant
by ”an index of a given type”. This lack of precision can, however, easily lead to confusion, as
can be seen for example in Vartia [105] where an attempt is made to formulate consistency in
aggregation rigorously, but as the definition of an index number as a certain kind of function is
inadequate for the task, the attempt falls short of the mark. Based on that kind of definition it
is impossible to define what is the ”same” formula for example n and m commodities, because
for different numbers of commodities the functions that are used as index number formulas
are necessarily different. The result is a dimensional mix-up'. The definition of consistency in
aggregation proposed by Balk [8, 360] solves this problem, but it is too restrictive to be truly
general.

A definition of index number formulas that solves the problem of same formula is analogous
to the definition of an estimator in statistics: an index number formula has to be defined to be
a sequence of functions rather than a single function. Each function in the sequence represents
the ”same formula” for some number of commodities. This definition frees us from pondering
the question of sameness. ”Using the same formula” for some number of commodities means
just using the element of the sequence corresponding to this number of commodities.

The problem of consistency in aggregation is usually discussed in the context of index num-
ber theory. However, it is not necessary to restrict attention to index number formulas. In
the first part of this study a general definition of consistency in aggregation is presented and
consistent aggregation methods are shown to have a certain algebraic structure, namely that
of an Abelian semigroup. A number of examples of consistent aggregation methods are also
presented. These are plentiful, as semigroup operations are one of the basic building blocks
of mathematics. Actually, therefore, while from the point of view of economics we derive an
algebraic interpretation of consistent aggregation, from a mathematical point of view a better
description of this would be an aggregation interpretation of algebraic operations. We give nu-
merous examples of consistent aggregation methods in different contexts and show that many
semigroup operations not normally connected to aggregation may be given natural aggregation
interpretations. Indeed, it seems to us that there is a fundamental connection between algebraic
operations and aggregation, and that associative operations are very close to an intuitive idea of
what aggregation is. Whether or not such a sweeping assertion can be made, we argue that the
informational economy, transparency and sheer practicality of consistent aggregation methods
should make consistency in aggregation a basic property of any aggregation method applied in
production of official statistics. In the rest of the study we try to defend this argument in the

'This has later been corrected by Vartia in an unpublished paper.
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context of price and quantity indices.

In the second part the definition of consistent aggregation is applied to index number formu-
las and it is shown that this allows many of the classical tests for index numbers to be interpreted
algebraically. Also, we show that with minimal regularity conditions, the structure of consistent
index numbers may be simplified even further, namely to a quasilinear or quasiadditive struc-
ture. This result is very closely related to the result of Gorman [52], even though the derivation
is rather different, as the semigroup interpretation allows for explicit use of algebraic methods
rather than calculus and different notions of separability. Also, the results of Blackorby and Pri-
mont [15], and Balk [7], who makes use of Gorman’s article are closely related to ours and reflect
the same basic algebraic structure of consistent aggregation. In fact, the quasilinear structure
coincides with Balk’s proposal as a definition for consistency in aggregation. The quasilinear
structure allows one to prove a number of interesting results in the context of axiomatic price
index theory. Also, we show that the quasilinear representation has an interpretation as a rep-
resentation based on additive decompositions of value change. This kind of decomposition is
discussed for example by Vartia [105] and Diewert [31].

The results of the second part are in the axiomatic or test-theoretic tradition of index number
theory and constitute the core of this study. In the third part the so-called economic approach
and the implications of utility-maximizing behaviour for consistent index numbers is examined.
We show that the quasilinear indices that have the best axiomatic properties give quadratic
approximations of the ”true” economic indices when the utility-maximizing hypothesis can be
maintained. Also, the different subindices, additive decompositions and subdecompositions as-
sociated with quasilinear indices are shown to be approximations of relevant conditional indices
and welfare-change indicators. The local approximations are valid without any separability as-
sumptions, for example such as are shown to be necessary for the existence of globally valid
economic subindices by Pollak [77] or Blackorby, Primont and Russell [13]. We also try to argue
that the economic approach is in itself too weak to produce an operational index number theory,
as explicit or implicit axiomatic arguments are always necessary to produce usable formulas.
Among other things we derive formulas that would be unusable from the point of view of actual
production of official statistics, but are superlative in the sense of Diewert [26]. Our opinion here
is based on an argument related to at least Hill’s [59] view on the insufficiency of the economic
approach.

In the final chapter the main conclusions are briefly reviewed and discussed.

The proofs of some theorems are rather long, and therefore many of them have been relegated
to an appendix. Only those proofs or parts of proofs that are not overly long or tedious have
been left in the main text. Especially some of the main theorems concerning the approxima-
tion properties of index number formulas are proved by mind-numbing partial differentiation, a
problem not completely atypical in economic theory. On the other hand, some algebraic results
which are arguably not of central importance may be derived in a way that can be described as
pretty. In these cases we have not been blind to the aesthetics of the situation, but may have
chosen to include the less important, but prettier argument. We try to verbalize the results in
the text as much as possible, but much argumentation that is central to the study may only be
found in the appendix. There is also another appendix that tries to elucidate the algebraic and
functional equations arguments using familiar examples and analogies.
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1.2 A very brief introduction to semigroups

This preliminary section gives a very brief introduction to semigroup theory. The idea of this
study is first to give a general aggregation interpretation to semigroup operations and then use a
semigroup representation of index number formulas that are consistent in aggregation to prove
a result concerning their functional form which is then explored. For this dual purpose only
very basic results concerning semigroups are required, and this is why only these are given in
this section. For an extensive treatment on semigroups see for example Ljapin [70]. It would
definitely be interesting to examine the multiplicity of results and definitions of semigroup theory
and to explore which of these are of interest from the point of view of an algebraic interpretation.
However, this discussion is left for some future occasion.

Let X be a set and F : X? — X a function. This kind of F is called a binary operation in
X.

Definition 1.1 (Semigroup) If a binary operation F is associative, or if for all x,y,z € X
F(x,F(y,2)) = F(F (x,y),2) (1.1)
then F' is called a semigroup operation and defines a semigroup (X, F) on X.

The semigroup operation is often denoted in the literature in one of the following ways

F(z,y) = =y, (1.2)
F(z,y) = z+y,
F(z,y) = zoy.

We have decided to use the notation
F(z,y)=wzopy (1.5)

to avoid confusing one semigroup operation with another on the one hand and semigroup opera-
tions with composite functions on the other. We also use the notation (X, op) for the semigroup
(X, F) and if there is no room for confusion about which semigroup operation is under discussion
we may refer to the semigroup just as X.

Definition 1.2 (Commutative (Abelian) semigroup) If a semigroup operation op on X
is commutative, that is, for all x,y € X,

TOopYy=1YOoFx, (1.6)
then (X,or) is called a commutative or Abelian semigroup.

Definition 1.3 (Homomorphism) If (X,op) and (Y,oq) are semigroups and B : X — Y is
a function such that

B(zory) = B(z)oc B(y), (L.7)

then B is called a homomorphism from the semigroup X to the semigroup Y .
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Definition 1.4 (Isomorphism) If B is a bijection, then it is called an isomorphism.

If there exists an isomorphism between two semigroups the semigroups are isomorphic. This
means that with regard to questions related only to the binary operations defined on the two
sets the two semigroups are identical. Also, clearly two isomorphic semigroups have the same
cardinality.

Definition 1.5 (Endomorphism) If B : X — X is a homomorphism from the semigroup X
to itself, then it is called an endomorphism.

Definition 1.6 (Automorphism) If B: X — X is an isomorphism from the semigroup X to
itself, then it is called an automorphism.

Note that obviously any semigroup is isomorphic with itself because the identity function is
an isomorphism.

Definition 1.7 (Subsemigroup) A subset Y C X of the semigroup X that is closed under
the operation opso that for all x,y € Y

TORpY € Y, (18)
is called a subsemigroup of X.
It is obvious that all subsemigroups of a semigroup are also semigroups.

Definition 1.8 (Subset semigroups) A semigroup operation opon the set X can be easily
extended to subsets of X. Define for any subsets X1, Xo C X

X1 o X9 :{xl op .1‘2’(.%‘1,.1‘2) . ¢ XXQ}. (19)

In other words, X10p X5 is obtained by applying the operation op to each possible pair (r1,x2) €
X1 X X2.

Obviously, if the distinction between an element of X and a subset of X consisting of only
one element is ignored then the original semigroup operation may be regarded as a special case
of (1.9).

Using the above the definition of a subsemigroup can be expressed in a simple fashion: ¥ C X
is a subsemigroup if and only if

YopY CY. (1.10)

Definition 1.9 (Generating set) Let X' C X where X is a semigroup. Then the set

Y (X) :nEJN (X’)":ng X' op...op X' (1.11)
n times

is clearly a subsemigroup. Y (X') is called the subsemigroup generated by X' and X' is called
the generating set of Y (X).

These basic definitions are all we need to proceed.



Chapter 2

Basic results

2.1 Aggregation and consistent aggregation defined

Denote an arbitrary finite set of statistical units (e.g. firms, industries, countries, transactions)
as A. For each a € A there is a measurement z, = z(a) € X where z : A — X is an
arbitrary function pairing each statistical unit with the appropriate measurement. X is the set
of the possible values of the measurements. The word measurement must be understood quite
broadly: it can be for example a real number, a vector of real numbers, a function, a set etc.

The problem that is considered in this paper is aggregation of these measurements into an
aggregate on the same scale, that is, mapping the measurements x,,a € A into some aggregate
T4 € X. Throughout this paper the word aggregation is used in this specialized sense. An
aggregation method or formula is simply a rule that tells us which 74 should be picked given
any of the possible combinations of measurements.

Naturally, any set of statistical units that has more than one element can be partitioned in
a non-trivial way into subsets. If P is a partition of A, that is a collection of non-empty, disjoint

subsets of A such that | JP = A, we can apply a given method of aggregation in each of these
PeP
subsets to get the subaggregates xp. As each Zp € X it is possible to apply the aggregation

method again to these subaggregates, to get an overall aggregate ¥’4. The method used is said
to be consistent in aggregation if 2y, = z4 always. We now attempt to give the above idea a
precise formulation.

While the idea of sets of statistical units and their partitions gives the motivation to the
whole exercise, we do not wish to deal with them explicitly. It is more natural to think of
aggregation methods directly in terms of the measurements without involving the underlying
set structure. First, we define what we mean by an aggregation method:

Definition 2.1 An aggregation method or formula is a sequence of functions
(F)pens Fn: X" — X, (2.1)

where X is an arbitrary set. Each function Fj, in the sequence maps measurement vectors
x = (21,...,@y) € X™ of length n corresponding to a set of n statistical units to X. This
definition allows us to say what it means that the same aggregation method has been employed
in two situations involving, say, k and [ statistical units respectively. It simply means that

7
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the measurements were aggregated by applying F} in the first instance and Fj in the second.
For example, we could take X = R and the aggregation method could be defined to be simple
summation of real numbers and the corresponding sequence of functions would then be just

n
EFo(z1,...,xn) = le
i=1

Definition 1 thus enables us to give a precise formulation of the two-stage procedure described
above. For example, if the measurement vector x € X™ is partitioned into two subvectors
X = (xP,xQ), such that x* € X"P x? € X" n =np + ng, then we can calculate first the
subaggregates Tp = F,,, (XP) Q= Fug (XQ) and then apply the same formula to these to get

ipg = I (Fup (x7), Fop (x9)).

Consistency in aggregation would then require that Tpg = F, (x).

There is one additional complication, however. As we are dealing with measurement vectors
in (2.1), an ordering of the measurements is implied. However, the set structure given above
as motivation does not require that the measurements (or the statistical units) be ordered in
any way. Indeed, in the cases we are interested in, any ordering of the statistical units will be
completely arbitrary, like for example the labelling of different commodities with numbers. The
arbitrary numbering, which can be done in n! ways, should have no effect on the aggregation
result. The same applies to the partitioning of the measurements into subvectors. For example,
there is an obvious discrepancy between partitioning of a set A into two subsets A = P U Q
and partitioning a measurement vector x into x = (XP ,XQ). The latter partition depends
crucially on how the measurements (and the corresponding statistical units) are ordered, while
the former does not. To eliminate these effects of the ordering of the statistical units our
definition of consistency in aggregation includes a symmetry condition.

The above discussion provides the necessary background to the definition of consistency in
aggregation.

Definition 2.2 An aggregation formula (F), ey, Fn : X™ — X is consistent in aggregation
(CA) if it satisfies the following conditions:

CA1l F, is symmetric in its arguments for alln € N .

In other words, for all n € N it must hold that if i:{1,...,n} — {1,...,n} is an arbitrary
bijection then

Fn (xz(l),,xz(n)) = Fn (J:l,...,xn) (22)
for allx = (z1,...,x,) € X™.
CA2 For alln € N and x =(x1,...,x,) € X" it must hold that if x is partitioned arbitrarily

K
mto K < n subvectors x = (xl, ...,xK) with % € X™ andn = > ng then
k=1

Fg (Foy (%) o Fage (x7)) = Fy (21, .00y ) - (2.3)
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These two conditions ensure that any formula satisfying them will correspond to the intuition
laid out above. To see this, consider a set of commodities A and a partitioning P of A into K
subsets. To apply definition 2 we first have to number the subsets P € P to get P ={ P4, ..., Pk }.
Then we have to number the measurements zq,a € P, in each subset to get the vectors x* =
(k.15 Thymy ). Now we are able to calculate the subaggregates zj, = Fj,, (xk) The first
condition ensures that the numbering of the measurements x, ; within each subset will have no

effect on the 7. Applying the same formula again to the subaggregates gives
.%// = FK (.%/1, 7-%/K) = FK (Fn1 (Xl) 7---7FnK (XK)) .

The first condition again makes sure that the numbering of the subsets has no effect on the
result while due to the second condition the two-stage aggregate ¥’ = Fk (71,...,Tx) is equal
to the one-stage aggregate © = F,, (x1, ..., ), where again, the numbering from 1 to n of the
measurements is irrelevant because of the first condition.

Below we sometimes use the terminology ”consistent aggregation”, consistent formulas, CA
or other similar abbreviations when referring to aggregation methods that are consistent in
aggregation.

2.2 Semigroup representation of consistent formulas

Before we can show that the above definition implies the existence of a semigroup representation,
a minor technical problem has to be addressed. For completeness, F; has been included in the
definition of an aggregation formula. The inclusion makes it unnecessary to treat subsets of
one statistical unit or subvectors of length 1 any differently from other subsets or subvectors.
However, ”aggregation” just of one measurement does seem meaningless. The only natural
candidate for F} would seem to be the identity mapping of X so that Fy = idyx. This is not
implied by our definition. For example the sequence F,, (x1, ..., ) = x, where € X is constant,
is CA, yet F7 is clearly not the identity mapping (except when X = {z}). But in this example
F could obviously be replaced by the identity mapping without altering the aggregation result
in any non-trivial case, that is, where there are two or more measurements to be aggregated.
This result holds in general, and is presented in the next lemma.

Lemma 2.1 Let (Fy,), oy, Fn: X™ — X be CA. Then (Gn), ey » Gn : X™ — X, where Gy = idx
and Gp, = F, for all n > 1 is also CA Also, aggregation with G, will yield exactly the same
result as aggregation with F, whenever n > 1.

Proof. See Appendix A.1.1. m

As Fi can be always replaced with idx if necessary, in the following we shall always assume
that F; 1= idx.

We may now proceed towards proving our main result. Note that any function F,, in a
sequence (F},), oy that is CA may be defined recursively by the simple algorithm

Ey(x1,y .y xn) = Fo (Fp—1 (21, ooy Tp—1) , @pn) , for all (zq,...,zy) € X™. (2.4)

Starting from n = 2 and applying (2.4) we get
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F3 (21,22, 73) = F> (Fa (21, 72) ,73) - (2.5)
Applying (2.4) again gives
Fy(z1,22,73,04) = Fy(F3(71,72,73),74)
= F(Fy (Fy(21,72),73),74) -

It is obvious that this procedure can be repeated to find any function in the sequence. Using
a somewhat cumbersome notation

Fn (.I‘l, ...,xn) = F2 (F2 (F2 (F2 (F2 (J:l,xQ) 5 3?3) ) ,xn_l) ,xn) 5 (26)

for all (z1,...x,) € X"
This means that the whole sequence is defined by F,. By the definition of CA and Lemma
2.1 F5 clearly has the following properties:

Commutativity. For all (z1,22) € X? :

Fy (x1,22) = Fy (22, 21) .

Associativity. For all (1, 72,23) € X3 :

Fy (Fy (21, 22) , 03) = Fa (01, F2 (22, 23)) -

But this means that F5 is a commutative (or Abelian) semigroup operation on X. Thus,
any formula that is consistent in aggregation can be constructed by repeated application of
a commutative semigroup operation. Dropping the subscript from F> we adopt the standard
algebraic notation:

Fy (2,y) = F (z,y) = xop y.

Also, we refer to the semigroup that is defined by the set X and the binary operation F' on
it as (X,op) or, if it is obvious from the context which binary operation on X is meant, just
X. Using this notation, keeping in mind Lemma 2.1, any sequence that is CA has a simple
representation

Fi(z1) = m (2.7)
F, (x1,...,xy,) = x10p..0Fp Ty, (2.8)

where F' = F5. But the converse is also true. If (X,op) is a commutative semigroup then
the sequence defined by (2.7) and (2.8) is CA The property CAl is an obvious corollary of
commutativity. Also,

Fn (Xl,...,XK) == (xl’l Op ...O0p xl’nl)OF...OF (xK’l Op ...O0p xK’nK)
= T11°F ...9F T1ny OF ---OF TK,1 OF ... OF LK nK (assoc.)
= 1 0p ...0p Tp. (commutativity)

We have now proved the following theorem:
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Theorem 2.1 (Semigroup representation of CA) Let (F},), oy, Frn: X® — X be an ag-
gregation formula (with Fy replaced by idx if necessary). Then (Fy),cy is CA < Fy: X? — X
is a commutative (Abelian) semigroup operation and for alln € N and (x1, ..., z,) € X"

Fi(x1)) = =

E,(x1,...,xy,) = x10R, ...0R, Tn.

This means that consistency in aggregation completely reduces to the basic algebraic concept
of commutative semigroup. All the results concerning semigroups can thus be directly applied
to any aggregation formula with the CA property.

This result has not to our knowledge been presented before in this general form. However,
at least Pokropp [75] has used a semigroup representation of aggregation in the context of
production indices, also, many of Gorman’s [52] arguments concerning index numbers are clearly
algebraic in nature.

2.3 Discussion and examples

As algebra textbooks (see for example Auslander [5]) are full of examples of commutative groups
and semigroups it is easy to construct examples of formulas that are consistent in aggregation.
The following examples demonstrate the generality of the algebraic definition of consistent aggre-
gation, as those aggregation methods which are intuitively consistent are shown to correspond
to the definition if a suitable representation is chosen. The examples reveal also a converse
truth, that many of the basic algebraic operations have an aggregation interpretation, which
in a few cases becomes evident only after some contemplation. In our opinion, the semigroup
structure becomes so close to the intuitive idea of what aggregation actually is, that we are
tempted to assert that in some fundamental way, aggregation is algebra or even that algebra
is in a sense aggregation. This thought is, however, difficult to formulate in an even remotely
satisfactory way. What is clear, in our opinion, is that the informational economy, the trans-
parency of calculations, the possibility of calculating subaggregates in arbitrary partitions and
stratifications consistently do make consistency in aggregation a uniquely important property of
economic and other aggregates. It should therefore be considered a basic requirement for any
aggregation method used in production of economic indices and other official statistics. The rest
of the study is in some sense a rather long argument in favour of this assertion, and most of our
results and discussion should be understood accordingly.

The most basic examples have are semigroups defined in R (or the positive reals which we
denote Ry ).
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Example 2.1 These are simple examples of aggregation formulas that are CA for real numbers.

1. F(z1,..,0p) = c€Rorzxopy=c (2.9)
n

2. Fp(x1,..,xp) = le orropy=1x+7y. (2.10)
=1
n

3. By (T1, .y n) = sz or Topy = xV. (2.11)
=1

4. Fy(x1,...;xy) = max{w1,..,x,} orzopy=max{z,y}. (2.12)

5 F,(r1,...,xy) = min{zy,..,v,} orzopy=min{z,y}. (2.13)

In the above examples the interpretation of repeated application of the semigroup operation
as aggregation is obvious. Also, all of the above formulas have their counterparts for aggregation
of dependencies.

Example 2.2 Let X = {f|f :R — R } and define f + g as pointwise summation so that

(f+9) (@) = f(x)+g(x)

for all x € R. This is clearly a commutative semigroup operation. Thus

F, (fb fn) = Zfz
i=1

is CA
All formulas in example 2.1 could be similarly extended to aggregation of real-valued func-
tions.

The next example is in some ways the most fundamental one.

Example 2.3 Let X be a Boolean algebra. Then the following formulas are CA:

1 Fy (A, A = (JAi, AieX (2.14)
=1

2 Fo(Ar, Ay = (A, AieX (2.15)
i=1

Unions and intersections are not usually associated with aggregation. This is perhaps because
the aggregation interpretation involved is so simple, to seem almost trivial. For example, union
may be thought of as aggregation of collections of objects into larger collections of objects. In
a more formal way, in an economic context, the set operations have to do with classification
of data. The sets A; could for example be sets of firms belonging to different industries or
geographical areas. Aggregation by union could then be interpreted as combining the different
industries or areas to a more aggregated level of classification. Aggregation by intersection could
be interpreted as finding statistical that satisfy an ever-growing number of specifications: the
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sets A; could be for example firms situated in OECD countries, firms situated in EU countries,
in the Euro-zone etc.

Note that if X is X =P (A) or the set of all subsets of a finite set A = {ay, ..., a,} and the
"measurements” are A; = {a;}, then (2.14) reduces to the partitioning of a set which was given
as motivation for the whole concept of CA. That is why the union operation may be thought as
the fundamental consistent aggregation operation.

It is intuitively clear that the arithmetic mean must be CA by any meaningful definition.
The arithmetic mean for a whole data set can after all be calculated as an arithmetic mean of
means of subsets. However, it is not always noticed that this actually includes two aggregation
processes: to calculate the mean in two stages we need not only the means for the subsets but
also their weights (for example the number of observations in each subset). To conform with
our definition of CA any subaggregate must contain all information that is relevant to further
aggregation. That is why both the aggregation processes must be explicitly taken into account.

Example 2.4 (Arithmetic Mean) Let X = R%r 1, or the positive quadrant of the real plane.
The first component x of any measurement x = (z,y) € R?H 18 the variable of interest and the
second component y is a weighting variable. The weighted arithmetic mean is generated by the
commutative semigroup operation

Y171 + Y22

L+ ) 2.16
Y1+ Yo u y2> ( )

X1 O X9 = (
This is clearly commutative. It is also associative because

(1 + ) (B272252 ) 4 gy
(x1 0F X2) op X3 = (YL +y2) +us
(y1 +y2) +y3

(3/1961 + Y2x2 + Y323
n+y2+ys

y1r1 + (y2 +43) (%)
Y1+ (Y2 +y3)

= X1 0 (X2 op Xg) .

73/1-1-3/2-1—3/3)

1+ (2 +43)

This illustrates the point made above. The first component in the vector-valued semigroup
operation keeps track of the variable of interest. The second aggregates the weighting variable,
something that is not directly interesting but necessary information to carry the aggregation
further. Defining the aggregation process in this way means that each measurement or sub-
aggregate (z,y) is ”self-contained” in the sense that no additional information is needed to
calculate further aggregates.

The unweighted arithmetic mean is the special case where the variable y gives the number
of observations. In this case the arithmetic mean is given by the subsemigroup (Ryy x N,op)

of (R%——i—?OF) .

Example 2.5 (Quasi-arithmetic mean) The above example can obviously be generalized to
what Aczél [2] has called quasi-arithmetic means. Let X = R% . as above. Let f : Ryy — R be
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an arbitrary bijection. Then the weighted quasi-arithmetic mean is generated by the semigroup

operation
X1 OF Xg = (f_l (y1f(x1)+yzf (x2)> 73/1+y2> . (2.17)
Y1+ Yo

Again, this is clearly commutative. Also, associativity is easy to show in similar fashion
as it was done in the previous example. Taking f () = z, f(z) = logz, f(z) = =1 lead
to the arithmetic, geometric and harmonic means respectively. Taking f (z) = x” leads to the
generalized moment mean (or the CES function).

The class of quasiarithmetic means has been found by many authors to be the only class of
means for real numbers possessing some reasonable properties. In addition to Aczél [2] above,
for example Nagumo [74] presents an axiomatic system with five reasonable axioms and then
shows that only quasi-arithmetic means satisfy these. The subject is also discussed in Chapter
14 of Diewert [29]. A central point in for example Nagumo’s axiomatization is a property
that Blackorby and Donaldson [16] have in another context called the population substitution
principle. This is a CA property which concerns social-evaluation functions for variable-sized
populations. This provides one more example of a consistent aggregation method.

Example 2.6 (Population substitution principle) Let f,, : R™ — R be a sequence of func-
tions defining a method of social welfare evaluation for variable-sized populations. That is, the
arguments for each f, are individual (inter-personally comparable cardinal) welfares and each
function fn in the sequence gives the welfare evaluation for the corresponding population of size
n. That s, if the social ordering is given by the relation R, then

frn (U1, s tn) > o (U1, vn) < (U, ey upn) R(v1,..0,0p).

Following Blackorby and Donaldson, assume that the so-called anonymity condition is satis-
fied and therefore all the functions f, are symmetric in their arguments. To make compar-
isons between populations of different size meaningful, Blackorby and Donaldson propose an
aziom which they call the population substitution principle. This principle requires that for any
n,m, (U, ..., up) and (v1, ..., Uy) it must hold that

Fram (U1y ooy Uny V1, ooy Un) = fram (fr (W1y ooy Un) 5 ooy fro (W1 oy Un) 5 U1, ey Ury) (2.18)

Now define the operation opon R x N with the formula

(u,m) op (v,n) = (fnem (U, ..., u, v, ...,v) ,n+m).

This operation is commutative because of the symmetry of fnim- It is also associative, as using
the population substitution principle we get

[(u, m) op (v,n)] oF (w,p)

(frtmap (frngm (U, o, v, 5 0) 5 ooy frm (W, w0, 0, 0) W, .y w) 1+ M+ D)
= (fn+m+p( - U, U, v,w,...,w),n—l—m—l—p)
(u,

m) op [( )OF (wm)]-
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Any pair (u, m) may thus be interpreted as a population of size m with the welfare vector (u,...u) .
A single individual is represented simply as (u,1). It may be proved (see e.g. Blackorby and
Donaldson [16] or Nagumo [74]) that under natural regularity assumptions the only operations
that satisfy this belong to the class of quasi-arithmetic means given in the example above. An
algebra-based proof of this is discussed briefly in an appendiz.

2.4 General quasilinear aggregation methods

The arithmetic and quasi-arithmetic means are special cases of what we call the general quasi-
linear function, following Aczél [2, 148]. Indeed, many if not most practical applications of
consistent aggregation methods involving real numbers or vectors of real numbers are of this
type. This type of function is important in the context of index number theory, because most
index number formulas known to us with the CA property have a quasilinear representation,
that is, they are consistent in the Balk sense. It is shown below that under some rather loose
conditions all index numbers that are CA have also a quasilinear representation. The definition
of the quasilinear aggregation formula is given below.

Definition 2.3 (Quasilinear aggregation) Let X =R"__. Let Y C R" be a subsemigroup of
(R™, +) where the + stands for ordinary vector summation. In other words, Y is closed under
vector addition. Let B : R — Y be an arbitrary (usually continuous) bijection. Then the
corresponding general quasilinear aggregation formula is generated by the semigroup operation

x)0p X3 = B (B (x1) + B (x2)). (2.19)
This is obviously commutative. It is also associative because

(x10px2)opx3 = B (B(B'(B(x1)+B(x2))) + B(x3))
= B7'(B(x1) + B(x2) + B(x3))
= B! (B(x1)+B (B ' (B(x2) +B(x3))))
= X 0F (X2 0F X3).

Throughout this study the term quasilinear is used in this sense and it should not be confused
with the quite different meaning of the term quasilinear in preference theory.

2.5 Aggregation methods for functions

Note that the three previous examples can be extended to aggregation of functions in the way
shown in Example 2.2. We give the arithmetic mean as an example.

Example 2.7 Let X = A2, where A= {ala:R,,— R, }. For any (a,b) € A? the function a
gives the dependency we are interested in and b is a weighting function. Define the operations ab,

7 and a+b as pointwise product, division and addition respectively, so that (ab) (x) = a (x) b(z),

(9) (z) = % and (a+0b)(x) = a(x) + b(x). Then the weighted arithmetic mean function is
generated by the commutative semigroup operation
biai + baaz

,b1 4+ by ). 2.20
b1 + bs ! 2) ( )

aloFaQZ(
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Consistent aggregation methods may be generalized for random variables or stochastic pro-
cesses in a similar fashion.

Example 2.8 (Random variables) Let opdefine a semigroup operation on X C R™. More-
over, let the function F : X?> — X be measurable. Now, let Z be a set of random variables
defined in a probability field (0, F, P) such that each z € Z is a function z : Q@ — X, that is, the
possible values of each z are in X. Using Example 2.2 we may now define a consistent method
of aggregation for these random wvariables by defining (z1 oG 22) (w) = 21 (w) oF 22 (W) for all
w € Q. Because F was assumed measurable, any aggregate Z = z1 oG ... 0g zn 1S now also a
random variable defined in (2, F, P) .

Example 2.9 (Stochastic processes) Let opdefine a semigroup operation on X C R™. More-
over, let the function F : X? — X be measurable. Now, let Z be a set of stochastic processes
defined in a probability field (Q, F, P) such that each z € Z is a function z : Q@ x T — X, that
18, the possible values of each z for all values of the index t € T are in X. Using Fxample 2.2
we may now define a consistent method of aggregation for these random wvariables by defining
(z1 06 22) (W, t) = 21 (W, t) o 22 (w, t) for all (w,t) € Q.xXT. Because F was assumed measurable,
any aggregate z = z1 oG ... oG zp, s now also a stochastic process defined in (2, F, P) .

These definitions may seem trivial extensions of aggregation methods for reals. However,
the properties of these derived semigroups are different from the properties of the original semi-
groups. It is easy to see for example, that in many cases the subsemigroups and their generating
sets of these semigroups of random variables can be quite complex and interesting. Indeed, many
aggregation problems concerning random variables and stochastic processes can be formulated
using these algebraic concepts.

A final example is an example of consistent aggregation for preference relations. This also
demonstrates the versatility of the general definition.

Example 2.10 (Voting as aggregation) Let A be a set and let R (A) be the set of binary
relations in A. For any such relation R € R (A) we may define the function Fg : A2 — {0,1}
as

FR (al,ag) = T(alRag) s (2.21)

where T is the truth function. That is, the function Fr assigns the value 1 to each pair with
a1Ras and 0 to others. Also, for each function F : A2 — {0,1} there exists an unique binary
relation Rrp in A

a1Rpas & F(al,aQ) = 1,

that is, we may always represent a binary relation R with o function F' and vice versa. Define now
B(A) = {F|F : A> - [0,1]}, or the set of all functions from A into the closed unit interval. Let
C (A) = B(A)xN. Let F+G denote pointwise addition of functions so that (F + G) (a1, a2) =
F (ai,a2) + G (a1,a2) for all (ai,az) and let kF denote pointwise multiplication by a scalar so
that (kF') (a1,a2) = kF (a1,a2) for all (a1,a2) and k > 0. We may now define a semigroup
operation o in C' (A) = B(A) x N. For all (F,n),(G,m) € C (A)

(F,n)o (G,m) = ((n—l—m)_1 (nF 4+ mQ) ,n—l—m) .
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This is obviously just the arithmetic mean operation applied to C (A). It is obviously a commu-
tative semigroup operation in C (A). Now, interpret the relations R (A) as preference relations
so that if R € R (A) then aiRas < a1 = aa, so that each pair (Fr,n) may be considered a block
of n agents with preferences R. Then obviously, the semigroup operation o may be considered
as voting. For each (Fr,n),(Ggr,n) the aggregate (Fr,n) o (Ggr,m) gives for each ay,ay the
proportion of agents preferring ai to a2 in the combined block, paired with the number of agents
in the block. This means that we can interpret any (F,n) as a heterogeneous block of n agents
with the function F' giving for each a1, as the proportion of agents preferring ay to as.

It is possible to frame interesting aggregation problems using this voting semigroup. For
example we may ask what is the subsemigroup generated by some subset S(A) C R(A). For
example, if the set S (A) is the set of complete and transitive preference relations on A, .what
is the smallest subsemigroup that contains it? Or, given some subset of B (A) what kind of
S(A) € R(A) generate subsemigroups that include B (A) for some n € N, for example for
D(A)c B(A), D(A)={F € B(A)|F (a1,a2) > 0.5 <= a1 Rag, where R transitive} .

Example 2.11 (Convolution) Let X = L' (R™). The convolution operation * in L' (R™) is
defined by

(f *9) (x) = / £z —1) g (v)dy. (2.22)
/.

It is well-known that f+g € L' (R™) and that * defines a commutative and associative operation in
LY (R™). This means that for example we may view calculating the probability density function
of the sum of absolutely continuous, independent random variables as consistent aggregation.
This is natural, as by previous examples addition of random variables is obviously consistent in
aggregation. In fact, the convolution operation may be given a ”quasilinear” representation using
the Fourier transform F, as F (f x g) = FfFg, so that the convolution operation is isomorphic
to the product operation, and by appropriately defining the logarithm of the Fourier transform,
it may be written as a quasilinear operation.

It is important to note that consistency in aggregation is always defined in relation to some
”information set” and a suitable representation of the aggregation procedure. For example, if
we have some sequence of functions f, : C™ — X used in aggregation and we are able to find
representations fy, (c1,...,¢n) = Hy (z(c1),...,x (cp)) withz : C — X xY, H, : X XY — X and
some sequence G, : X XY — Y so that the sequence

F,: (X xY)" > X XY, F,(21,....,xn) = (Hn (1, oy Tn) , Gn (21, .y T0))

is consistent in aggregation then (G, can be thought of an auxiliary aggregate that gives all
sufficient information in addition to the values of f, in any subsets to calculate a larger aggregate.
Obviously, if there are any such G,, there will be many, because redundant information may
always be added.

The role of commutativity is also open to question. For example, if we aggregate functions
with different domains, we end up with non-commutative but associative methods, which could
intuitively be described as consistent in aggregation in many cases.

Also, the definition is valid only for some representations of the aggregation formula. For
example, it was shown above that the geometric mean as a special case of the quasi-arithmetic



CHAPTER 2. BASIC RESULTS 18

mean is consistent in aggregation. This implies that obviously also the semigroup operation
defined in (0,1] x N by

(z,m) oF (y,n) = (exp (mlog (gizlog (y)) ;M + n> (2.23)

is consistent in aggregation. If we start with measurements (n%, nl) then clearly

1 1 1 1
(—,n1> OF ...0p (—,nK> = (exp(—E (—, v —> ,N1 + .. +nK> , (2.24)
ni ng ni nK

where E is Shannon’s [91] entropy measure. The entropy measure is just the negative of the
logarithm of the probability-weighted geometric mean of probabilities, and as such is intuitively
consistent in aggregation. However, the exponential transformation is needed to make the mea-
sure satisfy our definition. Similarly, many other measures of concentration or inequality may
be expressed as transformations of means.
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Axiomatic index number theory and
consistency in aggregation
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Chapter 3

Consistent index numbers

Before we can define what consistency means for index numbers we need some idea of what an
index number is. As it is not our purpose to participate here in the discussion about the proper
definition of an index number formula, we define it very loosely, and then explore the effects of
different functional requirements added to the very weak definition. The definition corresponds
to our definition of an aggregation formula in the sense that it is also a sequence of functions
in which the nth element of the sequence gives the formula for n commodities. Thus a index
number formula is defined to be a sequence of functions

(f")n€N7 fn : (R7-i7:+)4 - R++‘ (31)

A price index for n commodities is given by f, (pl, p’, q’, qo), where p',q' are the period
1 or comparison period prices and quantities respectively and p®, q° are the period 0 or base
period prices and quantities. For example, the Laspeyres price index is given by the sequence

n
>oniq
fr (@' p%d"q’) = T—, foralln e N. (3.2)

To get a quantity index the position of prices and quantities are reversed. The following discus-
sion is given in terms of price indices, but obviously this is just a matter of choice, and quantity
indices might have been used as well. Below, we often use a price-quantity neutral notation, but
it is perhaps more instructive to use the more familiar notation in these preliminary paragraphs.

We place a two conditions for the functions f, for a sequence to be considered an index
number formula. The first condition is the so-called unit of measurement (commensurability)
test. This states that the index must be independent of the units of measurement used in the
prices and quantities. The formal statement of the condition is given below. For all n € N, all
(p',p% d',q") € (R1+)4 and all (A,...,A\n) € R it must hold that

fn (Alp%7 cty )\np}1,7 A129(1]7 ey )\np91,7 A1_1Q%7 ey )\7'_1,1q7’11,7 A1_1q(1]7 cty )\7’_1,1Q7(’)1,) (3'3)
= f.(p".p%.a"d°).

We also require that f; (pl, %, q', qo) = g—é so that the price index for one commodity is just the
price relative. For example Vartia [105] shows that if the unit of measurement test holds that

20
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the index number formula has the representation
fo (@0 d' ) = gn (1,00, 01) ooy (7m0, 0)) (3.4)

1
for all (pl,po,ql,qo) € (R7J’;+)4. In (3.4) gn : (RiJr)" — Ryy, m = % are the price relatives

(3

and v} = plql, t = 0,1 are the value vectors for periods 1 and 0 respectively. This representation
exists because there is a bijective mapping between (pl, p’, q’, qO) and (71', p’,vi, VO), so that
we may write

fa (P p% a".d°) = hy, (7, p°, v, v0).

Applying the unit of measurement test with (A1,..., A\,) = ( 1 L) this becomes

EARr

fa (@' p%d,d%) = hy(w,1,vHV0)
= g"((ﬂ-bv(l)ﬂ}%)7"'7(7Tn7U27U717,))-

Now, we have a very weak definition of a price index number formula.

Definition 3.1 (Weak index number formula) An index number formula is a sequence of
functions gy, : gn : (RiJr)" — R, which satisfies g1 (7‘(‘,2}0,2}1) = .

It is the g,-representation that allows us to define CA for index number formulas.

Definition 3.2 (Consistent index number formulas) The index number formula ( f,)
is consistent in aggregation if the sequence (Fy), cn, Fn : (Ri +)" — (Ri +)"

F, ((wl,v?,v%) s ees (ﬂ'n,vg,v},/)) (3.5)
n n
_ <gn (00,01 s o s, 1) ,ng,zvil)

1§ consistent in aggregation in the sense of definition 2.2, or equivalently, that the function Fo
18 a commutative and associative binary operation.

neN

Example 3.1 The Laspeyres formula is CA because the operation

0 0
1) — (21171'1 + vy

0,1 0 0,.0 .1 1
(71'1,211,211) of (71'2,112,112 o Vit U3, v+ U3 (3.6)
V] + U5

18 commutative and associative as can be seen from example 2.4. In this case the last com-
ponent, i.e. the aggregation of the period 1 values is redundant, as the information is not used
i the price aggregation.

Example 3.2 It is a little harder to see that the Stuvel formula is generated by the operation

0,1 0,1
(71'17?117“1) oF (71'2,?127?12) (3.7)
2
v?ﬂl—v%ﬂfl—kvgﬂz—v%ﬂz_l + v?ﬂl—v%ﬂfl—kvgﬂz—v%ﬂz_l + vitol
= 2(11?4—118) 2(11?4—118) v+0d? >

04,0 1,1
V] 0y, V] +0;5
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and that this operation is indeed commutative and associative. However, if we take the bijection

Bg (71',111,210) = (Uoﬂ' S vl,vo) . (3.8)
it can be shown quite easily that the Stuvel formula has the quasilinear representation
(71'1,21(1),21%) op (71'2,118,21%) = Bgl (BS (w,v?,v%) + Bs (W,v%,vg)) .
This is consistent in aggregation by example 2.4.

Quasilinear representations of the kind presented in the above example turn out to be quite
important. That is why we give the following definition.

Definition 3.3 (Quasilinearity) An index number formula (gn),cn 15 quasilinear if the func-
tions (Fy,),cy defined in (3.5) have representations

F, ((wl,v?,v%) s s (ﬂ'n,vg,vi)) =B! (B (71'1,21(1),21%) +..+B (wl,v?,v%)) ,

where B : Ri L — S8 is an arbitrary continuous bijection with a continuous inverse and S C R3
18 a subsemigroup of (]R3, +) where the + stands for ordinary vector summation. In other words,
S is closed under vector addition.

Corollary 3.1 It is obvious that any quasilinear formula is consistent in aggregation in the
sense of Definition 2.2.

Algebraically speaking, the quasilinear index number semigroups are isomorphic to vector
addition semigroups, that is, subsemigroups of the familiar (]R3, —|—) . It is therefore to be antic-
ipated that these semigroups should share much of the basic structure of simple addition. The
definition of quasilinearity coincides with Balk’s [7], [8] proposal for consistency in aggregation,
However, for example the formula

Fy ((7‘-172}(1)72}%) ) (7‘-272}(2)72}%)) = (InlIl {7‘-177‘-2}72}(1) + Ugﬂ}% + U%) (39)

is consistent in aggregation in our sense but is not quasilinear. That shows that our definition
is more general than Balk’s formulation. Also, there seems to be no reason why (3.9) should
not be considered consistent in aggregation, and it is our conclusion that Balk’s definition is too
restrictive to give a truly general definition of consistency in aggregation. However, as will be
shown later, under very natural conditions the two definitions become equal, and that there-
fore, for most practical applications Balk’s definition is quite sufficient. However, the general
definition of consistent aggregation as repeated application of a semigroup operation connects
the consistency problem of index numbers naturally with the general aggregation problem in
a fashion that the quasilinear definition is unable to do. Semigroups are very general mathe-
matical concepts that require very little structure combined to real-valued quasilinear functions.
Therefore the algebraic definition both has a wider range of applicability, and it also, in our
opinion reflects the underlying set theoretic intuition, so to speak, that underlies the idea of
consistent aggregation. For real numbers, the requirement that a semigroup operation satisfy
even rather mild regularity conditions leads in many cases to quasilinear functions, but this
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should be viewed as a result derived from the definition of consistency in aggregation on one
hand and the special properties of reals on the other, rather than a definition. The distinction
may be viewed as similar to for example the difference between the definition of a compact set
and the Heine—Borel theorem: the latter states that compactness for subsets of real numbers
is equivalent to the set being closed and bounded, but this is a theorem, not a definition. Of
course, we are not trying to compare our modest results in any other way to the Heine—Borel
theorem, but the distinction between a definition and a result is similar.

Algebraically, it is clear from the above definition of quasilinear functions that the function B
is an isomorphism from the index number semigroup to the semigroup S and thus the semigroup
operation that defines the index number formula is isomorphic to vector summation in S. As
mentioned before, in the context of aggregation of real numbers, even mild regularity conditions
on semigroup operations often lead to quasilinear functions (see for example Aczél [1, 145-148]).
This is also true for index numbers, as index numbers that are consistent in aggregation also
have a quasilinear representation under loose conditions, that is, under these conditions they
are consistent in aggregation also in Balk’s more restricted sense. Some are shown in the next
example.

Notation 3.1 Before continuing , however, we replace the notation (71'1, vY, v%) with the simpler
(x1,x2,23), as this is neutral with regard to prices and quantities. Below, we use the neutral
x-notation in most theorems and proofs, but revert to the (71'1, vy, v%) -notation in examples and
explanations to add clarity and economic intuition.

Example 3.3 (Ql. representations for some indices) 1. The Laspeyres formula can be
defined by the operation

ToT1 + Yol1

, o + Yo, 3 + , 3.10
22 + v2 2T Y2,T3 ys) ( )

(.Tl, z2, .Tg) OFr (yb Y2, 3/3) = (
which has a quasilinear representation with the functions
BL : Ri—i— —>Ri_+, BL (X) == (xle,xg,xg) (311)

_ _ 21
B! : R}, -R}, B;'(2)= (Z—Q,ZQ,Z3> . (3.12)
2. The semigroup operation that defines the Paasche formula is

1 —1\ —1
3T + Y3
($1,$27$3)0Fp (3/1,31273/3): (1—yy1> y T2 +Y2,23 + Y3 | -
T3+ Y3

The functions for the quasilinear representation are

Bp : R?’H — RiJr, Bp (x) = (xgxl_l,xz,xg) (3.13)

-1
Bl_:’l : R?H- —>Ri+, Bl_:’l (z) = ((z—;) ,22,23> (3.14)
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3. Log- or geometric Laspeyres.

(z1, 22, 23) oF,,, (Y1,Y2,93) (3.15)
xologx1 + Y2 lo
= (exp( 2081 T b gy1>,$2+yz7l‘3+ys>
To + Y2
BLL : Ri—i— — R x R%——i—? BLL (X) = (.Z‘Q logxl,xg,xg) (316)
B;; : RxRY, —R3,  Bjj(z)= (exp (?) ,3?2,3?3) (3.17)
2

4. The operation defining Stuvel’s formula was already given above. The quasilinear repre-
sentation can be constructed using

BS : Ri—i— — R x R%——i—? BS (X) == (.1‘2.%‘1 — .1‘3.1‘1_1,.1‘2,.1‘3) (318)
2
-1 2 3 _ 21 Z1 Z3
BS : RXR++ —>R++, BS(Z)— 2—Z2+ (2—22> +Z—2,ZQ,23 (319)

5. A CES-type or weighted moment mean index can be defined using

BC : Ri—i— — R?H-? BC (X) = (W (.Z‘Q,.Tg) .Z‘ﬁl), .%‘2,.%‘3) (320)
1
— 2! .
B! : RY, -R},, B¢(z)= ((W%)) ,ZQ,Z3> (3.21)

where W (2, x3) is some weighting function.

6. The Montgomery—Vartia formula®.

By Ri+ — R x R?Hr? B (x) = (L (z2,x3) log 1, 29, x3) (3.22)
BJ_\/[l : Rx R?H- — Ri—i—’ BJ_\/[l (Z) = (L (22,23)10g21,22,23)

where L (x3,x2) = m 18 the logarithmic mean. For discussion of its properties see

for example Carlson [20] or Vartia [105].

These are just some examples, but they all seem to point to the conclusion that quasilinearity
is somehow natural for index number formulas that are CA. We now attempt to find conditions
under which an index number formula with the CA property will have a quasilinear represen-
tation. Gorman [52] has proved similar results, using different notions of separability. However,
Gorman’s strong proportionality requirements lead him to a characterization of Stuvel-type in-
dices, which will be discussed below. Also Blackorby and Primont [15] have used functional
equations techniques to prove somewhat more restricted results. Our proof is algebraic, and
utilizes the semigroup structure of consistent index numbers.

?Sometimes called the Montgomery formula (e.g. by Stuvel [96]) and called the Vartia I formula by Vartia
[105].



Chapter 4

A quasilinear representation theorem

4.1 Sufficient conditions and proof of quasilinearity theorem

The problem of finding a quasilinear representation for index number formulas that are consistent
in aggregation is closely related to the problem considered by Aczél and Hosszu [1]. They present
necessary and sufficient conditions for a continuous semigroup operation F : (]R")2 — R™ to have
the representation F (x,y) = B~! (B (x) + B (y)) where B : R* — R" is a continuous bijection
with a continuous inverse. Their result is that F has to be group operation satisfying certain
conditions. This result is not directly applicable, because the index number semigroups do not
have identity or inverse elements and are thus not groups. However, we use a similar method
of derivation as used in [1]. Also, Pokropp [75] has derived similar results in the context of
production theory. Our approach is similar to Aczél and Hosszi’s [1] and makes use of continuity
as well as the algebraic structure.

Of course, our result should be seen in the larger mathematical context of functional equa-
tions theory. It is an often recurring result that commutative semigroup operations involving
reals are isomorphic to addition under various regularity conditions, as may be seen for example
in Aczél [2]. As Gorman [52] remarks in a paper in which he presents results very much like
ours, "addition is the only really well behaved associative operation”. The result is also closely
related to results concerning means and welfare indicators derived in Nagumo [74], Diewert [29]
and Blackorby and Donaldson [16]. The similarity is pursued briefly in Appendix C.3.

Below, we refer to the semigroup that is defined by the set X and the binary operation F' on
it as (X, op) or, if it is obvious from the context which binary operation on X is meant, just X.

Before we proceed we present two lemmas which we will need later.

Lemma 4.1 (Cauchy Equation) Let S C R" be a subsemigroup of (R™,+) where the + sign
means ordinary vector summation. Let S have an open subset R C S. Then the only continuous
solutions F : § — R"™ to the equation

F(x+y)=F((x)+F(y) forallx,y €S (4.1)
are of the form F (x) = Cx where C is an arbitrary n X n matric.

Proof. See appendix A.2.1. =m

25
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The Cauchy equation is one of the fundamental functional equations, and will be central in
the discussion below, as many of the results are arrived at by reduction to the Cauchy equation.
The linear function is the only practically relevant solution to the equation. The other solutions
to the equations are based on so-called Hamel bases, and are not constructive, but their existence
may only be proved based on the axiom of choice. The basic idea is to interpret the reals as a
rational-coefficient vector space. The axiom of choice (Zorn’s lemma) can be shown to imply that
all vector spaces have Hamel bases, that is, sets of basis vectors of which only a finite number are
needed to represent any given vector. The non-continuous solutions of the Cauchy equation may
be defined using the Hamel basis of reals interpreted as a rational-coefficient vector space. The
solution functions are quite remarkable. For example, the graph of any non-continuous solution
to the one-dimensional equation is dense in R%. The interested reader is referred to Kharazisvili
[64] and Kuczma [66].

Lemma 4.2 The quasilinear representation of an indexr number semigroup is unique up to a
linear transformation. Put otherwise, if

xopy =B (B(x)+B(y) =B~ (B(x)+B(y)),

where B :Ri L — S and ﬁ:Ri I S are continuous bijections with continuous inverses and S
has an open subset' then B (x) = CB (x) for all x €R3 ,. C is a non-singular 3 x 3 matriz.

Proof. See appendix A.2.2 =
The first of our four conditions for a quasilinear representation to exist is a weak propor-
tionality condition.

Condition 4.1 (Weak proportionality) For any x,y €R3, and k,l€R:
(21, kxa, k}xg) op (x1, lxa, l.%‘g) = (z1, (k+ l) xa2, (k + l) xg) . (4.2)

The condition is equivalent to demanding that if all prices have changed proportionally by
the factor ;1 and values by the factor %21 (or, in other words, if all quantities have changed
proportionally by the factor T:f;;) then the index should give the price relative. This is a very
weak proportionality condition that we feel any interesting index number formula should possess.
Note that for example Fisher’s [43, 420] test that states that if price relatives agree with each
other then the index should agree with the price relatives implies this test. Obviously, (4.2) can
be repeated to get an equivalent result to any number of commodities by simple induction.

The reason that this condition was adopted to us is that it allows us to easily define ” powers”

for the index number semigroup.

Definition 4.1 For any x ER?’H and E€R,  we define

xF = (1, kxy, kxs) . (4.3)

'Which we will show that it must have under our conditions.
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This definition is natural because by the weak proportionality condition for any x E]Ri 4 and
neN
n

x" = (x1, nw2,NT3) = XOp...0pX. (4.4)

n times

Also, for any x,y E]Ri o and k,l€R the powers possess the familiar properties:

1.
xFopx! = (21, kxo, kxg) op (x1,lxg, 23 (4.5)
= (21, (k+ 1) 22, (k +1)x3) = x"T,
2.
(xk)l = (xl,kxz,kxg)l = (z1, klzg, klxs) = x. (4.6)
3.

(xopy)® =xFopyk. (4.7)

The first two properties follow immediately from the definition. The third one follows from
continuity. For n€N we have clearly

(xopy)" =(xopy)op...op (xopy)=x"opy",

n times

and similarly for any meN;

so that

Therefore

1 1 n n

n 1 1\" n n
(xor ) = (¥ opy ) = xk op v

and (xopy)? = x70op y? for any ¢€Q, 4, and by continuity the result follows for any
keRy,.

Now, if we take any matrix U = [ u; up us ] ,u; € R?’H and define for all (x1, 2, x3)
€ Ri+ :

Hy (z1,22,23) = uj'opujopus® (4.8)
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then the function Hy : Ri . — Su, where Sy = Hy (Ri +) will clearly exist and be
continuous because of continuity of the semigroup operation and the power function. Also,

Hy (x)opHy (y) = (uf'opuj?opul®)op (ui'opuf’orui?®) (4.9)
— ufl‘i‘yl

= Hyu(x+y).

oFu§2+y2 OFu§:3+y3

Sy is a subsemigroup of the index number semigroup (Ri 450 F) To see this, let s = Hy (x)
and t = Hy (y) . Now

sopt = Hy (x) opHy (x) = Hy (x+y) € Su. (4.10)
This means that we have proved the following lemma:

Lemma 4.3 For any U, Hy : Ri L+ — Su is a continuous homomorphism Hy from the semi-
group (Ri T —|—) to a subsemigroup Sy of the index number semigroup.

Also, the function Hy has the property
k T To z3\k __ _ kxy kxo krs
Hy (x)" = (uj'opuj®opus®)” = ui™ opuy Popuy® = Hy (kx). (4.11)

The idea of a function like Hy is derived from Aczél and Hosszi’s article [1]. The strategy we
will now follow is first to find a matrix U that makes Hy a bijection, and thus an isomorphism
between Ri . and a subsemigroup of the index number semigroup. Then we extend this isomor-
phism to cover the whole index number semigroup using a method not unlike that used in proof
of Lemma 4.1, that is, the Cauchy equation. This is necessary because in most interesting cases
there will not exist any U such that Sy = Ri . This follows from some common properties of
index number formulas. For example, for many formulas the value of the index will always lie
between the minimum and the maximum of the price relatives. For these indices, any U the
first component of Hyy, denoted hyy would have the property

hy (x) € [min {uq1,u21, us1} , max {ui1, u21, us1}|,

and therefore for any choice of U, the set Sy = Hy (Ri +) would always be a strict subsemigroup
of the index number semigroup. Most formulas have either this property or at least the index
never takes a value greater than or equal to the maximum of the price relatives. Let us illustrate
the above points by an example:

Example 4.1 Let us derive the homomorphisms Hy for the Montgomery—Vartia and the "min-
imum” formulas. The Montgomery—Vartia formula is given by the semigroup operation

( (L(u2,u:;)logu1 + L (ve,v3) log 11
uop,,, v = exp

, U2 + Vo, u3 +v3 |,
L(UQ+U2,U3+U3) > 2 213 3)
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where L (x,y) is the logarithmic mean defined above. Now, for any U,

MV _ 1 x2 x3
Hy " (21,22,23) = uj'op,, u3’op,, u;

3
Z ij(ujg,ujg) log ujl
j=1

3 3
L( > uinxi, Y ui3fci>
=1 i=1
3
> Uin®;
=1

3
> uisw;
i=1

exp

Simple substitution verifies the homomorphism property. It is easy to see that for any choice
of U, the subsemigroup S{\j[v = H%V (RiJr) 18 a strict subsemigroup of the index number
semigroup. This is because the Montgomery—Vartia formula always gives a value that is at most
the maximum of the price relatives, and that means that for any U,

MV 2 3
H{ Y (21,22, 23) € (0, max {u11,u1,u31}] x RT | G R .
For the "minimum” formula, the semigroup operation is given by
U0 F minV = (min {uy, v1}, ug + va, uz + v3) .

Here, as noted before, the two last components are redundant, as the aggregation is done in an
essentially one-dimensional way. The homomorphisms Hﬁin are given by

min _ x1 T2 x3
HU (x17x27x3) = U; OF,;, U OF,;, U3
3 3
= min{u11,uz1,U31}7E Ui2xi75 U3 |
i1 i=1

so that the first component does not depend on x, but is constant for a fixed choice of U, and
therefore for S{\j[v = H%V (]R?’H) , we actually have S{\J/IV C {min {w11, u21,us1}} X ]R?H.

The second condition in the set of sufficient conditions is:

Condition 4.2 (Bijectivity) There exist U = [ u; uy usg ] ,u; € R3, such that Hy :
R?’H — Sy s a bijection.

The second condition means that for some U,the homomorphism Hy has an inverse HI_Jl
and thus is an isomorphism between semigroup (Ri e —|—) and a subsemigroup Sy of the index
number formula. Thus for any t,s € Sy that have Hy (x) =s,Hy (y) =t

sopt = Hy (x) opHy (y) = Hy (x + y) = Hy (Hg' (t) + Hy' (s)) (4.12)

so that the index number formula has a quasilinear representation in the subsemigroup Sy. The
condition may at first seem abstract, but it has an index number theoretic interpretation. This
is given in the next lemma.
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Lemma 4.4 If the bijectivity condition does not hold, then the price index calculated using this
1 1

formula for three or more commodities has the following property: if for some i # j % #+ %, that
i J

18, if the expenditure change on all goods has not been proportional, we may always redistribute
the expenditure among the commodities without changing the value of the index. That is,

gn ((7[-1771(1)7@%) PRERT] (7Tn7v'97,7 711,)) = 0n ((7[-17@(1)76%) PRERT] (7-[-77/7@91,7@}1,)) 3

M:

n n
whenever > v = >"v? and
=1 =1
Proof. See Appendix A.2.2. m
This means that the relative importance of goods does not matter, only the price (or quantity)
relatives and aggregate value of consumption. As this clearly is a property that no reasonable
formula would have, it is our opinion that the second condition is justifiable. Let us illustrate
this condition by continuing the example of the Montgomery—Vartia and minimum formulas.

1_
vy =

1
Ui

)
>

1

i

Example 4.2 The homomorphisms for the Montgomery—Vartia formula are of the form

2 @ L(uj2,u53) log uji
Jj=1

exp (

Z Ui2T4, Z 'Uw,Ssz)

=1

Z Ui i
=1

3

> uizx;
=1

H%‘/ (.Tl, 2, x3) =

When is a function of this form one-to-one? Define the function M in Ri L with

This function is clearly one-to-one and has the inverse
M! (Z) = (L (ZQ, Zg) log z1, 29, Zg)
defined in M (R3., ). Now, clearly, HYV (x) = M (D (U) x) , where

L (w12, w13) loguir L (u22, u23) loguar L (usz, usgs) log us;
D (U) = u12 U2 u32
Uu13 U23 uss

This means that H% V' is one-to-one whenever D (U) is non-singular. Clearly there exist U for
which this is true. Therefore Condition 2 is satisfied by the Montgomery—Vartia formula. In
light of the above lemma, this reflects the obvious fact that as the weights of the index react to
redistributions of value, or as, generally,

L), L)

ZL(wzl) ZL(N z)
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n n n n
even if Sv) = S0 and Y v} = YU}, the value of the index is sensitive to value redistribution
=1 i=1 i=1 i=1

1= = =
and therefore the bijectivity condition must be satisfied for some U.
The minimum formula gives an example of a formula that does not satisfy Condition 2. The
homomorphisms are given by

3 3
HY" (21, 22, 23) = (min {ui1,u21,u31}, E U5, E Uzsl‘z>
i—1 i=1

The first component is fixed for a fired U, and so we may restrict attention to the two latter
components of the function. If those were to define a function that is one-to-one, the equation
{ Uy ua U3

U13  U23 U33
y € U23Ri+. But this is clearly impossible as rank (Uss) < 2. Therefore for the minimum
formula, no choice of U yields a bijective Hﬁin. Again, we may interpret this result using
Lemma 4.4. We see that indeed, the minimum formula is not sensitive to redistributions of
expenditure between goods, as (7‘(‘1,2}(1),2}%) s e (Wn,vg,v},/)

n n n n
. 0 1 o . E :—0 2 :—1
mln{7‘r1,...,7rn}, E (% E v; = mln{ﬂ-l,---,ﬂ-n}7 (2 v;
i=1 i=1 i=1 =1

Uasx =y, where Uy = ] should only have one solution x E]Ri o for each

n n n n
whenever > v = S0 and > vi = > vl
i=1 i=1 i=1 i=1
This example in addition to Lemma 4.4 should provide some intuition to the second condition.
It requires that the value of the index should actually depend on the expenditure shares of each

good.

Still another way of giving meaning to the bijectivity condition is by analogy with the theory
of linear spaces. A linear space is of course a rather special type of semigroup, but as a concept
it is perhaps more familiar to economists as the more general algebraic structures. The vectors
uj, Uy, ug may be thought to ”span” the subsemigroup Sy in a similar fashion that a set of
vectors may be used to define a linear space. The subsemigroup Sy = Hy (Ri +) may also be
given by Sy = {uf'opuj?opui?| (z1, 22, 23) € R }. The analogy to a set of vectors spanning
a linear space is immediate, if we compare the previous expression for Sy with for example
span (U) = {x1u1+x2u2+x3u3] (x1,x2,23) € R3}.

Now, the bijectivity condition may be thought as the requirement that the vectors u;, u,, us
form a ”basis” of the subsemigroup Sy. That, is the bijectivity requirement demands that
for any y €Sy there is only one (x1,x2,23) € R3 . for which y = uj'opuj?orusz®. Again, the
analogy with bases of linear spaces is straightforward: the requirement that a set of vectors
be linearly independent, i.e. form a basis, is equivalent to the requirement that each vector in
the space spanned by the basis vectors has a unique representation in the basis vectors, or in
other words, that the linear mapping defined by the matrix of the basis vectors is a bijection.
The analogy can be discussed further, and it may be illustrative to some readers, but as this
discussion would constitute a diversion from our main point it is continued in Appendix C.



CHAPTER 4. A QUASILINEAR REPRESENTATION THEOREM 32

In this context, the content of Lemma 4.4 becomes clearer. As the two latter components of
the function

X X X
Hy (21,22,23) = uj'opuj’opus®

3 3
= (hU (x), Zuisz ng%)
i=1 i=1

o)

U2 U2 U32
U1z U23 U33
that the matrix Ussg have full row rank, which is corresponds exactly to the linear space case.
Now, choosing U such that rank (Uss) = 2, we see that the positive solutions to Ugsx =y
lie on the positive part of a line, and therefore the bijectivity of Hy, or the ”basis” property
of the vectors uj, u,, u; depends on the behaviour of hy on this line segment. In the proof
of Lemma 4.4 it is shown that because the function Hy is a homomorphism from the vector
addition semigroup, if hy is to have the same value on two points on this line segment, then it
must be constant on the whole line. But the line segment is just the line segment defined by the
requirement that all expenditure values be constant, so that if Hy is to be non-bijective, then
the index must be insensitive to the redistribution of expenditure among the goods.

To put the whole argument thus far in a nutshell: the weak proportionality requirement
ensures that there are homomorphisms from the addition semigroup of positive real vectors to
subsemigroups of the index number semigroups. The existence of this homomorphism makes
these subsemigroups ”almost linear”, and therefore the existence of a ”three-dimensional basis”
may be shown to depend on the sensitivity of the index number formula to redistributions of total
expenditure among goods. If, at least for some price (or quantity) relatives and expenditures,
the value of the index is not indifferent to redistribution, then because of the ”almost linearity”,
these form a ”basis” for the subsemigroup. Now it remains to extend the ”span” of this ”basis”
to cover the whole index number semigroup.

From now on we restrict attention to formulas that satisfy Conditions 1 and 2 and U is
regarded as fixed to some value for which Hy (x) is a bijection.

Before turning to the next condition, we show that Sy is open.

with Usgg = are indeed linear, we immediately see that bijectivity requires

Lemma 4.5 Sy = Hy (RiJr) is open in R3.
Proof. See Appendix A.2.4. m
Condition 4.3 (Vanishing commodities) llir%xk oY =Y

This condition states that the expenditure on a commodity tends to zero, then its effect on
the index should vanish. The technical value of this (in our opinion reasonable) condition lies
in that it ensures that the following lemma is satisfied.

Lemma 4.6 For each x E]R?’H there exist some s,t € Sy such that

xops=t. (4.13)
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Proof. To see this note that for any y €Sy by condition 4.3

3=

y = limxw opy=Ilim (xopy")».
n—oo n—oo

1
Because Sy is open by lemma 4.5 this means that for n large enough (xopy”)» € Sy
but as Sy was shown to be a subsemigroup of the index number semigroup this means that

{(x oF y")%]n =xopy" =t € Sy. Taking s = y" the result follows. m

Example 4.3 Continuing the Montgomery—Vartia example we see that

kL (z2,x3)logz1 + L (y2,y3) log y1
k ) 3
= kxo + yo, kxs +
X OFuvyY (exp ( I (ka y2,]€x3 y3) , K2 Y2, RT3 Ys |,

so that Condition 3 is obviously satisfied.

Condition 4.4 (Monotonicity) The index is strictly increasing in the price relatives, so that
92 (1,2, T3, y1,Y2,Y3) is strictly increasing in x1 and y;.

Notice that this monotonicity condition differs somewhat from many usual monotonicity con-
ditions for index numbers, as it is given with respect to the price/quantity relative -expenditure
representation rather than with respect to the direct price-quantity representation of the index
number formula. While the representations are equivalent statements on the same dependency
on prices and quantities, monotonicity statements are not equivalent. This point is briefly
discussed below.

Example 4.4 Continuing the Montgomery—Vartia example we see clearly, that

L (z2,23)log 1 + L (y2,y3)log y1>

MV
T1,22,T3,Y1,Y2,Y3) =€Xp
g2 " (T1,%2,23,Y1,Y2,Y3) ( L (22 & 10,73 + 15)

18 strictly increasing in x1 and y;.

The discussion following the first of the sufficient conditions gives the main algebraic point
of our theorem, as they suffice to show that for any element of the index number semigroup
we may find a subsemigroup containing it, in which the semigroup operation has a quasilinear
representation. There would appear to be many strategies to extrapolate the existence of a
global quasilinear representation from this result. The following two conditions, as well as the
set of lemmas that follows next are of a technical nature, and do not add much to the actual
understanding of the curious and interesting nature of the index number semigroups, but take
care, albeit in a rather robust and inelegant way of this necessary extension of the quasilinear
representation. In Appendix C we have tried to provide some explanation by analogy to these
technical points as well as the main argument.

Lemma 4.7 If condition 4.4 holds together with the previous conditions, and x op s =t and
yors=t thenx=y.
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Proof. See Appendix A.2.5 m

While condition 4.3 ensures that each x E]Ri | is a solution to the equation x op s =1t
for some s,t € Sy, condition 4.4 makes it the unique solution to the equation. This defines
inverse elements for those elements of the semigroup that have those, in other words, we define
”subtraction” or ”division” in the index number semigroup, as the unique solution x to the
equation xors = t may be regarded as t ”divided” by s with regard to the semigroup operation.

Example 4.5 Continuing the Montgomery—Vartia evample, X op,,, s =t is equivalent to

L (x9,x3)logxy + L(s2,s3) 10
XOp, S = (exp( (2 Lg)(ng—l—lsQ x3(+253;) gyl) ,x2+82,x3+53>
- (t17t27t3)

This implies T9 = to — so and x3 =tz — s3, and
L (t2 — 82,t3 — 83) logxl =L (t2,t3) 10gt1 — L (82, 83) log S1

or

L (tQ, tg) 10gt1 — L (82, 83) log S1
L (tz — s2,t3 — s3)

Tl = exp

This means that when a solution x exists, it is unique.
Define now the function ¢ (x,y)
c(x,y)op Hy (y)= Hy (x), (4.14)
for those x,y for which a solution exists. By the previous lemma this is indeed well-defined.

Lemma 4.8 The function c(x,y) is well-defined and depends only on x —y. We may thus
write ¢ (x,y) = H(x —y). Also, we denote the domain of H as S. Because by Lemma 4.6
each x ER?’H is a solution to the equation x op s =t for some s,t € Sy, H is a function
H:S— Ri+.

Proof. Appendix A.2.6. m

This extends the isomorphism Hy to the whole index number semigroup. This should
be regarded as a similar operation as used above in the proof of the Cauchy equation. It is
a little more complicated due to the fact that the index number semigroup is not trivially
a subsemigroup of a group (as any addition semigroup is contained in R™) and thus inverse
elements do not always exist. The next lemma shows that H actually is an extension of Hy in
that it H has the same values as Hy in the domain where the latter is defined. The point is,
that as ¢ (x,y) is the inverse operation of ogthen if the index number semigroup is isomorphic
to an addition semigroup, then c (x,y) is isomorphic to subtraction.

Lemma 4.9 R3, C S and if x € R3, then H(x) = Hy (x). That is, Hy is the restriction of
H into ]RiJr.

Proof. Appendix A.2.6. m
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Example 4.6 Continuing the Montgomery—Vartia example, we see that the corresponding func-

tion cMV (x,y) is given by the solution to
_ 5 ;
L(ca,c3)log et 37 yjL(ujo,ugs) loguj
exp e 5
L(Cz—ir Z:luizyi,%—ir §1u¢3y¢>
c2 + Y Uy
i=1
3
3+ Y uizy;
L i=1 i
_ 5 ;
Z IjL(’LLjQ,’Lng) loguj1
exp = = =
L( > ugpmi, ) uz-sa:¢>
=1 =1
= 3
> UinT;
i=1
3
> UisTi
L i=1 i
This yields
S ;
> (@5 — y;) L (uj2, uj3) log ujy
L(co,c3)logey =t 5
€2 = > (@i — yi) uiz
c3 zzl
> (@i — yi) uiz
i i=1 l
or
L (ca,c3)logcy
Ca =D(U) (x-y),

C3

so that cMV (x,y) is well-defined and depends only on x —y. Using previously adopted nota-
tion M (y) = (exp (m) ,yg,yg), we see that ¢MV (x,y) = M (D (U) (x —y)). Therefore

HMV (x) = M (D (U) x) and is defined for x that satisfy D (U)x € R x R2 . Clearly, it is an
extension of H% V' which was seen above to be defined by the same formula but only forx € R3 ..

The next lemma confirms that H extends Hy in a way that preserves the isomorphism
property.

Lemma 4.10 For alls,t C S,
H(s)opH(t) =H(s+t). (4.15)

Also, H is a bijection.
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Proof. See Appendix A.2.7. m
This means that H has an inverse H™ : R, — S. If we substitutes = H™! (x), t = H* (y)
into (4.15) it becomes

xopy=HH"'(x)+H ' (y)). (4.16)

From the above equation it is clear that .S is a subsemigroup of (]R3, —|—) and H is an isomorphism
between (S, +) and (R%,0p).

Now, as any linear transformation of the isomorphism H™ is also an isomorphism, we want to
restrict attention to the "neat” representations, with the actual index number calculation taking
place in the first component, and the last two only keeping count of the value aggregation. This
is done in the next lemma by taking an appropriate transformation.

Lemma 4.11 Define the function G :T — R3 . where T = VS for some non-singular 3 x 3
matriz 'V that has (ui2,u2e,uss) and (uis,uss,uss) as its second and third row, and G (t) =
H (V~'t) for allteT. Then G is a bijection that has the form G (t) = (g (t) ,t2,t3), G (x) =
G 1(g(x),29,73) and xopy = G (G_1 (x) +G~1 (y)) .

Proof. See Appendix A.2.8. m

Example 4.7 Once again, continuing the Montgomery—Vartia example, we see that

H" (x+y) = M(D(U)(x+y)) =M(D(U)x+D(U)y)
> x;L(uj2,u;3) logu;i+ 23: y;L(uj2,u;3) loguji
j=1 j=1

eXp 3 3 3 3
L( Do Ui+ Y Ui, D, U3t ui3yi>
=1 =1 =1 =1
= 3 3
Uin®; + ) UinYi
i=1

=1 i=

3
> uswi +
i=1

3
U;i3Yi
—

(2

= HMV (X) oFy,y HMYV (y).

Also, as D (U) is non-singular, and M is one-to-one, HMV is an isomorphism. It is also clearly
continuous. Note that the function HMV (x) is still not "neat” as the two latter components still

depend on U. Now, take V. =D (U) and define G (t) = H (D (U)! t) . Then

G@t) = M (D (U)D (U) ! t) = M (t)

41
= — | , 12,1
(eXp (L(tQ,tg)) s U2, 3) )

with Gt (s) = (L (s2, 53)1og 51,52, s3) and we have arrived at the standard representation for
the Montgomery—Vartia formula.

The next lemma is included purely for technical completeness. The proofs of the next
sections are largely based on continuity (much looser regularity conditions would often suffice,
but continuity is nice to work with), and therefore we show that both our isomorphism and its
inverse isomorphism are indeed continuous.



CHAPTER 4. A QUASILINEAR REPRESENTATION THEOREM 37

Lemma 4.12 G and G~! are continuous.

Proof. See Appendix A.2.9. m
Taking B = G~! and noting that R3 , C S so S has an open subset and therefore also T we
have now proved the main theorem of this part.

Theorem 4.1 (Ql. Representation of Index Number Formulas) Any index number for-
mula that is CA and satisfies the following conditions:

1. weak proportionality,
2. sensitivity to redistributions of expenditure among goods,
3. insensitivity to vanishing commodities and

4. monotonicity in the price/quantity relatives

has a quasilinear representation x op y = B™1 (B (x) +B (y)) that is unique up to a linear
transformation. Moreover, the functions B and B! can be chosen to be continuous and of the
forms B (x) = (b(x),72,23) and B~! (y) = (b (y) ,y2,y3) respectively.

4.2 Some necessity considerations

The conditions 1-4 were shown to be sufficient for a quasilinear representation to exist. They
are, however, not necessary. For a formula with a quasilinear form condition 1 implies that

B (x4, ko, k}xg) +B (21, lxo, l.%‘g) =B (z1, (k+ l) xo, (k + l) .1‘3) . (4.17)

For any fixed x this is just the one-dimensional Cauchy equation in £ and [ and thus clearly
B (x1, kx2, kx3) = kB (x) so that B is linear homogeneous in (z2, z3). But this means that if we
were to choose some function B without this property then condition 1 would not be satisfied.
However, as was pointed out above, any function that does not satisfy condition 1 will not be an
interesting candidate for an index number formula. Thus the following result is of some interest.

Theorem 4.2 An index number formula has a quasilinear representation
xory=B"1(B(x)+B(y)),

with B linear homogeneous in (xe,x3) and B (x) = (b(x),x2,x3) if and only if conditions 1-4
as well as consistency in aggregation are satisfied.

Proof. Theorem 4.1 and the above discussion show that if conditions 1-4 are satisfied then
the representation exists. For the proof of the only if part see Appendix A.2.10. m

Thus while conditions 1-4 are not necessary conditions in general, if weak proportionality is
required then linear homogeneity of B is implied and the rest of the conditions are sufficient and
necessary to guarantee the existence of a quasilinear representation. As has been argued above,
weak proportionality is such an essential property of any index number formula, that assuming
it is not a very strict restriction, and we will assume it for the most part below.
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Definition 4.2 (Weakly proportional quasilinear index ) If a semigroup operation that
defines an index number formula has a quasilinear representation x op y = B~ (B (x) +B (y))
with B continuous, having a continuous inverse, and linear homogeneous in (x2,x3) and B (x) =
(b(x),x2,x3) then we say that the semigroup operation defines a weakly proportional quasilinear
index number formula. By the above theorem, this definition is equivalent to the conditions 1—4.

As we have argued that almost any function of any practical interest would satisfy our four
conditions, the question remains could any function satisfying them be regarded as a candidate
for an index number formula. The answer seems to be that all functions that satisfy all four
conditions satisfy some elementary properties of index number formulas. For example, the rather
permissive set of axioms given by Vartia [105] is implied by our conditions. The tests include
the weak proportionality test, which is our condition 1, a weak identity test, which states that
if there is no change in prices and the quantities change proportionally, then the price index
should have value 1. In our coordinates this is equivalent to

(1,3?2, ]{333‘2) OF (17 Y2, ky?) = (1,3?2 + Y2, k (x2 + y2)) . (418)

This is implied by condition 1 as it is equivalent to (1,1, k)*? or (1,1,k)¥> = (1,1, k)2 . Also,
the set of axioms includes the so-called monetary unit test, which requires that if all prices
are multiplied by some positive & and quantities by some positive [ the index should remain
unchanged. As our conditions ensure that

kl

(1, klxg, klxs) op (y1, klys, klyz) = x* op y* = (x op y)*, (4.19)

this condition is also satisfied. We have proved this lemma:
Lemma 4.13 All weakly proportional quasilinear formulas satisfy Vartia’s axioms.

We conclude that our choice of vocabulary in calling all these functions index numbers is
not meaningless, as they have characteristics that are typical for index number formulas. As the
previous examples show, some of the classical index number tests have algebraic interpretations.
In the next section this is examined in some more detail.



Chapter 5

Tests for consistent indices

5.1 Introduction

In the so-called test-theoretic or axiomatic approach to index number theory pioneered by Irving
Fisher [43] functions that are candidates to being used as index number formulas are subjected
to certain tests, i.e. the functions are required to satisfy some requirements that are considered
necessary or desirable for an index number formula. Many of these tests demand that the
function have some property that is similar or analogical to some property of the simple price
ratio. In this section we use the results derived above and find some interesting algebraic
interpretations for these tests. These interpretations in our opinion strongly suggest that an
algebraic structure is something natural to index number theory, and that rather than being
just one desideratum or test among others, consistency in aggregation should be regarded as a
fundamental property of index number formulas.

The tests are presented first in a "pure” algebraic form and then applied to index number
formulas and especially quasilinear formulas as an application. This approach is warranted for
two reasons: first, it simplifies the notation somewhat, and second, it shows that this kind
of axiomatic approach could be extended for other kinds of consistent aggregation as well in
addition to index number theory.

After the basic definitions and preliminary discussion the main focus will be on the effect of
different axiomatic requirements on the possible functional form of the isomorphism B used in the
definition of the quasilinear formula. It is shown that many of the standard index number tests
are reducible to demanding certain algebraic properties of the aggregation semigroup. As the
quasilinear index number operations are algebraically isomorphic to vector addition semigroups,
the tests themselves must be reducible to properties of these addition semigroups. This result
is then used to reduce different types of tests into simple functional equations which may be
solved to give the functional forms that satisfy the tests.

Most of the discussion is centered on the compatibility of different proportionality require-
ments, the quasilinear structure and Fisher’s reversal tests. We show that very strong pro-
portionality requirements severely restrict the other properties a quasilinear index number may
have and that factor reversal and strong proportionality conditions, such as linear homogeneity
in comparison period prices are not really compatible for quasilinear indices. However, if the
demand of factor reversibility is dropped, there are a number of quasilinear indices that satisfy
strong proportionality requirements. We also prove, using the approach derived above, a char-

39
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acterization of the Stuvel formula which has been noted previously by Gorman [52] and Balk [8],
namely that no other quasilinear formula satisfies factor reversal and Fisher’s proportionality
test. The focus on proportionality will be continued in the later chapters, in which we argue
that the often made point that strong proportionality conditions are necessary in view of mi-
croeconomic theory is not very well thought out. Also, as we show in the next chapter that the
quasilinear structure is equivalent to an additive decomposition representation, the discussion of
the correspondence between the properties of quasilinear indices and the functional form of the
isomorphism is continued there, and many more results are presented. The difference is that in
this chapter we want to emphasize the algebraic structure of consistent index numbers, while in
the following chapter the algebraic properties are given interpretations more in line of traditional
index number theory. This chapter and the next one should therefore be viewed as a whole, and
the results are divided into the two for reasons of convenience only, as certain properties are
more easily interpreted from the point of view of the theory of additive decompositions.

Many of the results presented are interesting in themselves, but the purpose of this chapter
is also to show how the algebraic structure of consistent aggregation may be applied for easy
derivation of results, and how the existence of an isomorphism with a well-known semigroup
actually reduces many of the aggregation properties of a formula into properties of the simpler
semigroup. Many of the proofs are included with regard to this purpose, in some cases they
reveal more about the underlying algebraic structure and the effect of different requirements
on the functional form of index numbers than the results themselves. Also, the algebra and
the mathematics of functional equations are rather more elegant and enjoyable than the usual
mathematics associated with economics, as is evident from the calculations in the last part of
this study. Therefore, in the first and second parts of the study, the tendency has been to include
proofs, even if long, in the main text while in the later chapters, we have often relegated even
short proofs to the appendix.

As a first, we narrow our definition of an index number from the previous weak one to
include the weak proportionality property. This guarantees that the isomorphisms B are linear
homogeneous in x2 and x3. As any reasonable formula will possess this property, we do not feel
there is much loss of generality, while the strengthened definition makes many things much more
straightforward.

Definition 5.1 (Index number) From now on we add the weak proportionality requirement
to our definition of an indexr number, so that the terms quasilinear and weakly proportional
quasilinear are used interchangeably.

We define two categories of tests. The tests in the first category demand that certain func-
tions or classes of functions be automorphisms of the aggregation semigroup.

Definition 5.2 (Category 1 test) Let op be an Abelian semigroup operation on S. Let t :
S — S be an arbitrary bijection. Then the formula defined by the semigroup operation op satisfies
the test by function t if and only if for all x,y € X it is true that t (xopy) = t(x) op t(y).
Using algebraic terminology, t must be an automorphism of the index number semigroup.

The idea of this category of test is simple. The aggregation method opmust be such that
it does not matter whether the transformation ¢ is applied on the disaggregate level to the
single measurements or on the aggregate level. Put in informational terms, only aggregate



CHAPTER 5. TESTS FOR CONSISTENT INDICES 41

information is required to calculate the aggregate of the transformed measurements. Moreover,
this calculation can be done by simply transforming the aggregate using the same transformation.
In other words, the transformation must preserve the consistency property of the aggregation
method. The property clearly extends to any number of levels of subaggregates. Another way of
illustrating the concept of this kind of test is noting that it is possible to define a new semigroup
operation using the transformation t.

Definition 5.3 For a bijectiont : S — S the t-antithesis of the consistent aggregation operation
opis the operation ogdefined by xogy =t"1[t(z) or t (y)].

The t-antithesis operation is also a consistent aggregation semigroup operation.

Lemma 5.1 The t-antithesis operation of an Abelian semigroup operation opis also an Abelian
semigroup operation.

Proof. Let the operation og be defined by z ogy = t~1[t (z) or t (y)]. The operation is
commutative, because opis commutative. Proof of associativity from associativity of the original
operation is also straightforward

(rogy)ogz = t[{t(t 7 [t(x)opt(y)])}ort(z)]
[t (x) OFt( )or t(2)]
THt(@)op {t(tT [t (y) or t(2)]) }]

= xOG(yO z).

[ ]

Any bijection may therefore be used to define a new consistent aggregation method by first
transforming each measurement using the bijection, aggregating the transformed measurements
and then transforming the result back using the inverse transformation. By definition, the new
aggregation semigroup is isomorphic to the original one with the isomorphism ¢. The algebraic
properties of the two aggregation methods are thus identical. The antithesis operation gives us
another way of defining the Category 1 tests.

Theorem 5.1 The Abelian semigroup operation opsatisfies Category 1 test by function t if and
only if the t-antithesis of opis opitself.

Proof. It is clear that

t(wopy)=t(x)opt(y) S xopy=1t"[t(x)ort(y).

[ ]

The most prominent examples of this type of test for index number semigroups are Fisher’s
great reversal tests, that is, the time reversal and factor reversal tests. To show this, we need
some preliminary definitions. First we define the time reversal and factor reversal functions.

Definition 5.4 (Time reversal function) The time reversal function is the function

t :R?H_ — R?H_,t (1, x2,23) = (xl_l,xg,xz) . (5.1)
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Definition 5.5 (Factor reversal function) The factor reversal function is defined by
R?, — R} — (= 5.2
s:R7, — Ry ,s(x1,20,23) = E,xz,xg ) (5.2)

Note that the names of the time reversal and factor reversal functions are natural. The time
reversal function transforms a price relative-value vector comparing periods 0 and 1 to a price
relative-value vector comparing periods 1 and 0 and also reverses the order of the values. The
factor reversal function transforms any price relative-value vector into a quantity relative-value
vector and vice versa because

Lemma 5.2 Both functions are autoinverses, i.e. they have inverses and t—1 =t and s~ =s.
Proof. Simple calculation will show that this is true. m

Lemma 5.3 The order of time and factor reversal may be changed without effect, ort os =sot.

Proof. For any x,

(tos)(x) = t(s(x)):t(ﬁ,@,xg> - (xgz,xg,m)

12
= s(z7'23,22) =s(t(x)) = (sot) (x).

Using these functions we may also define the time and factor antitheses of any index number
formulas.

Definition 5.6 (Time antithesis) Let opdefine an index number formula. The time antithe-
sis of that formula is defined by the semigroup operation og, given by

xogy =t~ (t (x) op t(y)) = t(t(x) op t (¥)), (5.4)

where t is the time reversal function. In other words, the time antithesis is the t-antithesis of
Oop.

Definition 5.7 (Factor antithesis) Let opdefine an index number formula. The factor an-
tithesis of that formula is defined by its s-antithesis operation, denoted by op.

This gives us the following lemma.
Lemma 5.4 The time and factor antitheses of formulas that are consistent in aggregation are

also consistent in aggregation. If the original formula is quasilinear, so are its time and factor
antitheses.
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Proof. The first part is a corollary of Lemma 5.1. For quasilinear index numbers
xogy =t (t(x)opt(y)) = (Bot)™ (Bot)(x)+ (Bot)(y)). (5.5)

This gives the result for the time antithesis. The case for the factor antithesis is an obvious
corollary. m

An algebraic way of putting the result would be that the factor and time antithesis semi-
groups are always isomorphic to the original index number semigroups. As quasilinear index
number semigroups are isomorphic to a vector addition semigroup, the antithesis semigroups of
quasilinear indices must be isomorphic to the same addition semigroup and therefore quasilinear
as well.

Next, we give definitions of the actual tests.

Definition 5.8 (Time reversal test) Let opdefine an index number formula and let o define
its time antithesis. The formula satisfies the time reversal test if these operations are identical
so that for all x,y ER?’H,

xopy = xogy =t ! (t (x) op t (y)).

An equivalent way of stating this demand is to require that the time reversal function be an
automorphism or that the time reversal test is a Category 1 test with the time reversal function
as test function.

It is perhaps easier to see that this definition is identical to the usual definitions if the
equation is written component by component. The time reversal test demands that the value of
an index comparing period 0 to period 1 should be the reciprocal of the index comparing period
1 to period 0. In our representation this is equivalent to the requirement that if we transform
all price relative vectors comparing period 0 to period 1 with the time reversal function and
then aggregate these, we should be able to recover the aggregation result for the untransformed
vectors by applying the same transformation again to this aggregate of transformed variables.
Formally for any x,y € R3 , we should have

xopy = t(t(x)opt(y)) (5.6)
= (gz((xfl,xs,xz),(yfl,ys,yz))_l,m+y2,x3+y3)-

It should be clear that this is the usual definition for the time reversal test for two commodities.
The semigroup structure is enough to guarantee that the extension to any number of commodities
is a simple exercise in induction.

Definition 5.9 (Factor reversal test) Let opdefine an index number formula and let oy be
its factor antithesis operation. The formula satisfies the factor reversal test if these operations
are identical. An equivalent way of stating this demand is to require that the factor reversal
function be an automorphism so that the factor reversal test is a category 1 test with the factor
reversal function as test function.
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The factor reversal test demands that the product of price and quantity indices must equal
the ratio of the value aggregates. The demand that s be an automorphism is equivalent to

xopy = s(s(x)ors(y)) (5.7)

-1
_ ( 92 ((963 (wwy) 7x37x2) ; (3/3 (yoy1) ™! 73/373/2)) Fatys >

T2 + Y2, 3 + Y3

which is clearly the factor reversal test for two commodities. Again, it is an obvious induction
to see that if the above is true, then the equivalent will be true to any number of commodities.

Thus we have established that the time and factor reversal tests have simple algebraic inter-
pretations. They are equivalent to the requirement that the time reversal function and factor
reversal function be automorphisms of the index number semigroup. This is a compelling ex-
ample of how naturally and simply the concepts of axiomatic index number theory fit into the
algebraic framework, and properties which seem at first glance very specific to index numbers
are actually special cases of very general mathematical theory.

The concept of category 1 tests can be extended to cover tests that demand that instead of
a particular function a whole class of functions {tx|k € K} where K is some index set must be
automorphisms.

Definition 5.10 The Abelian semigroup operation op satisfies the Category 1 test with the class
of functions {ty|k € K}, if it satisfies the Category 1 test for each function t.

For example the linear homogeneity test advocated by many authors falls into this category.

Definition 5.11 (Linear homogeneity test) The index number formula satisfies the linear
homogeneity test if the functions

my : R?H- —>]Ri+,mk (xl,xQ,xg) = (k;xl,xg,kxg) (58)
are automorphisms for all k > 0.

This is equivalent to the demand that a price index should be linear homogeneous in period
1 prices. To see this, note that if the test is satisfied then for any k > 0, we must have

my, (x) opmy, (y) = my, (xory),

which is equivalent to

(kx1, 22, kx3) o (ky1,y2, kys) = (kg2 (x,y) , 22 + y2, k (23 + y3)) , (5.9)

where g5 is the index number formula for two commodities. This is a rather stringent requirement
which will be examined below.

Some of the classical tests can be given an algebraic interpretation different from that of the
one of category 1 test.

Definition 5.12 (Category 2 test) The second category of tests that we define is as follows.
Let A C S be some subset of S . The commutative semigroup operation opdefined in S satisfies
the category 2 test with the test subset A if and only if A is a subsemigroup of the index number
semigroup. In other words, if A is closed under the operation op.

This type of test may obviously be extended similarly to the Category 1 tests, so that opis
said to satisfy the test by the class of subsets {Ag|k € K} if it satisfies the test for all Ay.
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The intuition behind this test is simple, and again reflects the idea of the test-theoretic ap-
proach that aggregates should have similar properties to individual measurements. The point
is, that if all the measurements belong to one subset A, then we may approximate the measure-
ments by the set A, and therefore it should also be possible to approximate the aggregate with
A. Put otherwise, if all measurements have some characteristic, the aggregate should also have
that same characteristic.

We now give some examples of this type of test.

Definition 5.13 (The identity test) The test requires that if all the price relatives are equal
to one then the value of the index should be one. (See for example Stuvel [96], Fichhorn [35]).
For index numbers that are consistent in aggregation this demand is equivalent to that the subset

A= {(1,3?2,3?3) ’ (2, 3?3) € Ri-ﬁ-’}

is closed under op.That is, this is the Category 2 test with set A.

It is often required that the value of a price index should fall between the minimum and the
maximum of the price relatives, or

1 1 .
In ((71'1,21(1), vl) e (ﬂ'n,vg, vn)) € [min{my,...,wn},max{m, ..., T }].
For consistent index number formulas this can be expressed as a category 2 test.

Definition 5.14 (Minimum-Maximum test) The index number formula defined by op sat-
isfies the minimum-maximum test if the subsets Ay, defined by

Ay = [,y x B2, (5.10)
are closed under the operation op.

Fisher’s proportionality test [43, 420] test that states that if price relatives agree with each
other then the index should agree with the price relatives. In other words, if all the prices have
changed proportionally by the factor x, then the value of the index be x. In our representation
this can be stated as

(7,29, 23) oF (z,y2,¥3) = (T, T2 + Y2, 23 + ¥3) - (5.11)

Again, it is an obvious induction that if this holds for two commodities the equivalent will
hold for any number of commodities. If we define the sets A, = {(xl,xz,xg) € R?’H]m = x}
then it may be seen that the test can be formulated using the definition of category 2 tests.

Definition 5.15 (Fisher’s proportionality test) The formula defined by the semigroup op-
eration opsatisfies Fisher’s proportionality test if for all x > 0 the subsets

Ay = {(xl,xQ,xg) S R;’H]xl = x}

1§ closed under op. It is easy to see that as we have assumed that the indices are strictly
increasing in the price relative this is equivalent to the minimum-mazimum test.
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These are just examples of well-known tests with algebraic interpretations, but they should
suffice to make our point. The algebraic interpretation of index number theory is not far-
fetched or a needless complication, but that it actually clarifies many things by giving a general
mathematical context in which the aggregation method along the various axioms and tests
are seen to be special cases of basic mathematical concepts. Also, the structure of algebraic
operations corresponds to an intuitive idea of what aggregation is. Therefore, we repeat the
claim, even though it is difficult to put in a satisfactorily precise form, that consistency in
aggregation should be regarded as a fundamental property in index number theory rather than
one test among others to be accepted or discarded according to fancy.

5.2 Tests for quasilinear indices: Definitions and results

For quasilinear index numbers the isomorphism B defines the formula completely. Thus any
property required by a test must be reducible to a property of this function. This simplifies things
considerably, as we only need to deal with a simple function from Ri ) Ri 4. Actually, the
situation is simplified even further, as B may always be chosen to be of the form B (x1, z2, x3) =
(b(x1, 2, x3), 2, x3) so that we actually only have to deal with the real-valued function b. The
form of this function will be the main focus of this and the next chapter, in which we show
that b may actually be interpreted as a decomposition function. To put the same thing in
algebraic terms, any quasilinear index number semigroup must be by definition isomorphic to
an addition semigroup. As the two types of tests developed in the previous section are based on
the algebraic properties of the index number semigroup, it must, because of the isomorphism,
be possible to reduce these tests to properties of some addition semigroup. Below, we will deal
extensively with linear transformations of the functions B as these will have a central role in
the discussion. In a slight abuse of language, we sometimes shorten the discussion by referring
only to the first component b of B and write ”a linear transformation of ” when we actually
refer to a transformation of B. This will simplify things and we do not think this abbreviation
will generate too much confusion.

The next two lemmas give the two categories of tests for quasilinear index number formulas,
and immediately show how much the quasilinear structure simplifies things.

Lemma 5.5 (Category 1 tests for quasilinear indices) If a semigroup operation opthat
defines an index number formula is as well as quasilinear, then the category 1 test with the
continuous test function t is equivalent to the requirement that the composite function Bot
must be a linear transformation of B so that for all x €R3 ., (Bot) (x) = B (t (x)) = CB (x).

Proof. If conditions 1-4 are satisfied then for any x,y E]Ri . the semigroup operation may
be written as xopy = B~ (B (x) +B (y)) . If the index number satisfies test with the function
t then

xopy =t~ (B™ (B(t(x))+B(t(y))) = (Bot)" (Bot)(x)+(Bot)(y)). (512)

It is obvious that (B ot) is continuous and it gives an alternative quasilinear representation of
the same formula. By Lemma 4.2 and Theorem 4.1 any quasilinear representation is unique up
to a linear transformation the claim must be true. =
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To give an algebraic interpretation to this result is suffices to note that as t is an auto-
morphism of the index number semigroup, h = B ot o B~! must be an automorphism of the
isomorphic addition semigroup. An automorphism h of an addition semigroup must have the
property h (x +y) = h(x) + h(y), and therefore a bijective solution to the Cauchy equation,
that is, a linear function. But if h (x) = Cx, then (Bot) (y) = CB (y). The result illustrates
the power of the algebraic approach, as tests concerning complex formulas may be reduced to
an extremely simple form by noting the isomorphism with an addition semigroup. It could
be further strengthened by characterizing which linear functions are automorphisms for those
addition semigroups that can be isomorphic to index number semigroups. This, however is not
necessary to our purposes, and instead we proceed by finding the possible linear functions case
by case. Before continuing, we note an immediate corollary of the previous lemma.

Corollary 5.1 If B defines a quasilinear index number formula, that satisfies the Category 1
test for a class of functions {ti|k € K} where K is some index set then

(Boty) (x) = Bt (x) = C (k) B(x). (5.13)

The form of the possible linear functions associated with the reversal functions is rather
restrictive, as the next lemmas show.

Lemma 5.6 For the factor reversal test the matriz C s always of the form

-1 Cy C3
c=|0 1 0], (5.14)
0 0 1

Proof. Let the quasilinear index number that satisfies factor reversal be defined by the
function B (x) = (b(x), z2,x3). We may restrict attention to the first row of C because the two
last equations in B (s (x)) = CB (x) are

Ty = ca1b (21, %2,73) + 2272 + C2373

x3 = c31b (21,22, 23) + 3202 + c3373,

which obviously imply the result for the two other rows. The factor reversal test implies that

b(x1,z2,23) = clb( 3

,T2,T3 | + coxa + €373
T1T2

cl (Clb (xl, T2, .Tg) + coxo + ngg) + Ccox2 + c313
= b(xy,m9,23) Fea(14¢1) xo+c3(1+cp) as.

Clearly, ¢? = 1 because otherwise b (z1, 72, 23) would not depend on x1. Also, ¢; must be
negative because b (ﬁ;, To, xg) is strictly monotone to the opposite direction from b (z1, x2, x3) .
Therefore ¢c; = —1. =

Lemma 5.7 For the time reversal test the matriz C is always of the form
—1
c=| o0 (5.15)

0

S~ 0
— o0
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Proof. Let the quasilinear index number that satisfies factor reversal be defined by the
function B (x) = (b(x), z2,x3). We may restrict attention to the first row of C because the two
last equations in B (t (x)) = CB (x) are

Ty = ca1b (21,22, x3) + a2 + Ca373

x3 = ca1b(x1,22,73) + 322 + c3373,
which obviously imply the result for the two other rows. The time reversal test implies that

b(x1,x3,22) = c1b (xl_l,xg,xz) + coxg + c373
= (01b (.7:1, T2, 333) + cox3 + 03.7:2) + coxo + c373

= Ab(x1,72,73) + (c2 + c1c3) 22 + (c3 + c1c2) 3.

Clearly, ¢? = 1 because otherwise b(z1, 72, 23) would not depend on x1. Also, ¢; must be
negative because b (J:l_l, To, J:g) is strictly monotone to the opposite direction from b (z1, x2, z3) .
Therefore ¢; = —1. But this means that

(ca —c3) w2+ (3 — 2) 3 = 0,

orcg=-c3. o
These results obviously place very strong restrictions on the form of the index number for-
mulas. For example, if factor reversal is to be satisfied, we must have

T3
b (—7 T2, xs) + b (21,22, 23) = caxa + 323,
T2

and while it is not immediately clear what kind of functions satisfy this equation or how the con-
dition should be interpreted, it is clear that this is a rather stringent restriction. The conditions
will be given a very natural interpretations as properties of certain additive decompositions in
the next chapter, and we leave further discussion there and proceed to the implications of the
second category of tests for the quasilinear case.

Lemma 5.8 (Category 2 tests for quasilinear indices) If a semigroup operation op that
defines an index number formula satisfies conditions 1—4 then the category 2 test with the subset
A is equivalent to the requirement that the image of A under the mapping B, denoted here
B (A) C T must be closed under vector addition, or in other words, it must be a subsemigroup
of (]R3, —|—) . In other words, for any t,s € B (A), we must have t +s € B (A4).

Proof. Let s,t € B(A) be arbitrary and let x = B™! (s),y= B71 (t). If the test is satisfied
xopy =B ! (B(x)+B(y)) =B ! (s+t) =ac A. But this means that s + t = B (a).

Now, let x,y €A be arbitrary. There exist s,t such that x =B~ !(s) and y=B™1(t).
Assume now that B (A) is closed under addition. Then s+t € B(A). But then xopy =
B! (s +1t) € A. Therefore the two conditions are equivalent. m

The algebraic interpretation of this result is even simpler than the tests in the first category.
As the quasilinear index number semigroup is isomorphic to an addition semigroup, any sub-
semigroup of the index number semigroup must also be isomorphic to a subsemigroup of the
addition semigroup, with the appropriate restriction of B providing the isomorphism. Therefore,
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if A is to be a subsemigroup of the index number semigroup, then B (A) must clearly be closed
under addition. Such sets are of course well-known and simple, while subsemigroups of index
number semigroups may seem complex, and therefore the quasilinear structure is again shown
to simplify things considerably.

As an application of the result, consider Fisher’s proportionality test which states that if the
price (or quantity) relatives are equal, then the index should be equal to these.

Lemma 5.9 (Fisher’s proportionality for ql. indices) The condition that a quasilinear in-
dex number formula satisfy Fisher’s proportionality test is equivalent to the requirement that the
function B which defines the formula is a linear transformation of a function B the first com-
ponent of which has the form

b(z1,x2,23) = c1 (z1) X2 + c2 (1) 23
. This is proved also by Balk [7].

Proof. Let xopy = B71(B(x)+B(y)) define an index number formula. If the index
number formula satisfies the proportionality test, by lemma 5.8 this means that any subset A,
must be closed under addition so that if x = (z,z2,73),y = (z,92,y3) ER3

B (X) +B (Y) = (b (.T,.I‘Q,.Tg) +b (3’373/273/3) ;T2 + Y2, T3 + 3/3) €B (Aa:) .
But this obviously means that
b (.T,.I‘Q, .Tg) +0b (3’373/273/3) =b (.T,.I‘Q + Y2, T3 + 3/3) .

For any fixed x € R this is the Cauchy equation in the last two arguments. The only continuous
solutions to this equation are (see for example [2]) of the form

b(x,x2,x3) = c1 () x2 + 2 (x) 3. (5.16)

This is because for any fixed = the solutions must be linear so the dependency on x must be via
the coeflicients. Note that both ¢; and ¢y cannot be constant because then B would not be a
bijection. The sufficiency of the condition may be proved by simple calculation. m

Again, the quasilinear structure makes it possible to reduce the test into a Cauchy equation.
This result will be repeated throughout this and the next chapter, and reflects the ”almost”
additivity of quasilinear indices. Often this means that requirements that may seem weak at
first will have strong implications on the functional form of index numbers, as reduction to
Cauchy equations in some variables or transformations of variables means that the functions
must be linear in these.

The identity test also reduces to a Cauchy equation in the case of quasilinear formulas.

Lemma 5.10 (Identity test for ql. index numbers.) The identity test for a quasilinear in-
dex number formula is equivalent to the requirement that for all (zo,x3) € Ri +

b(1,z2,x3) = axs + cxs
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Proof. By Lemma 5.8 the identity test can be written as
b (17 T2, .Tg) +b (17 Y2, 3/3) =b (17 T2 + Y2, T3 + 3/3) .

But this is just a Cauchy equation for which the only continuous solutions are of the form
b(1,z2,23) = axe + crs. M

After these examples and discussion the basic implications of quasilinear form should be
clear. It makes it possible to reduce complex algebraic requirements into functional equations,
which may be solved using standard methods. The following discussion uses extensively the
solution techniques thoroughly discussed in Aczél [2]. We now continue the examination of
proportionality requirements and the functional form of quasilinear indices. A strong propor-
tionality condition is the linear homogeneity test. The next lemma lists the quasilinear formulas
that satisfy this requirement.

Lemma 5.11 (L. homogeneity test for ql. formulas) This test implies that the function
B that defines the formula must be a linear transformation of a function (b(x),x2,x3) where b
18 of one of the forms

b(x1,me,23) = xzf( 3 >+)\x210gx1, (5.17)
12
b(x1,m2,23) = xlef( 3 >+ax310gx1, (5.18)
19
T
b(x1,m9,23) = xoxf (3’31;2)' (5.19)

Proof. The linear homogeneity test requires that the functions defined by
my, : R?’H — ]R;’H, my, (x1, 2, x3) = (kx1, 22, kx3)
are automorphisms for all k£ > 0, or that for any & > 0, we must have
my, (x) opmy, (y) = my, (Xopy) .

By Theorem 5.5 this is equivalent to the demand that (B omy) (x) = D (k) B (x) for some
matrix D (k) for all k. The first equation of (B omy) (x) = D (k) B (x) may be written as

b (k;xl, T9, k’xg) =d (k’) b (.1‘1,.%‘2,.1‘3) + ds (k’) T9 + ds (k’) xs. (5.20)

Note that because the left-hand side is continuous in k£ the functions d; must be continuous.
Because b is linear homogeneous, if we define r (x,y) = b(x,1,y) then the above equation is
equivalent to

r(kx,ky) = dy (k)r (x,y) + d2 (k) + ds (k) y. (5.21)
For any z # x we have

r(kz, ky) = (kz, ky) = dy (k) [r (2, 9) =7 (2,9)],
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or defining m (x,y,z) =r (x,y) — r(z,9)
m (kx,ky, kz) = dy (k) m (x,y,2).

Now

and

m(kx,ky,kz) = d; (k;x)m(l ky k;z)

On the other hand,

m(k’%k%k@ = dl(k)m(x7y7z)

So, either m (1, a2, %) is identically zero so that
(5 =Y,
x x T
which is clearly impossible because r (i, %) has to be strictly monotone in z, or
d1 (k’) d1 (.%‘) = d1 (k;x) .

This is a version of the Cauchy equation and the continuous solutions to this are of the form
(see e.g. Aczél [2])

di (z) = 2" (5.22)
The equation r (kz, ky) = dy (k) r (z,y) + d2 (k) + d3 (k) y implies that

r(zr,y) = r(x-l,x-%)

= o (1Y) + 2 () + ds () £
= a°f (%) +do (2) + ds (2) %
Using (5.21) again
r(kx,ky) = kz°f (%) + dy (k) + ds (kx) %

= k°r(z,y) +do (k) +ds(k)y
— g [fo (%) +dy () + ds (x) %] tdy (B) + ds () g,
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which means that
dy (k) + ds (kz) % — ke [dz (@) + ds (z) %] +dy (k) + ds () y.
Rearranging, this becomes
ds (kx) — k°d (z) — da (k) = [k°ds (x) 2™ — d3 (kz) 27" +d3 (k)] y.
As the left-hand side depends only on k and x this means that
keéds (x) 2t — dg (kx)x~ 1 +ds (k) =0,
which in turn implies that
da (kx) — k°da (z) — d2 (k) = 0. (5.23)

Taking the former of these into consideration first, we divide it on both sides with k and rear-
range, to get

ds (kx) ka7t = ks (x) 27 + ds (k) kL.
Denoting
g(x)=ds ()"
this becomes
g(kz) = k1g(x) + g (k), (5.24)

which is a variation of an equation solved for example in Aczél [2, 148-159]. It is relatively easy
to find all continuous solutions to this. First, note that setting k =1

g@)=g(@)+g(1),
so that ¢g (1) = 0. Interchanging the variables gives
g (kx) =2"g (k) + g (x). (5.25)

Together with (5.24) this implies that

2y (k) +g(2) = kg (2) + g (k).
or

g(z) (1 =1)=g(k) (2! —1).

If ¢ = 1 so that k! =1 for all k¥ > 0 then (5.24) becomes just

g(kx) =g (z) +g(k),
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93

which is a variation on the Cauchy equation with the only continuous solutions being either the

zero function or
g(z) =alogz.

If ¢ # 1 then we may choose some fixed kg # 1 and get

g(x) — &0)1 (xc—l _1) :,B(xc_l _1)‘

kgt —
Together these results imply that either
ds(x) =azxlogz, c=1
or
ds(2) = B (a° — ), £ 1.
Turning now to the functional equation (5.23), rearranging gives
dy (kx) = kg (z) + da (k) ,
which is clearly identical to (5.25) so that the solutions are either
dy (x) = Alogz, c=0
or
dy(x) =p(z°—1),c#0.
Combining these we get the solutions
r(z,y) = f (%) +Alogzx — B (x—1) %,

r(ey) = af (£)+p@=1)+ayloga,

T(.T,y) = xcf(%)+p(xc_1)+/8(xc_x)§7c7é07c7é17

or

b(x1,x2,23) = l‘zf(

b(x1,22,23) = xoa(f

1T
b(xy,x2,x3) = momwy ( >—|—px2 (x1 — 1) + azslogxy,

c # O,c;él,

> + Azglogxy — B (21 — 1) =

>+px2 T—1)+p5—

(5.26)
(5.27)

(5.28)

(5.29)
(5.30)

(5.31)
(5.32)
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simplifying these with linear transformations gives the functions

b(x1,z2,23) = xzf( 3 > + A\xolog xy —i—ﬁ@, (5.33)
19 il

b(xy,x2,x3) = wam1f (£> + proxy + axslogxy, (5.34)
T1T2
T _

b(z1,29,23) = w22(f (—3 >+P$2l‘§+ﬁx3$§ . (5.35)
12

c # 0,c#1,

which can be further simplified to those given in the lemma. Note that for any solution to define
an index number formula the parameters must be such that the function b is strictly monotone
in 1. Note also that all of these forms are linear homogeneous in x2 and x3. =

Proportionality questions are quite interesting because they have been the focus of so much
debate. Imposing the linear homogeneity requirement clearly restricts the possible functional
forms of the quasilinear indices considerably, and the following results show that this restricts
the other properties that the formulas may possess rather severely.

Lemma 5.12 The only quasilinear indices that satisfy both the linear homogeneity and factor
reversal tests are giwen by the forms (linear transformations of B are of course allowed)

b(xy,z2,23) = 2x210gx1—x210g% and (5.36)

2
b(xy,z2,23) = 2x310gx1—x310g%, (5.37)

2

or

b(x1,x2,x3) = walogx; —x2log x and (5.38)

19
b(x1,x2,x3) = w3logx; —x3log , (5.39)

19

Proof. It is simple to verify that both functions are strictly increasing in x; and satisfy the
factor reversal test. To prove that they are the only one satisfying the requirements we have to
tackle the three functional forms given in the above lemma one by one. Remembering that for
the factor reversal test to hold it is necessary and sufficient that

o
b (—3 7$2,$3> = —b(x1, 22, x3) + daxa + d3xs,
T1T2

we get for the first functional form

X
xof (1) + Az log 3
19
xs3
= —.TQf ( > — Ao log 1 + doxs + d3xs.
T1T2

Dividing this by x2 it becomes

f(x1)+ Alog 3 :—f( 3 >—)\logx1+d2+d3x2_1x3.
T1T2 T1T2
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so that we see that both sides of the equation depend only on z; and ﬁ; which are the price

relative and the quantity relative. The expressions z; and ﬁ; are independently determined

and we may write 7 = x1 and K = ﬁ; The equation is now:
f(m)+ Alogk = —f (k) — Alogm + da + dsmk.
Setting k = 1 gives
f(m) =—f (1) = Alogm + d + ds,

or

f(m)=1[da— f(1)] +dsm — Alogm.
Substituting the expression for f (7) into the original equation gives

[d2 — f(1)] + dsm — Alogm + Alogk
= —|[[d2—f(1)] +dsk — Alogk] — Alogm + do + d3mk.

Rearranging and canceling out gives
[dy — f(1)] +dsm = f (1) + dsk + dsmr,

which is true only if d3 = 0. Therefore

f(m) = [d—f(1)] —Alogm
= ~v—Alogm,
which gives
z3
b(x1,x2,x3) = w2y — Axalog + A\xolog
T2X1

= X9y + 2Ax2logz — Axolog @,
Z2

and this defines same formula as the first function given at the presentation of the lemma. For
the second functional form given by the previous lemma we use a similar technique to arrive at
the equation

kf(m)+akmlogr = —nf (k) — akmlogm + d2 + d3k.
Again setting x = 1 gives
f(r)=dy+ (ds— f(1)) 7 — arlogm.
Substituting this into the original equation and rearranging gives

dok + (dz — f (1)) km = —dom + f (1) mk + da,
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which is true only if da = 0. Substituting this into the expression for f (m) gives
f(m) = (ds—f(1))7—arlognm
= ~m —arlogm,

so that

X3 X3
— axa log
12 12 12

b(xy,w2,23) = 7T2m1 + axslog xq

= ~x3+ 2axglogx; — axslog E,
T2

which clearly defines the same formula as the second function given at the presentation of
the lemma. It remains to show that the third type of quasilinear index satisfying the linear
homogeneity test cannot satisfy factor reversal. Using a similar technique as above we arrive at
the equation

kKf (m) = —m°f (k) + dg + d3k.
Setting k = 1 gives
f(m) =dy+dsm— f(1) 7"
Substituting this in the previous equation we get
kK [dg + dsm — f (1) 7] = =7 [da + d3k — f (1) K] + dg + d3k,
and rearranging gives
dark® + dskrm — f (1) k°7®
= —dom® —dsrm®+ f (1) 7°kS + da + d3k,
which is true only if dy =0, d3 = 0 and f (1) = 0, which would imply that
f(m)=—=f(1)7m=0. (5.40)

Thus we have established the claim. =

Actually these are formulas are ”rectified” forms of the log-Laspeyres and log-Paasche indices
respectively. The two indices satisfy neither time reversal nor the identity test. To see this, note
that for the first one

b (), w3, 29) = —2w3log a1 + 3 10gi—z ; (5.41)

so that the second one is its time antithesis. The reverse is also easily seen to be true. For the
identity test, note that

b(1,z9,x3) = w3 logE (5.42)

Z2
for the first function. This is clearly not linear in z2 and x3. It is obvious that the second
function does not satisfy the identity test either. Below, when we discuss decompositions and
ways constructing quasilinear indices satisfying factor reversal, we briefly discuss these two, as
they have some interesting properties from that point of view also. Now, notice that because
neither function satisfies the time reversal or identity tests we have proved the following lemmas.



CHAPTER 5. TESTS FOR CONSISTENT INDICES o7

Lemma 5.13 No quasilinear index number formula satisfies the linear homogeneity test, the
factor reversal test and the time reversal test.

Lemma 5.14 No quasilinear index number formula satisfies the linear homogeneity test, the
factor reversal test and the identity test.

Therefore, as mentioned the linear homogeneity test restricts the other properties of the
index number formula may have rather severely. Note also that the two indices are curious
because they satisfy the linear homogeneity test but do not satisfy Fisher’s proportionality test
because they obviously cannot be written in the form given by Lemma 5.9. This obviously has
to imply the second of the above lemmas because the linear homogeneity test and the identity
test together imply Fisher’s proportionality test. This is in line with Balk’s [8, 362] observation
that the only quasilinear index numbers which satisfy Fisher’s proportionality test and the linear
homogeneity test and whose factor antithesis also satisfies these are the Laspeyres and Paasche
formulas.

Eichhorn [35] includes both the linear homogeneity test and the identity test in his axiomatic
definition of index numbers. The previous lemma then shows that there can be no quasilinear
formula that satisfies those axioms as well as factor reversal. Indeed, we can show the following
result.

Theorem 5.2 (Eichhorn’s axioms for ql. indices) The only quasilinear index number for-
mulas that satisfy both the identity test and the linear homogeneity test are defined by either

b(x1,x2,23) = axgxl_l + cxolog 1y (5.43)

or
b(x1, 29, x3) = axexy + cxzlogxy, (5.44)

or
b(xy,x2,23) = axgxi_l + broxf, (5.45)

where the parameters a,b,c are such that the functions are strictly monotone in x1 for all xo
and x3.

Proof. If the index is to satisfy the linear homogeneity test b must be one of the three forms
given above. For the first one

x3
b(1,x2,73) = 22 f (—> + Bas.
T2
This must be linear in xo and x3 if the index is to satisfy the identity test, so that
x
xof (.Z‘_3> + Bx3 = axs + cx3,
2

which means that

f(@>=a+<c—ﬁ>@,

2 x2
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and

L3
T1T2

b(r1,x2,23) = 9 [a—i— (c—P) ] + Bxs + Axolog xq
= axrs+ ca:gxl_l + Axolog xy.

For the second functional form
T3
b(1,z2,73) = 22 f (x_> + pry = axy + cr3,
2

which implies that

X3
b(xy,x2,x3) = momwy [a—p—l—cw . ] + prox1 4+ axslog xy
2

= cx3+ axaxy + azrslogxy.

And for the third the identity test requires that

b (1,3?2, .Tg) = .T2f (%) + pxo + ,83?3 = axg + cr3,
2

so that
x _
b(w1,22,23) = w21} [a —p+(c—05) ﬁ] + praaf + Pasw]
122
= azoa§ + cxzri .
[

These are extremely restrictive functional forms, and it would therefore seem that Eichhorn’s
axioms and consistency in aggregation are not really compatible. Note that the Laspeyres and
Paasche formulas are given by putting ¢ = 1 and ¢ = 0 respectively.

Before continuing the discussion on proportionality we prove a lemma that establishes a
result that is related to the identity test and which will be useful below.

Lemma 5.15 (Reverse identity test) This test requires that if only the factor under consid-
eration has changed and the other factor has not, the value of the index should equal the ratio of

the value aggregates. That is if x; = (%;,xiz,xig) for alli=1,...;n then it should also be that

n

> a3
iz
=5

Zl‘iz

i=1

Gn (X1, .0y Xp)

For quasilinear indices this is equivalent to the demand that b (%, To, xg) = dxo + exs for some

constant d, e.
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Proof. Define P:R2, — R%_ as P (z,y) = (b(z,y,2y),y) so that

P (E7x2> = (b (§7x27x3> ,.TQ) .
o x2

Now the test is equivalent to requiring that the Abelian semigroup operation
(z,y) oc (u,v) =P~ (P (2,y) + P (u,v)) (5.46)

is the weighted arithmetic mean operation discussed above, because

n

inii n

i=1 Li2  T43
P~ —.

noo Ti2
DTz =1 ) Ty
=1 i=1

(5.47)

By similar argument as used in Lemma 4.2 this means that P must be a linear transformation
of P (z,y) = x2x1. Thus P (i—;, xz) =0 (i—;, Zo2, xg) =dxs + 6332%; =dxy +ex3. ®

This test coupled with the identity test is equivalent to the requirement that the index satisfy
factor reversal when only one of the factors has changed, hence we have called it the reverse
identity test.

Corollary 5.2 If the formula satisfies the identity test so that b(1,x2,x3) = axe + cxs and the
above test so that b (i—;, To, J:g) = dry+exs then a+c=d+e because b(1,1,1) =a+c=d+e.
This will prove useful below.

Further on, we define a normed index to be one that satisfies both the identity and the
reverse identity tests. The motivation to this terminology will become clear below. However, it
is natural to note the following result here.

Theorem 5.3 The only formulas to satisfy the linear homogeneity test and both identity tests
are the Laspeyres and Paasche formulas plus the formulas that are defined by b(x1,x2,x3) =
23281 — wox§, with ¢ € (0,1).

Proof. To satisfy both the linear homogeneity test and the identity test it was shown in
Theorem 5.2 that a quasilinear index must be defined by any of the forms (5.43)-(5.45). To
satisfy the reverse identity test, according to Lemma 5.15 the function b %;,xz,xg must be

linear in x9 and x3. For the first one, we have
xrs3 x3
b| —,x2,x3 | = axqe + cxolog—,
o Z2

which is linear only if ¢ = 0 in which case the resulting formula is clearly Paasche. In the second
case,
b (E,xz,xg) = ax3 + cr3 log@,
o Z2
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which is linear only if ¢ = 0 in which case the resulting formula is clearly Laspeyres. For the

third functional form,
x I~ c—1 I~ c
b (—3,3:2,3:3) = axs (—3> + bxs (—3>
T9 T9 T

= ax§ry ©+ ba§wy

= (a+b) xicix%_c7

which is linear if either ¢ = 0, in which case we again have the Paasche formula, if ¢ = 1, in
which case the resulting formula is Laspeyres, or a + b = 0, in which case we have

b(x1,x2,23) =a (J:gxf_l - J:Qxf) ,

which can be simplified to the form required. To define an index number formula, b must be
strictly monotone in x1. This in turn requires that ¢(c — 1) < 0, or that c € (0,1). m

It seems then, that as we regard consistency in aggregation as a basic property of a good
index number formula, that if the linear homogeneity test is required, we must give up many
other desirable properties, such as factor reversibility if we do not want to force ourselves to
absurd conclusions. But is linear homogeneity really that important? Some authors, for example
Balk [8] and Eichhorn [35] argue that it is. We would tend to disagree for a number of reasons.
First of all, the basic reason for requiring the linear homogeneity test seems to be based on a
misunderstanding of the implications of the relation of theoretical economic indices and actual
index number formulas, as we try to argue below in the third part of this study. Second, we
also show below that many quasilinear indices that fail the test satisfy it approximately, as they
approximate functions that meet the test, so that the choice may not be so important. Also,
the test seems awkward as a part of an axiomatic system, as in general the factor antitheses of
formulas satisfying Fisher proportionality or the linear homogeneity tests do not satisfy those
tests. This means that in any axiomatization that requires these stronger proportionality tests
it must be either accepted that a value ratio deflated using a price index is not in general a
quantity index, that the axiomatization of quantity indices should differ from axiomatization of
price indices and should not include a proportionality requirement, or else the axiomatization
must include even stronger requirements to ensure that only formulas with strongly proportional
factor antitheses are accepted. This is noted at least by Vartia [105], who uses this as an
argument for including only a weak proportionality test in his axiomatization, but most authors
do not explicitly discuss the fact that an axiomatization of price indices is also implicitly an
axiomatization of quantity indices via the deflation procedure. A thorough examination of
which of the quasilinear indices that satisfy for example the linear homogeneity test have a
factor antithesis that also satisfies it would be too long and tedious to present here, but to
make the above argument it suffices to point out, that the only formulas that satisfy linear
homogeneity and the identity tests and have a factor antithesis that also satisfy the linear
homogeneity test are the Laspeyres and Paasche formulas. This is because to satisfy the linear
homogeneity test and both identity tests the formulas must be defined by a function of the form
b(x1,x2,23) = J:gxi_l — 292§ The factor antitheses for this type of formula are given by

-1
~ T3 x3 \© z3 \°
b(x1,22,23) = b ——, 22,23 ) =3 —

122 12 T1X2

= aSwy CayC(x —1).
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This gives a formula that satisfies the linear homogeneity test only if ¢ = 1 or ¢ = 0. This is
because

b (kay, w9, kas) = a§ay Cry ¢ (ko — 1),

which is of the form

b (k;xl,xQ, k’xg) =d (k’) b (xl,m,xg) + ds (k’) To + d3 (k’) T3

only if ¢ =1 or ¢ = 0. For example, taking ¢ = 1, we get the formula defined by b (21, z2, x3) =

1
x2x, > —x22f, which satisfies the linear homogeneity test but its factor antithesis formula is given

by b(x1,22,23) = \/T23 :”1\/5_:11 ,and clearly does not. Therefore, either we must accept that this
formula is not a quantity index, but then we would have to somehow rule out the original index
as a deflator, or we must give a different axiomatization, one without the linear homogeneity
test, for quantity indices. For these reasons, we should think that the linear homogeneity test is
too much to ask, so to speak, and functions satisfying only weaker proportionality requirements
should be accepted as proper index number formulas, and some of these even as very good index
number formulas. As the characterization in the next section shows, that if the proportionality
hurdle is lowered! to Fisher’s proportionality test, it becomes possible to accept the Stuvel
formula, which has many good axiomatic properties.

5.3 Characterization of the Stuvel formula

As was seen the linear homogeneity test severely restricts the other properties that a quasilinear
formula may have and argued that the linear homogeneity requirement is too strict. We turn
now to Fisher’s proportionality and ask the same question as above. Which formulas satisfy
both Fisher’s proportionality and factor reversal? The answer turns out to be that Stuvel’s
formula is unique in this sense. The result is also derived by Gorman [52] and Balk [8].

Theorem 5.4 Stuvel’s formula, given by any linear transformation of
b(z1, w2, 73) = wow1 — T37 " (5.48)

18 the only quasilinear index number formula that satisfies Fisher’s proportionality test and the
factor reversal test’.

Proof. Note that Fisher’s proportionality implies weak proportionality.
For the formula to satisfy the factor reversal test it was shown in lemmas 5.5 and 5.6 that it
is necessary and sufficient that

T
b (—37$2, xs) = —b (21,22, x3) + dawa + d3x3.
12

'This not strictly a lowering of the hurdle as the identity test is needed to complement the linear homogeneity
test to imply Fisher proportionality.

2 Actually, what for example Balk proves is the more general result that any quasilinear index number that
satisfies the Fisher proportionality test and whose factor antithesis also satisfies this test is given by the function
b(x1,x2,23) = x221 — axsz] . This may be proved in almost exactly similar fashion.
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Substituting from lemma 5.9 it takes the form

x x
c1 ( > >962+C2 ( > >963=—01 (x1) x2 — c2 (x) k3 + daza + dzxs.
12 T1T2

Multiplying on both sides by £ we get

z3

-1
x3 x3 x3
C1 + C2 T
T1T2 T1T2 T1T2

_ —cl(x)( zs >_1—CQ(x)x1+d2( s >_1+d3x1,

T1T2 T1T2

so that we see that both sides of the equation depend only on z; and ﬁ; which are the price

relative and the quantity relative. The expressions z; and ;—;2 are independently determined

and we may write 7 = 21 and £ = ;72-. The equation is now

(k)R e (k)T =—c1 (M) —co (7)) T + dor ™t + dar. (5.49)
The same equation must hold for any 7’ # 7 so that
c1 (k) e (k) = —c; (7T’) K1 — ey (7T’) 7'+ dyr ™t + dsr’. (5.50)
Now subtracting (5.50) from (5.49) we get
e (K) (7r — 7T’) = kg1 (01 (m) — 1 (7'('/)) — (02 (m) 7 — co (7T’) 7'('/) + ds (7r — 7T’) .
Dividing this by m — 7’ # 0 it becomes

e (k) = -2 (M) —a(@) clm)r—c@)r + ds.

T —! T —a!

As the left-hand side depends only on k this has to mean that

_a(m—all)

=A

and

e (7‘(‘)7‘(‘—02/(7‘('/)7'('/ Vdi= B
T—

for all # > 0 where A and B are some constants. Thus we have established that
co (k) = Ak~ + B. (5.51)

Multiplying —%?,(W/) = A by -(r —7') and rearranging it becomes ¢ (7) = ¢ (7') —

A(m—7'). If we fix 7’ and denote ¢; (') + An’ = D we have

¢ () =D — Am. (5.52)
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Substituting (5.51) and (5.52) into (5.49) we have

(D—Ar)s '+ (As™ ' + B)
= —(D—Am)r ' — (An ' + B)m+ dpr ™! + dgm,

or rearranging

(D+D—dy)r '+ (B+B—d3)n=0.
This equation must hold for all x, 7 > 0. This implies that D = % and B = %1. Now we have
the function

B (x) = (b(x1,x2,23) ,22,23) = ((D + Azq) xo — (Aar:_1 + B) J:g,xz,xg)

which is clearly a linear transformation of (5.48) for any values of A, B, D. This completes the
proof. m

As we have argued that quasilinearity is for practical purposes equivalent to consistency in
aggregation in the context of index number formulas, this result implies in our opinion that
there is some justification for Stuvel’s assertion that his formula is the solution to the index
number problem, if proportionality and consistency in aggregation are deemed to be necessary
properties for a somehow optimal index number formula. It is somewhat interesting to note that
while it is well known that Stuvel’s formula satisfies the time reversal test, it was not necessary
to include this in the characterization.

While the Stuvel formula is unique in this sense, there may be reasons to prefer indices that
have even weaker proportionality properties, for example because they may have a simpler func-
tional form and therefore be easier to understand and analyze, or because they have consistency
properties that enable us to move between additive and multiplicative scales in a simple fashion.
The next section continues the examination of the quasilinear formulas from the point of view
of axiomatic theory, but we now give an interpretation to the quasilinear structure more in line
with traditional index number theory. In short, we examine the relation of quasilinear index
numbers and additive decompositions of value change and show that there is a one-to-one corre-
spondence with the two. This enables us, among other things to see that if the proportionality
requirement is relaxed, there will be many quasilinear formulas with other desirable properties.



Chapter 6

Additive decompositions

6.1 Introduction

We aim to show that there is a simple connection between additive decompositions of the
expenditure or value change and quasilinear index numbers. First we need to establish some
basic concepts. The "normal” approach to the index number problem, the one we have been
dealing with above, can be expressed as finding a multiplicative decomposition of the aggregate
value ratio
Vl

in which the price and quantity indices or ”contributions” P and @) are required to satisfy some
conditions deemed desirable. In the axiomatic approach, these are usually some properties that
are analogous to the multiplicative decomposition of the value ratio for one commodity, or

Ul

50 = Tk (6.2)
The classical index number problem arises because there are many possible aggregate decompo-
sitions, each of which satisfy some desiderata, and fail to satisfy others. In other words, while
the decomposition (6.2) is completely unambiguous, there is no unique fashion to move from it
to (6.1).

Another, related problem is the additive decomposition of value change, that is finding P
and @ such that

Vi—vi=P+Q, (6.3)

or on the level of single commodities

vt =¥ =+ 7. (6.4)
In this case, moving from single commodities to the aggregate level is unproblematic, as it can
be done by simple addition. However, now there is no unique decomposition in the level of single
commodities. Therefore the index number problem exhibits itself in a slightly different way. As
there are immediate similarities between the two types of decompositions, the question that

64
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presents itself is what exactly is the connection between the two. What we try to show below is
that in the case of quasilinear index numbers, the two approaches are essentially the same, and
that each additive decomposition defines uniquely a quasilinear index number and vice versa. In
addition, there is a one-to-one correspondence between different properties of the two. This is
an important point in favour of the quasilinear structure, both the additive and multiplicative
approach lead to exactly same results, and there is no need to develop a separate theory and
axiomatization for the two. Therefore, it is possible for us to combine the results derived for the
problem of additive rather than multiplicative decompositions derived for example by Bennet
[12], Vartia [105], Diewert [31] and Balk [9] with our previous results and other results of the
index number literature.

Let d: R%H — R be a function. For any such function, and for all (pl,po, q, qo) € R, we
have

vt =" = d(p'p°,¢", ) + [v' =0 —d (¢". ", p",p")]
d(',0°,q¢",4°) +e(q". ¢, p",p°),
where we interpret d (pl,po,ql,qo) and e (ql,qo,pl,po) =l =20 —d (ql,qo,pl,po) to be the
contributions of prices and quantities, respectively, to the value or expenditure change. If in
addition, d satisfies the units of measurement test, the functions d and e have representations

d(p".p%d"¢") = b(m%0") and (6.5)
e (pl,po, ql,qo) = Av—-b (7‘(‘,2}0, vl) =h (/ﬁ,vo,vl) , (6.6)

respectively. With regard to the interpretation as the price contribution, it seems reasonable to
require that d be strictly increasing in the price relative 7. This in turn clearly implies that A is
strictly increasing in the quantity relative x. We have then the additive decomposition

vt =00 =b (W,vo,vl) +h (/ﬁ,vo,vl) .

As the roles of prices and quantities might as well be reversed, we adapt again the neutral
notation and replace (7r, V0, vl) with x = (z1,x2,r3), so that the above equation becomes

T3
xs—xzzb(l‘l,m,xs)-i-h( ,$2,$3>-
12
This discussion is enough to motivate the next definition.

Definition 6.1 (Additive decomposition) Let b(x1,22,x3) be a function which is strictly
increasing in 1. Then the additive decomposition defined by b is given by

xs3
xg—xgzb(xl,xz,xg)—l—h( ,xz,xg),
T1T2

where h is defined by

Ys
h(y1,92,Y3) = Y3 — Y2 — b (—,yz,ys> -
Y21
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We often use the terminology decomposition function for such b. Using such additive de-
compositions of value changes it is, as was mentioned, easy to construct a decomposition of the
change in value aggregates by simply summing over the individual decompositions:

AV = ZAUz = Zd (pi17p?7Qi17QzQ) + Ze (Qzl?qg?pil?p?) (67)
- P+Q,
or in the neutral notation

;l‘si - ;9621' = ;b (@14, T2i, T34) + ;h (%,x%, 3331’) . (6.8)

Aggregation of additive decompositions is therefore very simple. Before turning to the connection
between additive and multiplicative decompositions, we note that obviously the definition of
additive decomposition given above is very general and includes many decompositions which are
not meaningful.

Below we give a few desirable properties of such decompositions.

Definition 6.2 (Symmetry) We call the decomposition by function b symmetric iff
h =b. (6.9)

This means that both the price and quantity contributions are given by the same function.
The appeal of this property is obvious, as there is no a priori reason to treat two factors of a
product differently.

Definition 6.3 (Time symmetry) We call the decomposition time symmetric iff
b(xy " w3, w2) = b (w1, 22,73) . (6.10)

This means that if time periods are reversed, then the price contribution should be the
negative of the original price contribution. Again, the intuition behind this requirement is
simple. If the direction of price (or quantity) movement is reversed, the contribution should be
equal to the negative of the original.

For the additive decompositions as well as for index number formulas the concepts of factor
and time antitheses seem natural.

Definition 6.4 (Factor antithesis decomposition) The factor antithesis decomposition of
a decomposition by function b is the decomposition by the function h defined as above to be

X3
h(zi,22,23) = x3—22—0 (—,$2,$3>
T2X1

= x3—x2—b(s(3f17ﬂ327$3))7

where s s the factor reversal function.
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The definition should be obvious. For example, price contribution given by the factor an-
tithesis of a decomposition b is the contribution left to prices when the quantity contribution is
calculated using b. The definition is also natural in the sense, that the symmetry test may now
be formulated using the concept of the factor antithesis. A decomposition is symmetric if and
only if the decomposition function is equal to its factor antithesis decomposition.

Definition 6.5 (Time antithesis decomposition) The time antithesis m of a decomposition
function b is given by the equation

m(x17x27x3) = —b (x1_17x37x2)
= (t (.Tl,.TQ,.Tg)) )

where t is the time reversal function.

The time antithesis defines an additive decomposition as it obviously has the properties
required by the definition. The definition makes another formulation of time symmetry possible.
A decomposition is time symmetric if and only if the decomposition function is equal to its time
antithesis.

The next desideratum that we define for additive decompositions is normedness.

Definition 6.6 (Normedness) We call an additive decomposition normed iff
b(1,z2,23) = 0 and (6.11)
b (E,xQ,x;),) = I3 — T2 (6.12)
T2

The normedness condition simply means that if for example the price has not changed, the
decomposition function assigns the value zero to the contribution of price change and if only
prices have changed the whole value change is attributed to the prices. Again, this is a natural
condition, and one could argue that it is a necessary one for any reasonable decomposition. Note
that if the decomposition is symmetric then any one of the above conditions implies the other.
If the decomposition given by b is normed and symmetric we call b a normed and symmetric
decomposition function. Note also that obviously this implies that A is also normed. A result
that is of importance below, is that a normed decomposition function cannot be transformed
linearly so as to preserve the normedness property.

Lemma 6.1 There is no transformation of a normed additive decomposition function b

b (w1, 22,73) = c1b (71, T2, 73) + coT3 + 373, (6.13)
that is also a normed additive decomposition function, except the trivial one c; =1, co = c3 = 0.

Proof. Let b be a such a transformation that is also normed. Then

b (1,%2,.@3) = b (1,%2,333) + coxo + Cc33
= coxg + c3w3 =0,
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so that ¢ = c3 = 0. Also,

—( 13
b T T2 T = c1b (21, 22, 23) + cax2 + 323
122

= [363 —362] = T3 — T2,

sothat c; =1. m

The value of this result is that to prove that a normed decomposition is the only one having
certain properties we only have to show that any decomposition with these properties must be
a linear transformation of it.

As a final definition, we give a weak proportionality condition, which states that if values or
expenditures on both periods are changed proportionally, and the price (or quantity) relative
is left unchanged, then the price (or quantity) contribution must be increased by the factor of
proportionality.

Definition 6.7 (Weak proportionality) We call an additive decomposition weakly propor-
tional iff

b (.%‘1, ]{J.TQ, k}xg) = kb (.%‘1, T, .%‘3) . (6.14)

Note that this implies that

kxs

h (.Tl,k}xz,]{/’xg) = ]{3.7?3 — ]{3.7?2 —-b (m

s ko, 743903)

= kh (x17x27x3) 5

so that the factor antithesis of a weakly proportional decomposition is also weakly proportional.
The weak proportionality of the time antithesis of a weakly proportional decomposition is also
clearly weakly proportional. That normedness of a decomposition implies normedness of both
antitheses is also straightforward to show. This gives us the next lemma.

Lemma 6.2 The factor and time antitheses of a weakly proportional decomposition function
are weakly proportional and the factor and time antitheses of a normed decomposition function
are normed.

6.2 The connection of additive decompositions and quasilinear
indices

Next we prove a sequence of results that together give a one-to-one correspondence between
additive decompositions and index number formulas. Some of the results have been established
by Diewert [31] and Balk [8],[9]. However, the quasilinear framework derived above allows for a
general and systematic treatment. The results should be viewed as a whole, establishing that
the additive and multiplicative approaches are in fact equivalent for quasilinear indices. This
is one more piece of evidence in our argument that consistent index numbers have properties
which should make consistency in aggregation a basic requirement of any index numbers used
in practical calculations.
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Lemma 6.3 Any weakly proportional additive decomposition can be used to construct a sequence
of quasilinear price-quantity index pairs (P, Q) which satisfy

Vd

7o = PaQn: (6.15)

(using a simplified notation) that is, it is always possible to move from additive to multiplicative
decompositions.

Proof. Let b be a weakly proportional decomposition function. We construct the indices by
requiring the property that we interpret to be Stuvel’s [96] ” consistency between the whole and
its parts”. Define the function B : Ri . — R using the equation

B (1,72, 73) = (b(71,22,73) , T2, 73)
for all x € Ri . and define further the quasilinear semigroup operation
xopy =B 1 (B(x)+B(y)).

The inverse B~! clearly exists because b is strictly increasing in 1. This operation defines the
price index, which is weakly proportional as the decomposition is, and therefore B is linear
homogeneous in x5 and x3.

Define the function H : R?’H — R to be

H(z1,22,23) = (h(x1,22,23),22,23)

T3
= x3_x2_b —,%2,T3 | ,12,X3 |,
T2

so that it is defined similarly to B but this time using the factor antithesis decomposition. The
function A is strictly increasing in x; and thus the inverse H™! exists. If s is the factor reversal
function then for all x € R3

(Hos) (z1,22,23) = (x5 — 22 — b (21, T2, x3) , T2, T3)
which is a linear transformation of B and thus defines the same index number formula. Now
(Hos) ' [(Hos)(x) + (Hos) (y)) =B~ (B(x) + B(y)) (6.16)
or equivalently
H™' [H(s(x)) +H(s(y))] =s [B™ (B(x) +B(y))],

which is the result we want. m

It is perhaps easier to see how this works is to relate it to the Stuvel’s consistency requirement.
Note that the price index P that results from our construction is the unique solution to the
equation

%Y1 )

b(P,VOVEY) =" (mi, o), 0]) (6.17)
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so that it gives the value that the price relative should have to decompose the aggregate value
change exactly the same way as the summing of the individual price contributions do. Turning
to the quantity index () we have a similar equation

h (Q, Vo, Vl) = Zh (ni,v?, vzl) ) (6.18)

These equations are actually the similar equations that Balk [8] uses in his definition of con-
sistency in aggregation, even though he does not emphasize the decomposition interpretation.
Using the definition of A the equation becomes

1 0 v 0 171 1 0 Uz'l 0.1
V:-V"-b VTQ7V7V = E v; —v; —b 0, %Y (6.19)
Uy Ry

i

1
orb(VVTQ,VO,W) = > b (medol),

i

the solution of which is obviously @ = VVTlp.

Thus, any additive decomposition may be used to derive an index number formula in a simple
fashion. For our claim that the two approaches are actually equivalent to have any meaning,
however, the properties desirable from the point of view of one approach must translate into
desirable properties of the other. The following results establish that the basic properties of
additive decompositions imply analogous properties of the corresponding index, that is symmetry
implies factor reversal, time symmetry implies time reversal and normedness implies the identity
tests.

Lemma 6.4 For each symmetric decomposition there exists a quasilinear index number formula
that satisfies factor reversal.

Proof. This is a simple corollary of the previous lemma. Because now H = B equation
(6.16) becomes

(Bos)™! [(Bos)(x) + (Bos)(y)] =B (B(x) + B(y)) (6.20)
which gives the result we want. m

Lemma 6.5 For each time symmetric decomposition there exists a quasilinear index number
formula that satisfies the time reversal test.

Proof. Let b define a time symmetric decomposition. Define B as above. Now
b(z1,22,23) +b (xl_l,xQ,xg) =0. (6.21)

The zero function is of the form required by Lemma 5.7 and thus the formula is time reversible.
]

Lemma 6.6 For each normed decomposition there exists a quasilinear index number formula
satisfying the identity test and the reverse identity test.
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Proof. Define B as before. Now, because b is normed, by definition
b(l,xQ,xg) = 0, (6.22)

which is linear in x2 and x3 as required in Lemma 5.10 and

b (ﬁwz,xs) = T3 — T2, (6.23)
L2

which satisfies Lemma 5.15. =

This result makes it natural to call any quasilinear index number formulas that satisfy the
two identity tests normed, and provides a basis for the terminology which we adopted in the
previous section. Combined, the above lemmas imply the following result.

Lemma 6.7 Any normed and symmetric additive decomposition can be used to construct and
index number formula that satisfies the factor reversal test, the identity test and the reverse
identity test. If the decomposition is also time symmetric, then the resulting formula will be
time reversible.

Proof. Previous lemmas. m

Thus we can always construct a quasilinear index number formula based on any decompo-
sition, and the formula will satisfy factor reversal if the decomposition is symmetric. If the
decomposition is normed, then it will also satisfy the identity test and reverse identity test.

Now we have established that the basic properties of the decompositions translate into prop-
erties of the corresponding quasilinear indices. For the claim of the existence of a one-to-one
correspondence between the additive and multiplicative, the same thing must be proved to be
true in the other direction as well.

The next theorem establishes the converse result of Lemma 6.4.

Lemma 6.8 (Decomposition representation of quasilinear indices) Any quasilinear in-
dex has a decomposition interpretation in the sense of the previous lemmas, that is, it can be
thought of as a decomposition of the value ratio into a price and quantity index, where the index
number pair is derived from an additive decomposition of the value change.

Proof. Let B define a quasilinear index number formula. By previous results, we know that
its factor antithesis can be defined by B= B o's, where s is the factor reversal function. Because

of the results concerning linear transformations we know that also B where the first component
of B is replaced by

5(1‘1,902,353) 2963—962—5(901,%2,%3)7 (6-24)

defines the same formula. Now, noting that

g(i,xg,x;),) = .Z‘g—xQ—(bOg) (ﬁ,xg,x;;) (6.25)
T1X2

12
= w3 —x3 —b(x1,22,23),
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we see that indeed

r3 — T2 :b(xl,xg,xg)—i—g(&,m,xg) . (626)
19

]

Therefore all quasilinear formula pairs can be thought of as a result of some additive decom-
position. For each function b which defines a quasilinear formula, there is a function b defining
the factor antithesis formula such that the pair b,g give an additive decomposition.

While this is already an interesting result, the problem is that in the above derivation the
decomposition depends on the particular representation of the formula chosen. Choosing some
linear transformation of the function will not make any difference from the point of view of the
index number formula, but will lead to another decomposition. For the two approaches to be
truly equivalent, there must be a way of uniquely determining which decomposition function,
i.e. which quasilinear representation to choose.

For normed formulas, such a unique decomposition exists, as we may always choose the
decomposition in such a way that it is normed, and by Lemma 6.1 such a decomposition is
unique.

Lemma 6.9 If a quasilinear index number formula pair is normed, there is a unique mormed
decomposition that corresponds to it.

Proof. The decomposition interpretation of b is valid by the previous lemma. By Lemmas
5.10 and 5.15 , normedness implies

b(1,z2,x3) = axs + cxs

and
b (ﬁ, o, .%‘3) = d.I‘Q + exs
L2

and by the corollary to Lemma 5.15 the constants a, ¢, d, e satisfy
at+c=d+e,
or equivalently
a—d=—(c—e).

Note that we may not have a = d and ¢ = e because of strict monotonicity of b, so a — d #
0,c — e # 0. This means that it is possible to define the function

~ 1 a c
_ _ _ , 2
b(@1,22,23) = ———b(21,22,23) — ———wa — ——3 (6.27)
This clearly defines the same index number formula. Also,
~ 1 a c
= 1 — —
b(1, w2, 23) (122, 23) — ———wy — ———ua3
_ 1 ( +exs) c
= g lamtews) - ———wy — ———u3

=0
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and
b 3 = 1 b s r3 | — a To — ¢ T
x27x27x3 — a—d x27x27 3 a—d 2 a—d 3
1 a c
= —a_d(dxz—l—exg)—a_de—a_dxg
B (d—a)x Le-c,
T a—d *Ta—ad
= I3 — 2.

This means that b is normed and by Lemma 6.1 it is unique. m

Normedness thus enables us to find the natural decomposition representation for a quasilinear
formula. It is simply the unique normed decomposition that defines the formula in question.
Below we give examples of these representations for some well-known formulas. Before that we
show that the reversal properties of quasilinear indices translate into symmetry properties of
decompositions.

Lemma 6.10 If a quasilinear index number formula satisfies factor reversal, there are symmet-
ric decompositions from which it can be derived.

Proof. If the formula satisfies factor reversal, then by previous results for all (21, z9, v3) € R?

T3
b (—, T2, $3> +b (xl,xg,xg) = rxo + Sx3
T1T2

for some constants r, s € R. The function

1 1
b(x1, x2,x3) = kb (21,22, 23) — 3 (L+Fkr)zy + 3 (1 —ks)xs (6.28)
clearly defines the same formula as b for any k # 0 and satisfies
b (%, T, x3> +b(w1,29,73) = k(rze+sx3) — (1+kr)ze + (1 —ks)x3
122
= T3 — T2,
and thus defines a symmetric decomposition. m

Lemma 6.11 If a quasilinear index number formula satisfies time reversal, there are time sym-
metric decompositions from which it can be derived.

Proof. If the formula satisfies time reversal, then by previous results for all (21, z2, v3) € R?
b(x1t, zs,22) + b (21,29, 73) = p (T2 + 73)
for some constant p € R. The function

z(xl,xz,xg) = kb (x1,x2,x3) + lxg — (kp + 1) x3 (6.29)
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clearly defines the same formula as b for any constants k, [, k # 0 and satisfies

b(xl_l,xg,xg)—l—z(xl,m,xg) = kp(xa+a3)+({—kp—1Uxa+ (I —kp—1)x3
= 0.

and thus defines a time symmetric decomposition. m

Thus, there is a one-to-one correspondence between the reversal and normedness properties
of quasilinear indices and symmetry and normedness properties of additive decompositions. It
remains to show that these are compatible with each other in the sense that the unique normed
decomposition corresponding to normed index will be symmetric if the index satisfies factor
reversal and time symmetric if the index satisfies time reversal.

Lemma 6.12 If a quasilinear formula is both normed and satisfies factor reversal, then the
unique normed decomposition that corresponds to the formula is also symmetric.

Proof. If the formula is both normed and symmetric note that (using notation from the
two previous lemmas)

b (%79&279@3) +0(1,22,23) = (a + d) 23 + (¢ + €) 23 = 1y + 573, (6.30)
2
so that 7 = a +d and s = ¢ + e. Defining k = ﬁ we see that
_ 1 1 a+d 1 c+e
b(x1, 2, x3) a_db(m,m,l‘s) 2( +a—d>x2+2( a_d>x3
1 a c
= b - -
a—d (x17x27x3) a—dx2 a_dxg

= b(xl,xg,xg) .
|

Lemma 6.13 If a quasilinear formula is both normed and satisfies time reversal, then the unique
normed decomposition that corresponds to the formula is also time symmetric.

Proof. If the formula is both normed and time symmetric note that (using notation from
the two previous lemmas)

b(1,z2,22) +b(1,x2,22) = (a+d+c+e)xy =2(a+c) = 2pzs, (6.31)

so that p = a + ¢. Defining k = ﬁ, | = ——%5 we see that

= 1 a a
b(.%‘l,xQ,xg) = P db(xl,xg,xg) - 0 o — ( P > T3 (632)
1 a c
- a_db(x17x27x3)_

= b(xl,xg,xg) .

]
We can now collect the results of the above lemmas into a theorem establishing the claim

made in the introductory paragraph.
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Theorem 6.1 (Decomposition representation of quasilinear indices) For each additive
decomposition of value change there exists a corresponding quasilinear index number formula
(pair). If the decomposition is normed, then the index is normed. If the decomposition is
symmetric, the index number formula satisfies factor reversal. If the decomposition is time
symmetric then the index number formula satisfies time reversal.

Conversely, every quasilinear index number formula may be thought to have been derived from
an additive decomposition of the value change. If the index number satisfies factor reversal, it
corresponds to a class of symmetric decompositions. If it is normed, there is a unique normed
decomposition that corresponds to it. If the formula is both normed and satisfies factor reversal,
then the unique normed decomposition is symmetric. If the formula is both normed and time
reversible then the unique normed decomposition is time symmetric.

This theorem states that there exists a one-to-one correspondence between additive decompo-
sitions and quasilinear index numbers and their properties. All of the discussion of the previous
chapter about the effect of tests on the functional form of quasilinear indices could thus have
been stated in terms of their effect on functional forms of additive decompositions of value
change.

Also, note that the correspondence results imply that the index number formula defined by
the factor antithesis of some decomposition is actually the factor antithesis of the index number
formula defined by that decomposition and similarly for the time antitheses.

The theorem gives for all normed quasilinear indices a natural representation, in terms of the
unique normed decomposition that corresponds to them. This makes it possible to give more
intuitive interpretations for certain results concerning functional form as we will show below.
To illustrate the concept of the natural representation we give the these representations for the
different normed indices given above in equations (3.10)—(3.22). The representations in these
equations were the simplest possible ones, and do not always correspond to these natural ones.
For example, for the Laspeyres index, note that for the function

br, (z1, 2, x3) = w211 (6.33)
we have the results
bL (1,3?2,3?3) = X2

T3
bL —, 22,3 = I3,
T2

so that it is clearly normed. Now, the unique normed decomposition for Laspeyres is given by

. 1 1 0
br (x1,22,23) = IbL (21,22, 23) — 1%2 773 (6.34)
= X9 (.%‘1 — 1) s

which is clearly natural. For the Paasche formula, the natural representation is given by

gp (.1‘1,.%‘2,.1‘3) = I3 (1 — .1‘1_1) . (635)



CHAPTER 6. ADDITIVE DECOMPOSITIONS 76

As an example of the correspondence between factor antithesis formulas and decompositions,
note that indeed

~ -~ X o
br (x1,x2,23) + bp (—3,$2,$3> = xa(x1—1)+ a3 (1— 2 1)
o1 x3

= I3 — I2.

For the Montgomery—Vartia index, the representation used above is the normed representation.
For the Stuvel formula, the natural representation is given by the normed, symmetric and time
symmetric decomposition function

- 1 1 _
bs (z1,x2,x3) = 53:2 (xr1 —1)+ 53:3 (1 -] 1) .

This is clearly the arithmetic average of the Laspeyres and Paasche decompositions, a fact which
will be discussed below.

Some of the well-known quasilinear formulas are not normed, for example the log-Laspeyres
and log-Paasche formulas defined above satisfy the identity but not the reverse identity test.
Before turning to more interesting things one may therefore note that even for some formulas
which are not normed a natural representation may be found. For a quasilinear index that is
twice continuously differentiable, if we can Taylor approximate b (1, z2,x3) linearly around any
point x5 = x3 and get

b (1,.%‘2,.%‘3) ~ b (1,.%‘2,.%‘2) + b3 (1,.%‘2, .%‘2) (.%‘3 — .1‘2) (636)
= b(17171) .T2—|-b3 (17171) (x3_x2)
= [b (17171) _b3 (17171)] .T2—|—b3 (17 17 1) L3,

where b; denote partial derivatives'. This is because weak proportionality implies that b is linear
homogeneous in x5 and xg and thus b3 is homogeneous of degree zero in x9 and x3. Denoting

a = [b(1,1,1) —bs(1,1,1)]
¢ = bs(1,1,1)

we have
b(1,z2,x3) = axs + cxs
Also, because of linear homogeneity
b(x1,x2,x3) = by (21,22, x3) T2 + b3 (21, T2, T3) T3
and thus

bi (z1, 2, 23) = bia (21, 22, x3) T2 + b13 (21, 22, 3) X3

'The vague symbol = is used, as the point made here is not particularly important.
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and also b; is linear homogeneous in x2 and x3. These and similar results will be used below.
Approximating similarly b (i—;, T2, J:g)

b(§7$2,$3> ~ b(l,x2,22)
1)

1
+ [ln (1, 22, 72) o + b3 (1,72, 72) | (23 — 2),
= b (1, 1, 1) X9 + [bl (1, 1, 1) + b3 (1, 1, 1)] (.73‘3 — .73‘2)
= [b(1,1,1) — b1 (1,1,1,) —bg (1,1,1)] x2
+ b1 (1,1,1) +b3(1,1,1)] 23

= dxg + exs,
where
d = b(1,1,1)—b1(1,1,1) —b3(1,1,1)
= by (1,1,1)+bg(1,1,1).
Note that

a+c=05b(1,1,1) =e+d.
If by (1,1,1) # 0 which is natural, we may define the function

~ 1
b(x1,22,23) = mb(xbx%xii) - i 272 i y

T, (6.37)

which is thus ”approximately” normed, and gives the natural representation for any quasilinear
index. When the index is normed this obviously coincides with the normed representation. For
example, the natural representation for the log-Laspeyres function (which is not normed) is
given by

b(x1, w2, x3) = w2 log 1.

The one-to-one correspondence established in the above theorem reveals in our opinion a
fundamental strength of quasilinear indices. The theory of quasilinear index numbers may be
developed equally well taking either the additive or the multiplicative decomposition as a starting
point. Both lead to exactly the same conclusion, because of the one-to-one correspondence
between formulas and their properties, and there is no need to axiomatize both approaches
separately, as is done for example by Diewert [31]. Again, we take this as a reason to consider
consistency in aggregation a basic property of a good index number formula.

6.3 ””Rectified” formulas

Irving Fisher [43] shows how any index number can be used to derive an index number satisfying
factor reversal by taking the geometric average of the formula and its factor antithesis. However,
this procedure does not preserve consistency in aggregation as can be seen from the example of
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the derivation of the Fisher formula from the Laspeyres and Paasche formulas, as Fisher’s formula
is not consistent in aggregation. This raises the question whether there is a way of correcting
index number formulas to satisfy factor reversal and preserve consistency in aggregation. The
next theorem provides a way to "rectify”, using Fisher’s term, any quasilinear index to satisfy
factor reversal. This could be thought as a generalization of Stuvel’s derivation of his formula.
The rectification procedure is based on the fact, noticed for example by Diewert [31, 19-20], that
any decomposition can be made symmetric by taking an arithmetic average of it and its factor
antithesis. As any symmetric decomposition may be used to derive a quasilinear, and therefore,
consistent index number formula satisfying factor reversal, the resulting formula is consistent in
aggregation. Also, the rectification procedure preserves many, though not all, good properties
possessed by the original formula.

Theorem 6.2 (Rectification) Let the continuous bijection
B (.73‘1, L2, 3?3) = (b (.Tl, L2, 3?3) y L2 3?3)

define a quasilinear index number formula. Then the function

B((x)=(b(x)—b(s(x)),x2,23),

where s is the factor reversal function defines a quasilinear index number which satisfies factor
reversal. The resulting index number formula does not depend on which representation of the
original formula was chosen. Also, as the resulting index is quasilinear, it is consistent in
aggregation.

Proof. The function b (x) is strictly monotone in x;. The function b (s (x)) = b (ﬁ—z, Ta, J:g)
is clearly strictly monotone to the opposite direction of b (x). Therefore b(x) = b(x)—b(s(x))is
strictly monotone in x1. This means that B is a bijection. It has the factor reversibility property
because

b(s(x)) = b(s
= b(s

= —b(x).

x)) = b[s (s (x))] (6.38)

This follows because s is an autoinverse. Thus B (s (x)) is a linear transformation of B (x) and
the formula defined by it satisfies the factor reversal test. If we choose some other representation
for the original formula, ¢ (x1,x2,x3) = c1b(x1, T2, x3) + cax2 + c373, say, we get

c(x) —c(s(x) =a (b(x) - b(s(x))) (6.39)

which defines the same formula as B. m

To see that this indeed is equivalent to taking an arithmetic average of the decomposition
function and the factor antithesis decomposition, note that the decomposition of the value change
defined by b is

x3
x3 —x2 =b(x1,22,23) +h (—,902,%3) ,
12
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with
h (ﬁ,xz,m) =1x3 —x2 — b(z1,72,73) ,
T1T2

so that

% [b(z1,22,23) + h(x1,22,23)] = %b(xl,xz,xg) + % [x3 — x9 — b (21, T2, x3)],

which is a linear transformation of the function b in the above proof and therefore defines the
same quasilinear index. The function b is used instead of the arithmetic average, because it is
simpler and corresponds to Stuvel’s [95] derivations.

For the rectification procedure to be in any way meaningful, it must preserve at least some
of the properties of the original index. At least, to be even considered an index number formula
according to the stronger definition used in this chapter, weak proportionality must be preserved.
Fortunately, many good properties are preserved under the rectification procedure. In addition,
if the formula is already factor reversible, the rectification procedure produces the original index,
so that the rectifying procedure always ”converges” after one step, as Fisher’s rectification also
does. This is an immediate consequence of the rectification procedure being based on combining
the original formula with its factor antithesis.

Lemma 6.14 If the original formula is already factor reversible, the rectified formula is the
same as the original.

Proof. Note that if the original formula is already factor reversible, then by Lemma 5.6

bx) = b(x)—b(s(x)
= b (X) +b (X) — doxo — d3x3
= 2b (X) — d2x2 — d3x3,

so that B defines the original formula. m

The result follows directly, as for factor reversible formulas, B (s (x)) is a linear transforma-
tion of B (x).

As weak proportionality is equivalent to linear homogeneity in x5 and 3 of the decomposition
function, it is trivially preserved by rectification. Therefore, all rectified formulas are indeed
index number formulas in our liberal definition.

Lemma 6.15 (Preservation of weak p.) The rectifying procedure preserves weak proportion-
ality.

Proof. The original formula is weakly proportional if and only if b (1,22, 23) is linear
homogeneous in x2 and 3. It is obvious that b (x) = b (x) — b (s (x)) is also linear homogeneous
in o and z3. W

An important factor is the preservation of time reversibility under the rectification procedure.
This ensures that by rectifying the formula to satisfy one reversal test, we do not lose the other.
The result is a straightforward corollary of the fact that for time reversible formulas, the time
antithesis is the original formula.
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Lemma 6.16 (Preservation of time reversability) If the original formula satisfies the time
reversal test, then the rectified formula satisfies it too.

Proof. Let t be the time reversal function. Then
b(t(x) = b(t(x))—b(s(t(x)))
= b(t(x)) —b(t(s(x)))
b )+

-

X)+p(zra+x3) +b(s(x)) — p(z2 + x3)

(
b(x) —b(s ()],

where p is some constant, because the original formula satisfies time reversal. m
Normedness is also preserved under the rectification procedure, as is evident from the arith-
metic average interpretation of rectification.

Lemma 6.17 (Preservation of normedness) If the original formula is normed, then the rec-
tified formula is also normed.

Proof. Because the original is normed we have

g(l,xQ,xg) = b(l .%‘2,.%‘3) —b (—3 .%‘2,.%‘3)
Z2

= (a—d)za+ (c—e)xs
= (d—a)(x3—m2).

It follows immediately that

E(i—i,xz,m) = (a—d) (23— 22).

[ ]

In addition, the arithmetic average representation is the unique normed representation for
the rectified index which suggests that this is the natural interpretation for the rectification. If
the original formula is normed and b gives the natural representation for the index, i.e. it is a
normed decomposition, then we have

5(1,x2,x3) = b(l,xz,xs)—b(%wz,xs)
2

= 0—.%‘3—.%‘2:.%‘2—.%‘3,

b —,2L2,X3 | = X3 — T2.
L2

and conversely
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Therefore the unique normed decomposition that defines the rectified formula is given by

~ 1~ 1 1
b(x1,22,23) = §b(x173327333) — 5% + 5%3
1 1./ a3 11
— b (B a4
5 (1,22, 23) 5 (xlxg’xz’x?’) 52 + 53

1 1
= —b(x1,29,23)+ = |23 — 22— ﬁ,l‘z,xs
2 2 T172

= %b (1,2, .%‘3) + %h (1, 2, .%‘3)
that is, it is the arithmetic mean of the original normed decomposition and its factor antithesis
decomposition, as required.

The relationship of this rectification procedure to Fisher’s rectification is now evident. Both
are based in a similar idea of taking averages, but the difference is the type of decomposition
on which the averaging is applied. Fisher’s idea is based on the fact given two multiplicative
decompositions P@Q) = g—(l, and P'Q = g—(l, the geometric average of the two, that is P = v/ PP’
and Q = /QQ' is also a multiplicative decomposition, as

1
PQ=/PPQQ = 1.

The rectification procedure given above is based on exactly the same idea, but this time applied
on the additive decomposition. Given two additive decompositions P + @ = VI — V0 and
P +@Q =V'—-V0Y the arithmetic mean of the two is clearly an additive decomposition as well,
as

= = 1
2

v
+

O
I

(ﬁ+@+ﬁ+@0=vhwﬂ

In both cases, taking the two decompositions to be the factor antitheses of each other, the
procedure results in a symmetric decomposition. However, even if the original index number
formula is quasilinear, averaging the corresponding multiplicative decomposition generally does
not preserve the quasilinear structure, while averaging the corresponding additive decomposition
does, as any additive decomposition corresponds to a quasilinear index number. Also, while the
multiplicative procedure preserves homogeneity properties, the additive does not. As in our
opinion consistency in aggregation is a the more important property, the additive procedure
seems to be the proper way of rectifying indices. Using the Laspeyres or the Paasche index
as a starting point, the result of the multiplicative rectification is the Fisher formula. The
additive rectification procedure results in the Stuvel formula in this, case which shows that it is
a generalization of Stuvel’s derivation of the formula in .

Lemma 6.18 If the original formula is Laspeyres or Paasche, the resulting formula is Stuvel ?.

2The decomposition we have called the Stuvel decomposition might more accurately be called the Bennet
decomposition, because it was first introduced by Bennet in 1920 in [12]. However, for simplicity, we have
adopted the convention of calling decompositions and the index number formulas derived from these by the same
name. Hence, the Stuvel decomposition.
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Proof. For Laspeyres,

L1x2

b(x) = xz(x1—1)_x2(””3 _1>
= xz(xl—l)—(xgxl_l—xz)

which defines the Stuvel formula. Similarly, because the Paasche formula is the factor antithesis
of Laspeyres’ formula taking Paasche as the original results in Stuvel’s formula. m

This result demonstrates the similarity of the idea behind the Stuvel and Fisher indices, and
further emphasizes the fact that even though the Stuvel formula is often regarded as a curiosity
and too complex to be really understood, this perception is mistaken and based on the relatively
unattractive form of the formula’s usual representation. The quasilinear representation and its
interpretation based on a symmetric additive decomposition of the value change make it clear
that the formula actually a very simple and intuitive construction, at least as much so as the
Fisher formula.

The next lemma answers the obvious question of whether the two approaches to rectification
coincide in any case. When the formula to be rectified is of a weighted-log type, the quasilinear
based on the arithmetic average will actually be the geometric mean of the index and its factor
antithesis.

Lemma 6.19 If the original formula is of the form b(xy1,xa,x3) = W (22, x3) logxy where W
18 some weighting function, then the rectified index will be the geometric mean of the index and
its factor antithesis.

Proof. For this type of formula

b(z1,2,x3) = W (29, x3)log 1 — W (22, x3) log

T1%e

Therefore

_ 21 Z3
B! = ———— +log —
(21,22, 25) (eXp |:2W(Z2,23) los Z2:|> ’

and consequently

B_l (B (.Tl, Z2, .Tg) +B (yb Y2, 3/3))

W (z2,23) log —23—+W (y2,y3) log ~¥3~

ex W(z2,2z3)logz1+W(y2,y3)logyr D) v 4 Jog z34Yy3
= p 2W (z2+y2,23+y3) 2W (z2+y2,23+y3) zo+y2 |’
T2 + Y2, T3+ Y3
B 1 W (z2,23) log 1+ W (y2,y3) log y1
2 W(ﬂ:z—i—yz,wg—;ys) y
= °xp +1 (1og Z3tus _ W (w2,23) log 3 27— W (y2,y8) log 3 7 ’
2 8 Tatya W (z2+y2,23+y3)

T2 + Y2, 3 + Y3

]
Therefore for this type of log-based indices taking the geometric mean of the original formula
and its factor antithesis preserves consistency in aggregation.



CHAPTER 6. ADDITIVE DECOMPOSITIONS 83

For example, the two indices presented above in equations 5.36 and 5.37 that satisfy factor
reversal and the linear homogeneity test are of the above form and it is easy to see that they
can be obtained by choosing the log-Laspeyres and log-Paasche formulas respectively as the
original formulas and then applying the rectification method. The factor antitheses of both the
log-Laspeyres and the log-Paasche formulas also satisfy the linear homogeneity test. As both are
of the log-based form described above, for these indices the rectification coincides with Fisher’s
procedure, which preserves linear homogeneity and therefore the rectified indices also satisfy it.
However, even though these formulas have properties that are unique to any quasilinear formula,
they do not seem very attractive as index number formulas for obvious reasons.

Fisher’s rectification procedure works for time antitheses as well, that is, taking the geometric
average of a formula and its time antithesis produces a formula that satisfies the time reversal
test. This is also true for additive rectification.

Theorem 6.3 (Time rectification) Let the function b(x1,x2,x3) define a quasilinear index
number formula. Then the function

b(x) =b(x) - b(t(x)),

where t is the time reversal function defines a quasilinear index number which satisfies time
reversal. The resulting index number formula does not depend on which representation of the
original formula was chosen. Also, as the resulting index is quasilinear, it is consistent in
aggregation.

Proof. This is an almost direct copy of the theorem concerning factor reversal. As g(x) =
b(x) —b(t(x)), we have because the time reversal function is an autoinverse,

b(t(x) = b(t(x)—b[t(t ()]
= b(E(9) —b(x)

= b (X)7

)—b
)—b

so that the resulting formula is time reversible. It is clear that a linear transformation of the
isomorphism does not affect the resulting formula, so that the rectified formula is independent
of the quasilinear representation chosen. m

Results concerning the preservation of weak proportionality and normedness under the ad-
ditive time rectification procedure may be proved in similar fashion as the results concerning
the rectification procedure and are given in the following lemma.

Lemma 6.20 (Properties of time rect. formulas) Weak proportionality is preserved under
time rectification, as is normedness. If the original formula is time reversible, time rectification
results in the same formula. Factor reversibility is also preserved.

Proof. The preservation of weak proportionality is obvious, as the difference of two lin-
ear homogeneous function is linear homogeneous. For normedness, if b is the unique normed
decomposition function associated with the original formula,

b (t (1,.%‘2,.%‘3)) =b (1,.%‘3,.%‘2) =0



CHAPTER 6. ADDITIVE DECOMPOSITIONS 84

x3 X2
b (t (—7$2,$3>> =b (—,xs,m) = Ty — 3
9 T3

b (17 €2, x3) =b (1,3?2,3?3) —b (1,333, x?) =0

g(@w%xs) =0 (E,xz,m) -b (@,xs,m) =2(z3 — x2),
) U] T3

which are linear in x5 and z3 and therefore the formula is normed.
If b defines a factor reversible formula we may assume that it is symmetric. Therefore, using
the result that the time and factor reversal functions commute,

and

and therefore

and

b(s(x1,me,23)) = b(s(x1,22,23)) —b(t(s(z1,22,23)))

b(s(x1,m2,23)) —b(s(t (z1,22,23)))

= [z3 —x2 —b(21,22,23)] — [x3 — 22 — b(t (21,22, 3))]
= —g(xl,xz,xg),

and the formula is factor reversible. m
The time rectification procedure may be given an interpretation as taking an arithmetic
average of a decomposition function and its time antithesis, as clearly

1 1

b(z1,29,23) = 50 (z1,22,23) + 5m (21,72, 73)
1 _
5 [b (.Tl, x2, x3) - b (xl 17 X3, .Tg)]
also defines the rectified formula. Again, for a normed decomposition, the unique normed
decomposition corresponding to the time rectified index is the arithmetic average of the normed
decomposition and its time antithesis decomposition.

The time rectification of the Laspeyres or the Paasche formula results in the Stuvel formula.
This again reflects the similar property of the Fisher index, as the time rectification of the
Laspeyres and Paasche indices using Fisher’s rectification results in the Fisher index.

Lemma 6.21 If the original formula is Laspeyres or Paasche, the time rectified formula is
Stuwel.

Proof. It suffices to note that the time antithesis decomposition of the normed Laspeyres
decomposition function by, (x1,x2,x3) = x2 (v1 — 1) is

_bL (x1_17x37x2) = I3 (1 - xl_l) 9

which is the normed decomposition that defines the Paasche index. m

As Fisher’s rectification methods, the time rectification method preserves factor reversal and
vice versa, so that it is possible to apply both in sequence to derive formulas which satisfy both
reversal tests.
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Theorem 6.4 The rectification and time rectification operations commute.

Proof. Let b be the original formula. Applying first the rectification procedure gives the
decomposition function

b(x) = b(x) — b(s (x)),

and applying then the time rectification procedure to this gives and using the result that the
time and factor reversal functions commute, gives

b(x) = b(x)=b(t(x))=[b(x) = b(s(x)] — [b(t(x)) ~b(s (t (x)))]
= b(x) —b(t(x)) = b(s(x)) +b(s(t(x)))
= [b(x) =0t (x)] = [b(s (%)) = b(t(s(x)))]
= b(x)—b(s(x)),

in which b (x) = b(x) — b(t (x)) or the time rectified function. m

As a conclusion, the results of this section show, that the additive equivalents of Fisher’s rec-
tification procedures share the properties of Fisher’s rectification, a result which is mentioned
for example by Diewert [31, 19-20]. However, combined with our result that all additive de-
compositions define a quasilinear index and that the symmetry properties of the decomposition
translate into reversal properties of the corresponding index, this result gives a method for rec-
tifying index numbers that preserves the quasilinear structure. This means that consistency in
aggregation is also preserved under the rectification procedure. As we maintain that consistency
in aggregation is a basic property that index numbers in practical use should possess, and much
more important than for example linear homogeneity properties, it is our conclusion that the
natural rectification procedure is the one applied on the additive rather than the multiplicative
scale, and therefore that the Stuvel formula, rather than the much better-known Fisher formula
is the natural rectified version of the basic Laspeyres and Paasche formulas.

6.4 Examples: Some rectified formulas

As an example of how the rectification procedure may be applied, we derive rectified versions
of a certain formulas that already have many good properties or are well-known, but do not
satisfy factor reversal. It is not our purpose to suggest that all of the formulas we derive should
be regarded as good alternatives for index number production, as some clearly are not. Instead
we try, in addition to illustrating how the rectification procedure works, to show that if the
proportionality requirement is weakened from Fisher proportionality to weak proportionality,
there are infinitely many quasilinear formulas that satisfy the reversal tests, so that for example
the Montgomery—Vartia and Stuvel formulas are not unique in this respect, even though they
are the only formulas usually discussed in this context.

It was already shown above that if we start from the Laspeyres or Paasche formulas, the
rectification and time rectification procedures both lead to the Stuvel formula, with its unique
properties. What about the simplest log-based formulas, the log- or geometric Laspeyres and log-
or geometric Paasche formulas? As was already mentioned above, rectifying the log-Laspeyres
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and log-Paasche formulas to satisfy factor reversal, leads to the formulas given by the decompo-
sition functions

1 1

b (r1,z2,23) = =mologxy + = (xg — x9 — x2log 3 > and
2 2 T1T2
1 1

by (v1,22,23) = 573 logz1 + 3 (963 — 13 — w3log ;;) .

As was shown above, these formulas inherit the linear homogeneity test from the original formu-
las. Also, for these formulas, the Fisher rectification procedure and the quasilinearity-preserving
rectification coincide. However, neither is normed, and neither satisfies the time reversal test.
Time rectification of the log-Laspeyres and log-Paasche formulas lead both lead to the formula
given by

1
b(z1,m2,73) = 5 (w2 + x3) log 71,
which is the formula called Tornqgvist II by Vartia [105], again this coincides with Fisher’s time
rectification. If both rectification procedures are applied, the resulting time and factor reversible
formula is the one given by

T3
2 2 122 |

Because this is also the Fisher rectified version, the resulting formula is just the geometric mean

1 1
h(z1,xe,23) = = (x2 + x3) log 1 + |:333 —x9 — = (x2 + 23) log

of the Tornqvist II formula and its factor antithesis, or P = , /PTQV%QITQ. What is at least mildly

interesting is that this index is actually quasilinear and therefore consistent in aggregation.

Another example is provided by the simple arithmetic and harmonic mean indices with the
”opposite” weights in comparison to the Laspeyres and Paasche indices, that is, the so-called
Palgrave and harmonic Laspeyres indices given respectively by

bpi (z1,22,23) = x3(x1 —1) and
th(xl,xg,xg) = .%‘2(1—.%‘1_1).

The weights are "wrong in the respect that unlike the Laspeyres and Paasche formulas neither
is normed. The two formulas are time antitheses of each other so that the time rectified version
of both is given by

_ 1 1 _
b(xy1, 9, x3) = %3 (x1 —1)+ %2 (1 -] 1) .

This defines time reversible formula. Rectifying this formula to satisfy also factor reversal, we
get a formula given by

7 1 3 1 x%
b(z1,x2,23) = X321 —Tox] — —3x1_ + —£1
T2 z3

x%—l—x% x%—l—x% 1
1 — Xy -

T3 T
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There is no point in writing out this curious formula in its explicit form, as it is uninformative.
This formula, while satisfying the reversal tests is not normed, and does not even satisfy the
identity test. What this example demonstrates that other axiomatic properties in addition to
the reversal tests are needed to rule out such unsatisfactory formulas. Also, it shows that the
Palgrave and harmonic Laspeyres indices, as it is well known, are not very good starting points
to build index number formulas on.

The last example concerns a wider class of index number formulas.

Definition 6.8 (Mean-based index) We define mean-based quasilinear indices to be quasi-
linear indices that have a quasilinear representation with

.1‘1—1

M) = M (z9,23) H (1), (6.40)

b(z1,22,23) = M (22, 73)
with M linear homogeneous and symmetric with M (v,x) = x and H strictly increasing. M
can be thought of as a mean and H as an indicator of relative change. For a more thorough
discussion of these see Vartia [105]. Note that all indices of this type are weakly proportional.

The symmetry requirement in the definition is not strictly necessary, and is dropped in the
next section, but this narrower definition is sufficient for our purposes here. Next establish a
few properties of these indices. These properties are discussed in more detail in Vartia [105].

Lemma 6.22 The Montgomery—Vartia formula is the only mean-based formula that satisfies
factor reversal.

Proof. For a mean-based formula to satisfy factor reversal it is necessary and sufficient that

b (ﬁ,xg,x;g) = M(.Z‘Q,xg)H ( 3 > =M (.Z‘Q,.%‘g)H(xl) + doxo + d3x3.
o1 21

Using the definition of H and putting 1 = 1 we get

T
M (.Z‘Q,.Tg) H (.Z‘_3> = T3 — Tg9 = d2$2 + d3x3,
2

so that ds = —1 and do = 1. Now we have

x
M(xz,xg)H( 3 > =M (z2,23) H (1) — x3 — x2.
T2

Dividing this by M (x2,x3) gives
H( 3 >:H(x1)—M

ToT1 M (x2,23)
Note that as H (z) = Af(lz_:l) and M is linear homogeneous ﬁ%{é) =H (%21) . Therefore we
have

0 (g;) = H () - H (i—i)
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Using m = x1 and k = ﬁ; as before this becomes
H(k)=H (m) — H (km), (6.41)

which rearranged becomes a variation of the Cauchy equation with the only continuous solutions
being of the form

H (m) = clogm. (6.42)

[ ]
Note the close connection between the Stuvel and Montgomery—Vartia formulas. Writing
the Stuvel decomposition function in prices and quantities gives

1 1 0

P 00 1.1 L oofp 14 p
b —,pq,pq> = —pq(——1>——pq(1——>
(p() 2 p() 2 pl

—_ (q() +q1) (pl _pO)
pl
= L (po@pl?]) 10gﬁ7

N —

where ¢ is the arithmetic mean of the quantities in periods 0 and 1. The difference between the
Montgomery—Vartia decomposition L (poqo,plql) logg—(l, is just that the Stuvel decomposition
the weights are based on the arithmetic mean of quantities instead of the actual quantities. The
similarities and structure of these decompositions are studied in some detail by Balk [9]. Note
that a similar derivation is possible also for any mean M as well as the logarithmic mean L.

The above result means that there is actually room for the rectifying procedure, as the
formulas are not generally factor reversible. However, these formulas have other good properties,
such as normedness and time reversibility.

Lemma 6.23 Any mean-based quasilinear index is normed.

Proof. For the first part note

1-1
1 =M —— =0
b (1,2, 3) ($2,$3)M(171) ;
which is clearly linear in x5 and x3. For the second,
| _
b(1,29,23) = M (w2, 23) —2—— = M (x2,23) s Rk
M (4 1) M (x3,22)
x9?

because M is linear homogeneous.

Lemma 6.24 Any mean-based quasilinear index satisfies the time reversal test.
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Proof. For any mean-based index
xl_l -1
M (17,1
11—
M (.1‘1_1, 1)
11—
M (1,x1)
Il — 1
M (.I‘l, 1)

b(t(x)) = M (x3x2)
= M (z2,x3)
= M (z2,x3)
= —M(x2,23)

because of linear homogeneity and symmetry of M. m

As these properties were shown above to be preserved in the rectification procedure, the
results imply that if we rectify a mean-based index, the result will be a normed, time and factor
reversible quasilinear index. The result is presented in the next theorem.

Theorem 6.5 Any mean-based index can be used to construct an index number formula that
satisfies the factor and time reversal tests, the identity test, the test of Lemma 5.15 and is based
on a normed additive decomposition of the value change.

Proof. This is an obvious corollary of the above results. m
The formulas given by the above theorem are based on the decompositions

1 1 .
b(@1, 22, 23) = QM(@’%)H(“) 3 {x3 —x92 — M (z2,23) H (miz)] ‘

Note that for the Montgomery—Vartia formula this is just

1 1 i
b (.%‘1, .%‘2,.%‘3) = §L (-T27x3) logxl + 5 |:.%‘3 -T2 - L (.Z‘Q,.I‘g) log .1‘1;‘2:|

1 T
= L (x9,x3)logz + 5 |:.Z‘3 — 9 — L (w2, x3) log x_s]
2
= L (x9,x3)logz;.

These index numbers, while having a clear decomposition representation, may be difficult or
impossible to write out explicitly, because the inverses of the functions B may be rather compli-
cated. Even when an explicit form can be given it may look rather unappetizing. For example,
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if we choose M (z,y) = G (x,y) = /Ty or the geometric mean the resulting rectified index is

—2

Zi3
L4241

it is not our purpose to claim that any of the rectified index numbers derived in this section should
have an immediate or indeed any practical use. The aim is rather to continue the discussion
on axiomatic properties started above. It is now clear that if the proportionality requirement is
relaxed from Fisher’s test to weak proportionality then there are many formulas that have the
properties of consistency in aggregation, factor and time reversibility, identity test and are based
on a additive decomposition of the value change, so that the Montgomery—Vartia and Stuvel
formulas which are usually the only ones discussed in this context have no claim to a special
status at least because of these properties, as seems to be claimed for example by Vartia [105].

This ends our discussion of the axiomatic properties of consistent indices. There are many
issues linked to the different additive and multiplicative decompositions of index numbers, value
changes and relative changes that have at least some relation to the results presented in this
section. As discussion of these would constitute a digression from the main topic, it is not
included here in the main text. Some discussion is, however, included as Appendix B.



Part 111

Consistency in aggregation and
utility-maximizing behaviour

91



Chapter 7

Preliminary discussion

7.1 Introduction

The discussion of the previous sections was in the axiomatic or test-theoretic tradition of index
number theory. No assumptions were made about the relationship of prices and quantities, but
instead they were thought of as free to take any positive values. The so-called economic approach
to index number theory is based on the standard microeconomic assumptions about utility- or
profit-maximizing behaviour, which restricts attention to those price-quantity combinations that
are possible under such behaviour. We now turn to the relation of this kind of approach to
consistency in aggregation, quasilinear index numbers and additive decompositions.

Before proceeding, it is perhaps prudent to make some remarks about the aim of this section.
The main goal is to show that the quasilinear structure is not invalidated by taking the economic
approach to the index number problem, but that the quasilinear indices, subindices and associ-
ated additive decompositions all have economic interpretations in the case where a maximizing
agent may be assumed. We try to show that the results that were derived above using the
axiomatic approach have also valid interpretations if the price-quantity data are thought to be
derived from a rational consumer instead of being free to vary arbitrarily. The section is meant
to be a sort of an afterthought to the core of results presented in the preceding chapters. With
time it just got too large to be relegated to an appendix. The derivation of the approximation
results is often wearisome and based on repeated partial differentation, which is in stark contrast
to the simple and aesthetic derivations typical to algebra and the theory of functional equations
applications of which constitute the basic framework of the previous chapters.

We also offer some critique of the economic approach and argue that it is too weak to provide
a basis for an operational index number theory without axiomatic arguments. That this is so,
should in our opinion be self-evident, but somehow it seems not to be. Many applications
and studies seem to ignore not only the basic problem of interpersonal aggregation, but also
some fundamental properties of microeconomic theory that operate on the individual level. The
problem may often be that implicit axiomatic assumptions are made but not acknowledged.
The enlightened reader, who will already be convinced of the necessity of both axiomatic and
economic arguments in an operational index number theory, is invited to skip Chapter 8 (at
least insofar that she is not interested in deriving exotic superlative formulas).

The sections below should be seen in light of these rather modest ambitions. We have tried
to keep the presentation on a technical level which makes it possible to discuss the things we are
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interested in, but no higher. We present some definitions and microeconomic results, but leave
out some equally important ones as suits our goals. We do not discuss many crucial problems of
the economic approach at all, for example, we leave out the problem of interpersonal aggregation,
and changes in taste and quality. This decision is in our opinion warranted given the goals of this
section. Our first goal is to show that quasilinear indices fare as well as the best non-quasilinear
ones under the standard economic approach. As the problems of interpersonal aggregation and
changes in taste and quality are usually separated from the question of functional form of indices
in the standard approach, we feel permitted to do so here as well. As for our second goal, we try
to argue that the economic approach is too weak to even under the most favourable conditions,
that is, when there is only one agent (or when a representative agent exists) and tastes and
quality remain constant, to enable the derivation of operational formulas and therefore need not
discuss any additional complexities.

We deal with consumer theory alone, although the discussion could be quite easily adopted to
production theory also. Throughout the relevant utility and expenditure functions are assumed
to possess any regularity properties that we need and do not always discuss these in depth.
In other words, we are not trying to present a general survey of the subjects that are touched
upon, but instead a very selective and incomplete one subordinated to the needs of the main
topic of interest. Most subjects have been discussed extensively by more distinguished authors:
for a deeper and more extensive treatment of general microeconomic and duality theory, the
reader is referred to Debreu [25] or Diewert [29], on approximation of economic indices and
indicators to Theil [102], Diewert [27], Diewert and Blackorby [14] and Balk [6], on separability,
Leontief [69], Sono [92], Gorman [50], [51], Blackorby, Primont and Russell [13], on exact and
superlative index numbers to Diewert [26], [27], Sato [86] and Lau [67], on conditional cost
and demand functions to Pollak [76], [77], Blackorby, Primont and Russell [13] and Browning
[19], on subindices of economic indices to Gorman [50], Pollak [77] and Blackorby, Primont and
Russell [13], and finally, on additive welfare change indicators to Diewert [28], and Balk, Fére
and Grosskopf [10]. .

Let the consumer’s preference ordering on Rl be such that the preference relation may be
represented by a continuous, strictly increasing, strictly quasiconcave utility function

u:RY — R (7.1)

For a standard exposition, see for example [72] . We denote the possible consumption bundles
by q €R" and the prices as p €R"} .. The Marshallian demand function q : R} , x Ry — R
is defined by

q(p,V) =argmax{u(q)[p-q < V}. (7.2)
qeRﬁ

The indirect utility function is defined by

v(p,V) = max {u(q)|p-q<V}.
q€eR?
Clearly v (p,V) = u(q(p,V)). Under our assumptions the indirect utility function is quasicon-
vex, homogeneous of degree zero, strictly increasing in V' and decreasing in p.

The expenditure (cost) function is defined by e: R, x u (R?) — Ry
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e(p,u) = min {p-qlu(q) > u}. (7.3)
qcR?

and the Hicksian demand function h : R? | x u (Rﬁ’;) — R" as

h (p,u) = argmin {p - q|u(q) > u} (7.4)
qeRj_
so that,
e(pu) =p-h(pu). (7.5)

The expenditure function is strictly increasing in u , increasing in p, linear homogeneous and
concave in p.

Thus, corresponding to any u satisfying our assumptions there is an expenditure function e
having the above properties. The converse is also true: for any such e a quasiconcave u may be
derived. This is a rather complex topic, and cannot be presented here in any detail. Discussion
this and other dualities may be found for example in Debreu [25], Diewert [29], Blackorby,
Primont and Russell [13] and Blackorby and Diewert [14].

Lemma 7.1 (Shepard’s Lemma) [t is well-known that if e is differentiable at (p,u) that !

Oe (p,u)

o hi (psu) - (7.6)
Also, it is obvious that
h(po(p,V)) =x(p,V) (7.7)
and
e(pv(p,V)) =V. (7.8)

In addition to the standard assumptions given above, on the sections presenting various approx-
imation results we assume that the various economic functions we are concerned with are twice
continuously differentiable.

The economic indices compare two price-income situations, (pl,Vl) and (pO,Vo) , with the
utility levels u' = v (pl,Vl) and u¥ = v (pO,Vo) .

Definition 7.1 (Economic price index) The economic price index for reference utility u is
defined by

e (plu)

1 0 _
Pl = e(pOu)’

(7.9)

'Blackorby, Primont and Russell [13] call this Hotelling’s theorem from Hotelling [60]).



CHAPTER 7. PRELIMINARY DISCUSSION 95

This generally depends on the reference utility level w. If the preferences are homothetic,
we may choose a linear homogeneous utility function to represent them in which case the corre-
sponding expenditure function has the form

e(p,u) = c(p)u, (7.10)
where ¢ (p) is the unit cost function defined by
c(p) = min {p-qlu(q) > 1}, (7.11)
q€R+
the index is clearly independent on u and is given by
c(p!)
P (p',p°) = : 7.12
(p',p") = - 0 (7.12)

It is also rather straightforward to show that homotheticity is also necessary for the price index
to be independent of the reference utility level, see for example Samuelson and Swamy [84].

Definition 7.2 (Economic Quantity Index) The economic quantity index for the reference
prices p may be defined by

e (pu')
e (p,u®)’
It generally depends on the reference price vector p. In this case also, homotheticity is

both necessary and sufficient to the index to be independent on the reference price [84]. In the
homothetic case, obviously

Q (u',u’,p) = (7.13)

Q (ul,uo) - (7.14)
and the index number pair satisfies
c(p)ut  e(p'u')
c(p¥) u®  e(p®ul)’
For an extensive survey of this subject, see Samuelson and Swamy [84]. An alternative definition
of the quantity index, the so-called Malmquist index, will be discussed below.

The problem with these definitions from the point of view of practical applications is of
course the fact that they require knowledge of the preference structure. The question thus arises
whether it is possible to approximate these economic indices using only knowledge of prices and
quantities from the two periods. This will be the main topic in this section. It turns out that it
is some index number formulas, including the prominent quasilinear ones, always approximate
the ”true” indices for suitably regular preferences to the second degree. This result may be
approached in at least two ways, closely related to each other. The first one, extensively used
by Diewert [26], is to find families of utility functions or cost functions that may be used as local
approximations of any regular homothetic utility or cost functions and then find index number
formulas that are exact for these families. The second, related approach is to find index number
formulas that have good axiomatic or test-theoretic properties and give local approximations to
any economic index. A prominent example of this is Theil’s [102] result concerning the Térnqvist
formula. While we deal mostly with the latter approach and will not give a detailed presentation
of the former, some problems of Diewert’s approach are discussed. First, however, a few general
approximation results and notation are introduced.

P(p',p°) Q (u',u°) = (7.15)
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7.2 Some general approximation lemmas

Two functions are said to differentially approximate each other to the second order at a point if
the levels and the first and second partial derivatives of the two functions coincide at this point.
Obviously, differential approximation to the pth degree defines an equivalence relation in the set
of real valued functions that are differentiable at least p times in some common domain.

Definition 7.3 (Differential approximation) Let f and g be real-valued functions that are
continuously differentiable at least p times, defined in some open subset A C R™. The functions
f and g differentially approximate each other to the pth degree in the set X C A iff their values
and the values of all partial derivatives up to and including the pth degree coincide in all points
x € X. Then we write

f xéix g. (7.16)

Lemma 7.2 £X 18 an equivalence relation on the set of functions that are continuously differ-
pdS

entiable at least p times and defined in A.
Proof. Obvious. m

If f £X g then obviously the pth order Taylor expansions of these functions coincide with
p S

each other in the points x € X and for any x¢ € X we could write

f(x) =g(x)+Opy1, (7.17)

with Op41 containing only terms that are of the p + 1th degree or higher in x — xq. However,
we find the f £X g notation more convenient.
pdS

Sometimes, as it often shortens arguments considerably, we abuse this notation slightly

by writing the arguments into the expression. For example, if the function g (x) = h(m (x))

approximates f in a point X = Xo then we might write f(x) £ h(m(x)) instead of going to
X=X

the trouble of defining ¢ explicitly and writing f & . hom.
X=X

. . p . . .
The equivalence relation ~ is preserved under many different representations and transfor-
xeX

mations of a function as the next lemma shows. The lemma concerns quadratic approximation
as that is the highest order that we apply below, but it could obviously be extended inductively
to cover also higher order approximations.

Lemma 7.3 Let B C R™ and let functions

F:BSECRG:B—ECR

satisfy F Li* G for some L* = (L3,...,L%) € E. Let functions f: A—-R,g: A—-R, ACR"

be such that they have representations

f(x) = D (F (L (x))) (7.18)
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and
9(x)=D(G(L(x))) (7.19)
where the functions
L:A—-BCR™"L=(L'..L"),D:E—R
are twice differentiable. Then f i g in all points x* = (x%,...,2%) € A with L (x*) = L*.
Proof.
f&)=DF L)) =D(F L)) =D(G (L)) =D (G L)) =gx).

Also, for any k,,

fr(x) = D'(F(L) Y F (L*) Li (x*) (7.20)
=1
= D'(GLM))Y Gi (L) Li (x*) = gp (x*)
=1
and
fe () = D'(F L)Y F (L)L ()Y F (L) L (x)
j=1 i=1
+D' (F(L) Y D F; (L) L (x*) L (x*) + F; (L*) Ly (x)
i=1 | j=1
= D'(GL)Y G (L)L (x)Y G (L) L, (x*)
j=1 i=1
+D' (G (L)Y D Gy (L) L] (x*) L, (x7) + Gi (L*) L (x7)
i=1 | j=1
= Jik (X*)-
| |

It must be noted that while these are sufficient conditions for f EJ . g, they are not necessary.

That, is f and g may approximate each other in some points even 1f F and G do not. The lemma
has useful corollaries, for example that index number formulas that approximate each other in
freely varying variables will also approximate each other when the variables are connected by
demand theory. Lemma 7.3 is often used in an implicit fashion. For example we might show

that (abusing the notation in a way explained above) f (J:*,yl) —f (J:*,yo) 2 .9 (J:*,yl, yo)
=y

yl
for any z* and then substitute z* = Vxl2® and proceed without explicit reference to Lemma,
7.3 and infer that in this case f (J:*,yl) —f (J:*,yo) IEJ .9 (x*,yl,yo) .

=T

yl=y0
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Next, we note some results that enable to ”move” functions from one side of the approximate
equation to the other in a fashion similar to a standard equation.

Lemma 7.4 Let f + g and fg denote pointwise addition and multiplication respectively. Let
f,9,h be as in the definition of differential approximation and let f EJX g. Then
pdS

2
f+h = g+ h. (7.21)
and
2
~ . .22
fh 2 gh (7.22)

Proof. Similar to the proof of the above results, that is, simple differentiation is enough to
prove the result. W

This means that calculations such as f+g EJX h=f EJX g—h are valid, as are manipulations
Xxe xXe

of the type fg xéx h=f xéx g/h whenever defined.

The following lemma is a direct corollary of Lemma 7.3.

Lemma 7.5 If the representations for two index number formulas

g}L ((7‘(‘1,2}(1), v%) e (Wn,vg,vfl))
and
gi ((7‘(‘1,2}(1), v%) e (Wn,vg,vfl))

differentially approzimate each other to the second degree at all points with
(7Tk7 U,127 Uli) = (17 Vg, Uk)
for all k, then also the representations f} (pl,po,ql,qo) and f2 (pl,po,ql,qo) differentially

approximate each other to the second degree in all points with

(' p%d".d°) = (p,p,a.q).

That is, if two index number formulas approximate each other in the (7r, W0, vl) coordinates
they will also approximate each other in the ”original” price-quantity coordinates.

In the following discussion we will use the abbreviated notation logp to denote a vector
whose components are the logarithms of the components of p €R” ., and similarly exp (p) to
denote a vector of exponential transformations of the components of p €R", so that

logp = (logpi,...,logpy)
exp(p) = (exp(p1),.-,exp(pn))-

In spite of this, the notation is cumbersome and inelegant. Fortunately, the results are intuitive
and simple.
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Lemma 7.6 Let the quantities be derived from some Marshallian demand function satisfying

the necessary reqularity conditions so that q' = q (pl, Vl) and q° = q (po, Vo) ,and denote vt =

p'q (pt, Vt) =v (pt, Vt) Jet gl and g2 be index number formulas that satisfy g, v ?21 : g2
1:X;=(1,v4,v;

and let the functions d., and d2 be defined by the equations
dy, (logp*,log p”,log V!, log V?)

(p_é7vl (p07V0) » U1 (p17V1)) [ERES)

p
B, vn (,V0)  va (0, V1))

= loggr

and
d? (log p*,log p”,log V!, log V?)

(p_é7vl (p07V0) » U1 (p17V1)) [ERRS)

p
%7”@ (p07 VO) y Un (p17 Vl))

= logg?

This means that the functions d. and d? give the values of the corresponding index number
formulas when quantities are derived from the Marshallian demand. Then

1 2 2
a2 2
log pl=log p?
log V1=log VO

Proof. Noting that g} A g2 and if prices and incomes remain unchanged at

Vi:xi:(l,vi,vi)
(p*, V")

(Lpize (P, V), 0121 (P5, V), o (L, Dp@n (P, V), Dpn (P, V7))
= ((17 U1, Ul) PREED) (17 Un, Un))

and using the Lemma 7.3 the result follows trivially. m

To avoid the awkward notation used above, we do not in the following text always write out
the quantities explicitly as functions of prices and income if it is evident that we are dealing
data generated by utility-maximizing behaviour instead of the freely varying variables of the
axiomatic approach. However, it should always be remembered that the various approximation
and other results are always based on this kind of data, and therefore that the only ”free”
variables are prices and incomes and quantities are determined by these and the results should
be understood to be analogous to the above Lemma. For example, the next lemma is simply
the quantity index equivalent of the previous one, but we have condensed the notation in the
way explained.

Lemma 7.7 Let the quantities be derived from some Marshallian demand function satisfying
the necessary reqularity conditions so that q* = q (pl, Vl) andq® =q (po, VO) , and denote vt =
p-q (p’, V') =v (p',V?), let g} and g2 be index number formulas that satisfy g} g 2 g2

1x;=(1,v5,v;)
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, and let ¢} and c2 be defined by equations

¢, (logp*,log p°,log V!, log V?)

and
c2 (logp',logp’, log V', log V)
1 1
q q
= logg? ((q—é,v?,v%) s eees (q—g,vg,v}J) .
1 n
Then c} 2 2.
log p!=log p°
log V1=log VO

Proof. Similar to the above. m

These lemmas imply that if we can prove that two index number formulas approximate each
other in the case where prices and quantities are regarded as independent variables then they
approximate each other also in the case where quantities and prices are determined by some
demand function. This intuitive result means that if some index number formula is a quadratic
approximation of the ”"true” economic index, then any formula that approximates the first one
also approximates the true index.

The converse, however, is not true. Two index number formulas may approximate each other
at least for some demand functions in points where they do not approximate each other in the
independent variable case. An example of this will be considered briefly below.

Note that both lemmas may be modified to apply also to the case where the index is calculated
only for some subset of the commodities. Again, we use the shorthand notation explained above.
Corollary 7.1 Let the quantities be derived from some demand function in a n-dimensional
commodity space so that q* = q (p', V1) and q° = q (p°,V?), and denote v = p'-q (p', V") =
v (pt, Vt). Let g,i and g,% be index number formulas that satisfy g,i ' ?21 : g,% . If we take

1:x;=(1,v4,v;
any subset of k commodities and denote the price, quantity and value vectors for this subset as
P, Q, Vv and then define the functions

d (logp',logp®,log V!, log V°)

1 f)} ~0 ~1 ﬁllc ~0 ~1
= loggk ((@7U17U1> PRERE} (p??zjlka))
1 k

and
di (logp',logp?, log V!, log V°)
~ ~1
p ~ p ~
— logg? ((q%) (q%))
1 D
Then
a2 &
klogplzlogpo b
log V1=log VO

A similar result holds for the quantity sub-index formulas.
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Proof. Almost exact copy of the above proofs. Note, however, that the approximation error
for the sub-indices is a function of all prices, not just the prices for the goods in the sub-index.
|

These results mean that if two index number formulas differentially approximate each other
to the second degree in the points where prices and quantities are equal they also give second-
order approximations of each other in prices and incomes when the prices and quantities are not
independent variables but are instead connected by a demand function.

We now present the so-called quadratic approximation lemma, extensively used by Theil
[102] and Diewert [26].

Lemma 7.8 (Quadratic Approximation Lemma) For a function f : A — R, , A C R"
that has continuous derivatives up to the third order. Define

g (', x") = f(x') = f (x)

and

h () = ié £ () + £ ()] () — ). (7.23)

Iff f is quadratic then g = h.

Proof. Clearly g (x,x) =0 = h (x,x). Differentiating h w.r.t. ar:/,lC we get

h,lc(xl,xo) = aixkh(xl,xo)

- izf (') (ot =)+ 5 [ () + o ()]

so that hyy (x,x) = fi (x). Differentiating again, w.r.t. =}

82
h,lcl (xl,xo) = 8xlaxkh(X1’X0)

— 3 () (o = ) + e (1)
i=1

and h}d (x,x) = fri(x). As h (xo,xl) =—h (xl,xo) , the results for x° follow.

Quadraticity is obviously sufficient for ¢ = h. For necessity of quadraticity note that if
hllcl (xl,xo) = fir (xl) identically then f;x; (xl) must be zero. m

Versions of the next lemma are also used in Theil [102, 135].

Lemma 7.9 For a function f:A — R, , A C R™ that has continuous first and second-order
partial derivatives we have the following result. Let

g (xx?) =5 [ () + 1 ()]
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and

then g L h
X

140
Proof. Obviously, g (x,x) = h (x,x) = f (x). Differentiating h w.r.t. z} or z} gives

0

0 1 1
8—3:,1Ch (xl,xo) = h (xl,xo) = ka {5 (x1 + XO):| (7.24)

Y]
oz},
which gives the result when x! = x°. m
Note, however, that the only properties of the arithmetic mean A (J:l, J:O) = % (J:l + J:O) that
are used is that A (z,z) = x and A; (z,2) = As (z,2) = % We might therefore as well prove a
little more general lemma.

Lemma 7.10 For a function f:A — R, , A C R", that has continuous first and second-order
partial derivatives we have the following result. Let

g (<50 =5 [ () + 7 ()] (7.25)
and
h(x',x%) = f [My (z1,20) , ... My (2, 20)] (7.26)
where M is a differentiable function and satisfies
M; (z,7) = (7.27)
and
Mo (2,2) = Mis (2,7) = % (7.28)

where M; 1 (z,x) and M; 2 (x,z) denote the partial derivatives of M;.
This tmplies that g L oh

x1=x0

Proof. Clearly g (x,x) = h(x,x) = f (x). Differentiating h w.r.t. z}, gives

0
wh (X17X0) = fk [Ml (.T%,.T(l)) 7"'7MTL (.T}L,.T,(,)L)] Mk,l (xllwxg) )
k

which is equal to

1
éfk [x17"'7xn]7

when x' = x° = x. The proof for x° is similar. ®
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So the arithmetic mean may be replaced for example by any symmetric linear homogenous
functions M; with M; (1,1) = 1, as symmetry and linear homogeneity imply that M;; (1,1) =
M;5(1,1) = 1.

Diewert [27] uses the following result.

Lemma 7.11 Let f!, f2,m be twice differentiable and let f1 N f? and m(xq) = 0. Define
X=X(

the functions
g9(x) = f'(x)m(x) (7.29)
and
h(x) = f2 (x)m(x). (7.30)
Then g xi h
Proof. Obviously, g (xo) = h (xo) = 0. Differentiating g gives
9k (%)) = [ (x)m (x) + f1 (x) my (x)
so that gy, (xo)) = f* (x0) mx (x0) = f? (x0) mi (x0) = hi (x0) . Differentiating g again
gt (%)) = fiy () m (%) + fi (%) my (%) + fi1 (%) my, (%) + 1 () g (x)

so that
gr (x0)) = [ (x0)my (x0) + f;" (x0) mx (x0) + f* (x0) M (x0)
= [ (x0) mu (%0) + £ (%0) m (x0) + f? (x0) maz (x0)
= hu (X0)).
| ]

Lemma 7.12 Let f be a function f: A — R, , A CR" that has continuous derivatives up to
the third order. Define

g (xl,xo) =f (xl) —f (XO) (7.31)
and
1,0 - L. o 1 1 0
h(x,x):Zfi {g(x —i—x)] (zi — 7). (7.32)
i=1
Then g 2 k.

x1=x0

Proof. Abusing our notation a little in the way explained above, previous results show that

fi [% (XO + xl)] xlixo % [ fi (xo) + fi (xl)]. The final result follows then from the above lemma.

[ ]

The following Lemma is used in its exact quadratic version by Diewert [32] to motivate
additive and multiplicative percentage change decompositions of index numbers. We will use
it below in a similar fashion to show that the additive value change decomposition functions
defined above may be given an economic interpretation.
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Lemma 7.13 Let f, x',x° X be as above. Partition the index set I = {1,...,n} into K distinct,
non-empty subsets I, and define

XllC = (6k1x% + (1 — (Skl)fl, ...,(5kn.%‘7ll + (1 — 6kn) fn) (733)
and
Xg = (6k1x(1) +(1- 6k1)§17 ey (5]mx2 +(1- 6kn)§n) , (7.34)

where 0g; = 1 if t € I, and 6; = 0 otherwise, so that in each x,lc the arguments x; that are not
included in the partition are replaced by the mean value T; and the arguments included have the
value x; and conversely for xz. Then for

g (xl,xo) =f (xl) —f (XO) (7.35)

= i [f (=) = (x2)] (7.36)

k=1

we have g 2 h
x1—x0
Moreover, the result is exact for quadratic f.

Proof. We may assume without loss of generality that the partitioning is done in such
a fashion that I; consists of the first n; arguments, Is the next ny and so on. Denote the ith
argument in the kth group as xp;. Then, using the above results and again abusing our notation:

K

[f (Xllﬂ) B f (Xz xlfxo Z Z-fkl xkl xkl)
k=1
ALY h® ) -a) A F() - ().

If f is quadratic, then clearly f (X}C) is quadratic in xg;. Therefore

f (X kaz % %)

which implies that

SN -FED)] = DS ® (af —a))

k=1 j=1

[ ]

The point of this result is that we may quadratically approximate the change in a function
due to a change in arguments from x° to x! by changing the arguments in one subset at a time
and simply adding the resultant subchanges.



Chapter 8

Problems of the economic approach -
a reminder

8.1 Introduction

The economic approach is based on the standard assumption of a utility-maximizing consumer.
This assumption introduces a functional dependency between the prices and quantities in the
data. The approach enables the definition of economic price and quantity indices, which are
theoretical constructs based on the preferences of the consumer. While useful for theoretic
purposes, without some way of approximating or estimating these from actual price-quantity
data, the theory would be useless from the point of view of official statistics production. Of
course, one way to operationalize the concepts would be to estimate the demand functions
from data, and then base the index calculations on these estimates. This, however, is a very
impractical way to proceed. The usual operationalization of the economic approach is based
on results that allow approximation of the theoretical indices using index number formulas. At
least two related types of useful results have been proved. First, it is possible to show that
certain index number formulas are equivalent to the theoretic indices if the agent’s preferences
belong to a certain parametric family. Then, for any preferences that may be approximated
with members of this family, the formula gives approximately the right result. The results for
the so-called superlative formulas proved by Diewert [26] are prominent examples of this type of
result. Second, it may be shown that some formulas approximate the theoretic indices for any
preferences that are regular enough. An example of this type of result would be Theil’s [102]
approximation of the true indices with the Tornqvist formula.

In this chapter we try to argue that the economic approach is too weak to be operational
without additional axiomatic criteria to produce usable index number formulas, as many func-
tions that are completely unsuitable as index numbers will approximate the theoretical indices,
and some of them will even be superlative in Diewert’s sense. Also, exactness for some family of
preferences does not uniquely determine a formula. Therefore there are no criteria, except ax-
iomatic ones to differentiate between meaningful and meaningless formulas. But if it is accepted
that some axiomatic criteria are always needed, then we are again faced with the question of
what these criteria should be. But this is simply a reformulation of the index number problem of
the axiomatic approach. In addition, we discuss the often-encountered attempt to give utility-
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theoretic meaning to axiomatic properties and show that it can easily lead to false conclusions.

8.2 Flexible functional forms and superlativity

We now turn to the first type approach described above, that is, finding index number formulas
that are exact for some families of preferences. We try to keep the discussion brief and there-
fore avoid technical detail. First, we define the concept of superlative index number formulas
following Diewert [26].

Definition 8.1 Let O be a parameter space (i.e. any set) and let g : Ax © —R , where A C R"
1s open, be a function. Then the functional form defined by g is the parametric family of functions

{9(50)16 €O} .

Definition 8.2 The functional form {g(-;0) |0 € ©} is said to be p times continuously differ-
entiable if for any 6 € ©, g¢(x;0) is p times continuously differentiable in x.

Definition 8.3 The functional form {g (-;0) |0 € ©}is said to be linear homogeneous if for any
0 € O, g(x;0) is linear homogeneous in X.

Definition 8.4 The twice continuously differentiable functional form
{g9(50)|6 € ©}

is called flexible if for any twice continuously differentiable f : A — R and xg € A there exists
0o€ O such that g (-;0y) 2 f.
X=X(

Definition 8.5 The twice continuously differentiable linear homogeneous functional form
{g9(50)|6 € ©}

1s called flexible if for any twice continuously differentiable and linear homogeneous f : A — R
and xg € A there exists g€ © such that g (-;6p) 2 f.
X=X(

Definition 8.6 The linear homogeneous functional form {u(-;0)|0 € ©} is called a family of
linear homogeneous utility functions if for any @ € © there is an open set By C A in which u
satisfies the regularity conditions for utility functions.

Definition 8.7 The linear homogeneous functional form {u(-;0)|0 € ©} is called a family of
unit cost functions if for any @ € O there is an open set By C A in which u satisfies the reqularity
conditions for unit cost functions.

Lemma 8.1 It is possible to derive from any linear homogeneous flexible functional form a
family of linear homogeneous utility functions or unit cost functions that give a second-order
approximation to any twice differentiable linear homogeneous utility or unit cost function at any
point xg € A.
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Proof. Let {g (-;0) |0 € ©} be linear homogeneous and flexible. For any linear homogeneous
utility function or unit cost function v and point xo we can choose a parameter 6 (v,xg) such
that ¢ (+;0 (v,x9)) 2 v. Because g (0 (v,x¢)) is twice continuously differentiable there is

X=X
an open neighbourhood of xy where any properties implied by the sign of the first and defi-
niteness of second derivatives of v are shared with g (-;0 (v,%0)). These include monotonicity,
quasiconcavity and concavity. The family of utility or unit cost functions is the restriction of
{9(;0)]0 € ©} tosuch(v,xq). m
As an example, take the linear homogeneous translog functional form

n n n
1
logc™ (piao,a,B) = a0+ ailogp;+5) > bijlogpilogp;, (8.1)
=1 i=1j=1
n n
with Zai == 1, sz] == 0, bij == bﬂ
i=1 j=1

This may be shown to be a flexible linear homogeneous functional form and thus may be used to
locally approximate any unit cost function. That is, there are such parameter values for which
the translog function is an admissible unit cost function for some open set of prices. However,
using Shephard’s lemma, the constant-utility expenditure shares are given by

dlogc™™ (p) -
wy, (P) 910z pr ar + E by log p; (8.2)

j=1

The expenditure shares cannot be negative, so there are, for any fixed vector of parameters,
prices low enough for which the translog function does not satisfy the assumptions about the
unit cost function. Therefore it may be used only locally. That is how the next definitions,
which are given only loosely, should be understood: the index number formula is exact for the
family of utility or unit cost functions in the appropriate regions, which may be different for
different parameter values.

Definition 8.8 A quantity index number formula f (dropping the subscript n) is exact for the
linear homogeneous family of utility functions u (-;8), if for all @ € ©

1;0
25270;03 = f(a".d",p".p"). (8.3)

q =q (pt, p'-qt; 0) , where q(+;0) is the Marshallian demand function defined by u (-; ).

Definition 8.9 A price index number formula f is exact for the linear homogeneous functional
form of unit cost functions c(-;0), if for all @ € © we have

1;0
Zgii(keg = f (p17p07q17q0) 9 (84)

whenever q¢ = q (pt,pt . qt;O) , where q(+;0) is the Marshallian demand function defined by
c(+0).
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Definition 8.10 Diewert [26] calls a quantity index superlative, if it is exact for a family of
utility functions derived from a flexible linear homogeneous functional form in the sense of
Lemma 8.1. A price index is called superlative, if it is exact for some similarly derived family
of unit cost functions.

The point of exact formulas is that they give the economic indices as functions of only the
prices and quantities, without having to specify which utility or cost function in the family is
relevant.

For example, the Tornqvist quantity index is exact for the homothetic translog utility func-
tion

1 pYq? pia} a;
f(a' % p',p?) =exp | = Sy i logq—’l : (8.5)
=1 | Y9} Yopiqj :

Similarly, the Térnqvist price index f;I (pl, P’ q', qO) is exact for the homothetic translog unit
cost function. Therefore the Tornqvist indices are superlative. These results are proved by
Diewert [26].

Also, Diewert links in this way what he calls the quadratic mean of order r utility and unit
cost functions with the quadratic mean of order r quantity and price indices, in the case of
utility functions and quantity indices these take the form

3=

N[

ur (@) = [ YD bija; q]% (8.6)

i=1j=1

and

1
T 2’I’

1
n 1\ —
pA
E wjl (—é) , 7 # 0.
j=1 pj

N[

fr (ql qO pl pO) — iw() p_]l
n 9 9 9 — ] p‘(])
j=

The quadratic mean of order r utility and unit cost functions are flexible, therefore quadratic
mean of order r indices are superlative.

8.3 Preference families and exact formulas

The question of exactness and superlativity of quasilinear indices is examined in some detail in
the next chapter, but it is convenient to place the following theorem here.

Theorem 8.1 Diewert [27] shows that the only homothetic preference family for which the
Montgomery—Vartia formulas are exact are the Cobb-Douglas preferences, in which case also the
log-Laspeyres, log-Paasche, Tdrnquist and other formulas are exact.
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This result illustrates an important point about exact index number formulas. Many different
formulas may be exact for the same utility function, because exactness only requires the formula
to behave in a certain way when prices and quantities change in a way consistent with the
family of preferences. For example, for Cobb—Douglas preferences, it is easy to see that the
expenditure shares of different commodities are constant, so that w,i = w,g always. So, any
index that reduces to the log-Laspeyres index when expenditure shares do not change is exact
for these preferences. The formulas include the Tornqvist, Montgomery—Vartia, log-Laspeyres,
log-Paasche and other functions, some of them obviously ridiculous in any application in which
the Cobb—Douglas hypothesis cannot be maintained. All these different formulas have very
different global properties in situations where the expenditure shares do in fact change. For
example, many of them are not linear homogeneous in period 1 prices generally, even though
as exact indices for the Cobb-Douglas preferences, they must be linear homogeneous for price-
quantity situations consistent with these.

This illustrates a serious limitation of the economic approach, as a exactly the same thing
is true for any exact index: when a certain restricted class of preferences is assumed, the exact
formula degenerates into the restriction of the formula in question to the domain of possible
price-quantity combinations under these preferences and this restriction exactly corresponds to
the economic index for these preferences. However, this does not uniquely determine the index
number formula, as an index number formula is a function defined for any prices and quantities.
Therefore, given some exact index, any function that has the same values for allowable price-
quantity combinations will be exact, regardless of what values it takes for any other prices and
quantities. This is emphasized by Vartia [106].

More formally, let A & Rfﬁr be the possible set of price-quantity combinations for the family
of preferences u(-;0), and let f (ql,qo,pl,po) be exact for this family. This means that for

any (q',q°,p!,p°%) € A

u(ql;O)_ 1.0 .1.0
u(qose)—f(q,q,p,p)-

But for example any function g such that
g(a',d’,p"p%) = f (a',d°,p",p°) + O (d',d"p",p°) m (d', ", p', p°) ,

with C' being the characteristic function of R4\ A and m being an arbitrary function would
also be exact. As the exactness requirement only determines the values for the index number
formula in A, there is generally no way of saying that one function f defined in the whole R
with the same restriction to A is somehow more natural than the other from the point of view
of the utility family in question. The specification of the family of preferences rules the points
outside of A out completely. For example, it is not meaningful to debate whether Paasche,
Laspeyres, Stuvel, Fisher or some other functions that collapse into the same function in the
case of Leontief preferences would be a "natural” index for these preferences. Similarly, in the
case of Cobb—Douglas preferences, any function collapsing to the true index in the case of these
preferences is exact for them, regardless of the axiomatic properties, such as proportionality it
possesses.

The case is no different for more flexible families of preferences, such as the translog family.
For example, adding an arbitrary function to the Térnqvist formula whenever the prices and
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quantities are such that the axiom of revealed preference is violated will result in a function
that is exact for translog preferences, as the axiom will never be violated if choices are made
according to translog preferences. This function may be defined to satisfy differentiability to
an arbitrary degree. For example, if we define the thrice continuously differentiable function
a: R — R with

zt, x>0

al@)= """, 29

and using this to define a function m : RY", — Ry with
m(a',q’p",p°) = [(fr (a',d’p"P°) = 1)] a [1 - fr (a".a" P". P")].

where fp is the Paasche formula and fr the Laspeyres formula, it is evident thatm is thrice
continuously differentiable and

m(d,a’, p, p?) — (Qp—1)*(1— Qé)4, for Qp >1and Q<1
, otherwise

For brevity, the symbols Qp and Q)1 are used to denote the Paasche and Laspeyres quantity
indices respectively. But it is well-known (see e.g. the revealed preference table in Vartia [107,
79]) that the price-quantity situations which imply @p > 1 and Q1 < 1 never occur under
maximization of any utility function, and therefore m (ql, q°, pt, po) must be zero if the data
is produced by an utility maximizing agent. Therefore, if f is an exact twice continuously
differentiable formula for some family of preferences and g is an arbitrary twice differentiable
non-negative function, the formula h given by

h(d',q’p",p%) =f(d".q°,p".p°) + m(d',d’, p",p%) g (a'. ", p", P°) (8.7)
is also a twice continuously differentiable exact and non-negative formula for the same family
of preferences. While this formula collapses into f under the exact family of preferences, or
indeed any preferences, it will generally have global properties different from f and will not
in particular satisfy any proportionality tests possibly satisfied by f. This is evident because
m is homogeneous of degree zero in period 1 prices and so g has to be linear homogeneous in
these if both f and h are also required to be. For example, if f is taken to be the Tornqvist
formula, some of the possible exact formulas defined by different choices of g will and some
will not satisfy any proportionality requirements globally, but obviously all will satisfy linear
homogeneity in prices when quantities respond to prices in ways allowed by the translog family
of preferences. It is therefore completely impossible to infer utility theoretic meaning directly
from any axiomatic properties, such as degree of proportionality, of formulas, as the strangest
of functions may under some family of preferences behave quite appropriately. Therefore, the
often encountered argument, made for example by Balk [8, 362], that any formula that does
not satisfy the linear homogeneity axiom is ”devoid of welfare-theoretic meaning”, seems to be
untrue. Also, any attempt such as made by Reinsdorf and Dorfman [81] to criticize axiomatic
monotonicity requirements of formulas because some exact formulas do not have certain mono-
tonicity properties for freely varying prices and quantities must be considered suspect. The
exactness implies certain properties only for some price-quantity combinations and different ex-
act functions may have different monotonicity properties. Axioms must remain axioms, there is
no utility-theoretic way of motivating their use or disuse.
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Also, there is no way of saying which of the exact formulas is the correct one. In our
opinion this reflects a fundamental weakness of this sort of approach to index number theory.
It is impossible to derive an index number formula defined for all prices and quantities from
a family of preferences, as by definition the behaviour of the index can be inferred only for
the price-quantity combinations that are possible under these preferences. However, in when
producing official statistics, formulas defined for any prices and quantities are in fact needed.
The problem is often ignored or treated in an implicit fashion, which gives the impression that an
index number formula is actually derived from some family of preferences, while what is actually
done, is that some formula, notable in its good axiomatic properties, is legitimized using the
utility-theoretic argument. To put this differently, assuming some family of preferences for
which an exact index exists, gives us an infinite number of possible exact functions, and we
must use axiomatic criteria to decide on one. As mentioned, this is usually done in a rather
implicit way, for example Diewert [26] an Lau [67] prove that certain formulas are exact for
certain preference families, and in some cases that these preference families are the only ones
for which these formulas are exact. What is not discussed in depth is the fact that there exist
many formulas that are exact for the same families of preferences, and that the formula that was
actually chosen to be legitimized by its exactness was arrived at in some previous study usually
on some axiomatic grounds. The strict separation of the economic from the axiomatic approach
seems therefore to be somewhat artificial, as at least some minimal axiomatic criteria are always
needed to take the clearly unsuitable exact functions out of consideration. We try to make this
point even clearer in the next subsection, in which we derive ”index number formulas” that are
superlative but would in most cases seem to be completely unsuitable for production of official
statistics.

Another point against the argument that utility-theoretic meaning can not be given to for-
mulas without some axiomatic properties such as linear homogeneity, is also pursued below. For
example Balk [8, 362] singles out the Stuvel index as not having any utility-theoretic meaning.
But below we show that the Stuvel index quadratically approximates the ”true” indices for any
sufficiently regular preferences. If this is not welfare-theoretic meaning, what is? In our opinion
this shows that the Stuvel index has actually very good properties from the point of view of
utility theory.

The same point can be made about the Montgomery—Vartia index, which fails also what we
have called the Fisher proportionality test and therefore is not even considered a proper price
index by Balk, who calls it a pseudo price index. It is exact for the Cobb-Douglas preferences
and therefore linear homogeneous when prices and quantities move accordingly. Actually, it
collapses to the log-Laspeyres (or log-Paasche) formula when expenditure shares do not vary.
The log-Laspeyres is satisfies the linear homogeneity test. But if preferences are not Cobb-
Douglas, then the log-Laspeyres formula, which does not take substitution into account, has
clearly inferior approximation properties compared with the Montgomery—Vartia formula, as it
provides only a linear approximation to the economic indices compared with the Montgomery—
Vartia’s quadratic approximation. (See below). Taking this into account, it would seem odd to
conclude that somehow, because of the linear homogeneity axiom, the log-Laspeyres has welfare
or utility-theoretic meaning, while the Montgomery—Vartia or Stuvel formulas do not. This
would be tantamount to preferring an approximation of a linear homogeneous function with a
linear function to an approximation with a quadratic function on the grounds that quadratic
functions cannot be linear homogeneous if they are not linear. Instead, we would maintain that
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the Montgomery—Vartia and Stuvel formulas have clearly superior welfare-theoretic properties
to the simpler linear homogeneous ones.

8.4 New superlative ”indices”

Many of the indices proved to be superlative by Diewert had been proposed before as ”good”
formulas from the point of view of axiomatic index number theory. They clearly possess the
minimum requirements to be considered as reasonable index number formulas from the point
of view of axiomatic theory. Some of them, as the quadratic mean of order 2 index, which is
the Fisher ideal formula, satisfy a number of good axiomatic properties. To some extent this is
due to their superlativity: the fact that they are exact for a flexible family of preferences places
quite stringent demands for their ability to take substitution into account. However, it seems
to be possible to derive superlative ”index number formulas” that is, functions of prices and
quantities alone, which give the exact economic index for some flexible family of preferences but
have properties that seem very unappealing from the point of view of any practical applications.

Below we deal with unit cost functions, but the discussion may be repeated for utility func-
tions as well. We use the following notation: the price vector is given by

P = (po,p) € R

and the quantity vector by

a = ((JO7Q) € R7—17:+1 .

The reason for this asymmetric treatment of commodities will become clear in the discussion
below. By linear homogeneity any unit cost function may be written in the form

¢(B) = poc (1, p%) — pod (p%) | 5.5)

Assuming that c is twice continuously differentiable, so is d : R’} | — R and therefore it may
be quadratically approximated using any flexible functional form. Thus any flexible functional
form gives us a linear homogeneous flexible functional form! which in turn gives us a flexible
family of unit cost functions as was argued above. Choosing certain types of flexible functional
forms that may be represented using quadratic functions, we may use a similar technique to
Diewert’s to find a family of superlative index number formulas that includes the Tornqvist and
quadratic mean of order 7 indices but also other formulas. The functional forms we consider are
given by

g(xa0,a,B) = G (h1(x1) .. m (xn):a0,a,B)" (8.9)
1
n 1 n n T
= ag + Zlalhl (.I‘Z) + 521211)”}% (.%‘Z) hj (.%‘Z) s
1= 1=17=

'Tt should be clear that if f : R}, — R quadratically approximates g : R7,_ — R in some point yo then

zof (I—’;) quadratically approximates xog I—’; in the points io = yo. Therefore we may use any flexible func-

x

tional form to define a linear homogeneous flexible functional form.
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where h; : Ry, — R are some arbitrarily chosen twice continuously differentiable strictly mono-
tonic functions with A} (z;) # 0, and r # 0, and

m(x;a0,a,B) = exp|[G(h1(z1),...; hn (Tn);a0,a,B)] (8.10)
n 1 n n
= exp |ag+ Zazhz (.%‘z) + QZsz]hz (.%‘z) hj (.%‘z) R
i—1 i—1j—1

The function G is the quadratic function. The equations define a different functional form for
each choice of h; and r. In fact, the two equations define a flexible functional form for any
suitable h; and r.

Lemma 8.2 For any h; : Ry — R | ¢ = 1,...,n strictly monotonic, twice continuously dif-
ferentiable with bl (z;) # 0 and r # 0 (8.9) defines a flexible functional form. Also, for any
hi :Ryy — R, i=1,...,n strictly monotonic, twice continuously differentiable with h, (x;) # 0
(8.10) defines a flexible functional form.

Proof. This may be proved by simple calculation of the partial derivatives. The result is
rather obuvious, considering that g and m in (8.9) and (8.10) are simple transformations of
quadratic, and thus flexible functional forms. W

That is, the two equations define many different functional forms which are all flexible.
Therefore they may be used to define many flexible families of unit cost functions. The flexible
family of unit cost functions given by g¢ is

C(ﬁ;a07a7 B) = Pbog (E;a()?a?B) ; (811)
Po
and the one given by m is

C(ﬁ;a()?a?B) = pom (E;a07a7 B> ; (812)
Po

1

The quadratic mean of order r unit cost functions are a special case of (8.11), with h; (p;) = (p;)2"
and the translog may be obtained from (8.12) by choosing m to be the translog functional form.

2.

Theorem 8.2 (Superlative formulas I) The ” index number formulas” given by

1
0 0 1 0 r
tear sty e () = e GO
0

p_(1)> k=1h}

0 n 1 1 1 0

Po 1 wp  py { (P_k) _ (P_k)]
1 27“2 T ol by pa hi,

Py

f@.p%.d.,d) = (

are exact for the flexible families of unit cost functions defined by (8.11). Because each of the
formulas is exact for a flexible functional form, they are all superlative?.
Proof. See Appendiz A.4.1 m

?We thank Bert Balk for pointing out an error in a previous version of this theorem.



CHAPTER 8. PROBLEMS OF THE ECONOMIC APPROACH - A REMINDER 114

Theorem 8.3 (Superlative Formulas IT) The ” index number formulas” given by
f(®.9.d.@)
1 n 1,1 0,0 1 0
P, 1 WP, wi.p p b
- —gexp 52 1 /k (I)’l + 0 /k (I)’O (hk (_lf> _hk (_18)) ’
o i ek (5) i (5) /N A/ A

are exact for the flexible families of unit cost functions defined by (8.12). Because each of the
formulas is exact for a flexible functional form, they are all superlative.
Proof. See Appendiz A.4.2. m

Choosing h; (p;) = (pi)%r in the first case the unit cost function becomes the quadratic mean
of order r unit cost function and the corresponding exact index becomes the quadratic mean of
order r price index. In the second case, choosing h; (z;) = log x; the unit cost function becomes
the translog unit cost function and the corresponding exact index reduces to the Tornqvist price
index. However, there are many other possibilities. For example, taking h; (z;) = x; for all i
and choosing » = 1, g becomes the quadratic functional form and the corresponding exact index
number formula is

15, 0P [Pp _ P P8 (2h 15,0 [Pk B
C ol (B -] B (B[54
10 —1 —0 ) =1 P LPo Po Do P1 \ Po b—1 Py Po
f(p7p7q7(1) = "0 n 11,1 o1 0 0 n 0 0
Po 1_lzw1&11[19_11c_?_g] Po po &z_lzwl{&z_&]
2= ke Lpo G o\t 2z ke m
1 0 &11 1 - Opi 1
o I—a(l-wl)) B+ wlls  , 24p
_ Po. k=1 I (8.13)
- 1 0 i o pl 0 -1’ ‘
PO (1 _1(1_q@l)) B0 115 1%  Po B pot
(1—3 (1 —wg)) 38+ 2l;1wkpi w TP

where Pr, and Pp are the Laspeyres and Paasche price indices respectively. This example imme-
diately shows the problem with superlativity, and the whole approach of trying to derive index
number formulas by means of utility theory. Clearly, the first commodity is treated differently
from the other commodities. That is natural, as the formulation of the unit cost function is
asymmetric with regard to the first commodity. However, this functional form may be used
to approximate quadratically any unit cost function, and nothing in standard microeconomic
theory requires symmetrical treatment of commodities. To make the obvious claim that the
above formula should not be used in practical applications we must resort to axiomatic or test
theoretic arguments about symmetric treatment of commodities. That is, we must first set
minimum standards that index number formulas must satisfy, and then argue that some of the
functions satisfying these elementary requirements are better than others in light of economic
theory. Otherwise there seems to be no way to reject any formulas derived in the above fashion.
Our results are very much in concert with those of Hill [59], who shows that many of the su-
perlative quadratic mean of order 7 indices are, despite their superlativity, not at all suitable for
actual index number production. The good properties of these indices depend on some implicit
assumptions about the range of values that r is to take.

As we have already argued above, if we accept that some axiomatic criteria are needed
to complement the utility theoretic argument, then it becomes a matter of debate what these
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criteria should be. But this is just another way of formulating the problem that the axiomatic
approach tries to solve. The strange superlative ”indices” reinforce the point that axiomatic
theory cannot be evaded completely with consumer theoretic arguments. It also illustrates the
fact, that often the so-called economic approach to index number theory has been about trying
to legitimize certain formulas arrived at via an axiomatic route rather than genuinely attempting
to derive an operational theory from the basic principles of utility maximization. That this is so,
is not very surprising, as the implications of utility theory are too weak to be useful in practical
calculations, and have therefore to be strengthened with (often implicit) axiomatic requirements.
This, in our opinion, rather than the superiority of the economic approach, is the lesson to be
learned from the many negative results presented for example in the famous survey of Samuelson
and Swamy [84, 575].

The question of symmetry in the treatment of commodities resembles the problem of sym-
metry in the treatment of prices and quantities, that is, the question whether the factor reversal
test should be satisfied or not. It is often criticized from what is taken to be the point of
view of utility theory, because, even in the case of homothetic preferences when the equation

e(plul) _ e(pu(x!)

P00 = e(pO)ulx0) holds trivially, there is obviously no reason why a formula that is exact for

the unit cost function ¢ to be exact for the dual utility function u (see Diewert [50, 121], Samuel-
son and Swamy [84, 575]). But similarly it could be argued, as mentioned above, that there is
no reason why all commodities should receive similar treatment in an exact index, as there is no
utility theoretic rationale for that. The commonsense counterargument is obviously that as we
do not generally know the preferences of the consumer, symmetric treatment of commodities is
at least no worse than any other choice. For example, it would seem strange to randomly single
out one commodity as commodity number 0 in (8.13). But then, the same argument applies to
the treatment of prices and quantities: if we have no additional information about the direction
of asymmetry between prices and quantities, it would seem natural and prudent to treat them
symmetrically.

Another point that is often misunderstood is that while the exactness results concerning
superlative indices give the impression of being global in nature, they are local results in one
important respect. While the indices may be exact for a flexible functional form, the only mo-
tivation for the use of such flexible forms are their local approximation properties. In most
cases nobody would assume that preferences correspond exactly to a translog form for example,
instead the translog specification is used because it provides a local approximation to any ho-
mothetic preferences. But then, if the preferences correspond only approximately to the flexible
form the superlative index corresponds only approximately to the theoretic index. Therefore in
most interesting cases the superlative indices are not any more superlative as any other local
approximations of the true indices. More formally, if the superlative indices give a second-order
local approximation to the true index, and the third-order properties of the true index are not
known, there is no mathematically relevant way of saying that the superlative index is any better
than some other second-order approximation. If we therefore find some other index number for-
mula, not necessarily superlative, which also gives a second-order approximation of the theoretic
index, it must, without knowledge of the third and higher order properties, be considered as
good an approximation as the superlative one. Below we show that many quasilinear indices are
in this sense as good as the superlative ones. Only if the higher order behaviour of the economic
index is known may two second-order approximations be compared. In the extreme case, when
preferences exactly correspond to the family for which the superlative index is exact, it is of
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course to be preferred. However, this situation must be considered quite artificial and of little
practical relevance.



Chapter 9

Quasilinear approximations

9.1 Introduction

In this chapter we move to another way of motivating certain formulas by means of economic
theory. Instead of trying to find formulas that exactly correspond to a family of preferences,
this approach is based on the fact that certain formulas approximate the economic indices for
any preferences that are regular enough. Above we have argued that exactness for some family
of preferences does not uniquely determine an index number formula, but that there are always
infinitely many functions that can be said to be exact to the same family. The same problem
is even more relevant for the approximation approach, because any formulas that are local
approximations of each other will have the same approximation properties with regard to the
theoretical indices. Axiomatic criteria are needed to differentiate between formulas with good
local approximation properties. Again, then, we cannot escape the axiomatic index number
problem, but must decide which properties are the most important. As it is our opinion that
consistency in aggregation is a central property from the point of view of actual index number
production, we are interested in the approximation properties of the quasilinear indices.

The purpose of this chapter is twofold. First, we show that there are quasilinear formulas
which give second-order approximations of the true index, as do the superlative indices and that
if the third-order and higher properties of the true index are not known (as usually is the case) it
is impossible to say which of two second-order approximations is better. As was argued above,
this mathematical fact makes the whole concept of superlativity somewhat suspect, because
usually it would make no sense to prefer some approximation to another just because it happens
to be exactly correct in some far-fetched situation. The use of flexible functional forms is usually
motivated by their local approximation properties. But if preferences correspond only approx-
imately to a flexible specification, then an exact index will also correspond only approximately
to the true index, and is thus no way superior to some other approximation in general.

The second point is to give the subindices and additive decompositions associated with quasi-
linear indices interpretations as approximations of theoretical functions in the utility-maximizing
case, and show that they are meaningful even without strict assumptions concerning the form
of preferences.

When interpreting the results, it is advisable to keep in mind the fundamental weaknesses
and local nature of the approximation. As has been noted for example by Vartia [105] and more
recently by Hill [59], formulas that approximate each other locally may have very different global
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properties. Also, the weaknesses of the exactness approach discussed in the previous chapter
are completely carried over to the approximation approach. If a formula approximates the
theoretical index, we may always transform it as in equation (8.7) to get another function that
also approximates the theoretical index. Economic theory offers no way out of this problem, so
axiomatic criteria to select between approximations are needed, even if the utility-maximization
hypothesis is accepted as a starting point to index number construction.

Most of the proofs of results in this chapter are tedious and are therefore relegated to an
appendix.

9.2 Pseudosuperlativity of quasilinear indices

It was noted above that of the prominent quasilinear formulas, the Montgomery—Vartia index

is not superlative. The same thing is true for the Stuvel formula. It is exact only for Leontief

preferences as the following theorem shows.

Theorem 9.1 The only differentiable unit cost function for which the Stuvel formula is exact is
n

the function c(p) = >_ a;p; corresponding to Leontief preferences. In this case the Stuvel price

=1
index coincides with the Laspeyres, Paasche and Fisher indices.
Proof. If the Stuvel price index is exact the following equation must hold (because by Shep-
hard’s lemma v} = u'c; (p*) pt)

e (pl
bs (CEEOg LU C (po) ) st ( u? cZ )p?,ulci (pl)pi1> , (9.1)
with bg (1, T2, T3) = Tox1 — J:gxl_l. The LHS is
0. (0 C(pl)_ 1, (1 C(po)_ 0. (1Y . 1.(0
u’e ( )c(po) uc(p)c(pl)—uc(p) u'e(p’),

and the RHS

n
> (uoci (%) 25 — e,
i=1 vy

and the equation becomes
e (pl) —ul c

Differentiating this w.r.t. u® gives

Differentiating again w.r.t. p/,lC gives

n

—u> e (p') Y,

=1

(p") pzlp’> = UOZQ

n

12@' (pl) p?-

=1

—uogcZ D;
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so that ¢, (p) = ag  for some constant ay. This implies that
n
c(p) =Y aipi+C,
i=1
and linear homogeneity implies that C = 0.
For this unit cost function the Hicksian demand function is hy (p,u) = uayg which implies

that the Laspeyres price index is

n
05" !
CEN o (pY)

PL = P =
0 9
w0 Oéip? c(p°)
i=1
and the Paasche price index is
1 i 1
Uty a;p;
& e(P)
PP=—n ~ (P’
ul Yoaup?
i=1

The situation for the linear utility function, corresponding to the case of perfect subsitutes,

n

is more complicated, however. For the utility function u (q) = > «;g; the expenditure function
i=1

is

e(p,u):umin{ﬂ,...,p—"}, (9.2)
aq Qn
because as the commodities are perfect substitutes, the optimal bundle will only have one good
in it, the one with the lowest ratio Z—’;, or if there are many goods with the same, minimum ratio,
the optimal bundle is not unique, but any feasible combination of these goods is as good. In other
words, in most cases the optimal bundle is a boundary solution. As the usual exactness results
are based on the first order conditions of an interior solution, they do not in general apply to the
boundary solutions. However, in the case of linear preferences, restricting attention to interior
solutions means restricting attention to the case in which the consumer is indifferent between
any bundle on the budget plane on both periods, that is, when all prices move proportionally
and £t = % for all 7 and j.

To give a simple example, let u(q1,q2) = @1 + ¢z and V! = V0 = 1, p® = (1,2) and
p! = (3,1). Clearly q° = (1,0) and q' = (0,1). The true quantity index is clearly unity.

But Q; = % = 2 and P;, = % = 3, so that Qr — P = —1 which implies that

Qs = —% + 1/ (—%)2 +1= % (\/5 - 1) # 1. Neither is the Fisher index equal to unity in this
case. The Fisher quantity index is Qrp = \/QrQp = /2 - é = \/g = 1. This result seems to be
at first glance at variance with the result of for example Diewert [26] stating respectively that
the Fisher index is exact for a family including the linear preferences. To examine this a little

further, we present Diewert’s [26] Theorem (4.8) (in our notation):
Suppose that
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n n 1, 1.\
1. wu, is given by u, (q) = (Z Zbijqfrqur> , where r # 0 and the domain of definition is
i=1j=1
n n 1, 1
restricted to q >> 0, such that biig2 q2" >0 and u, (q) is concave,
== I3 g
i=1j=

2. q° >> 0 is a solution to the maximization problem
max {u, (q) [p”-q < p’-q”, q belongs to S},
a

where S is a convex subset of the non-negative orthant of R™, u, (qo) > (0 and the price

vector p° is such that pO-qO > 0, and

3. q' >> 0is a solution to the maximization problem

max {u, (q) [p'-q < p'-q', q belongs to S},
q

ur (q*) > 0 and plq' > o0;

then ur(;qlz

) = Jn (a,a” ' p0).

It can be seen immediately that the above example does not violate this theorem, as q° =
(1,0) does not satisfy q° >> 0, and therefore it is ruled out by assumption 2. Therefore, as
the linear preferences are concave globally, we may take S = ]R%r 4, in which case all situations
except for the above mentioned trivial case of all prices moving proportionally so that z—i = %,
are ruled out. However, taking the convex set S to be a strict subset of Rl , reveals a problem
in the theorem, as the formulation does not rule out maximization solutions that are boundary
points of S. These solutions do not satisfy the first order conditions that are used in the proof.
Continuing with the above example, let the utility function be u (q1,¢2) = ¢1 + g2 and the prices
and incomes as above. The utility function is clearly a special case of v and it is concave in ]R%r T
so that Assumption 1 is true. If S is some closed convex subset of R? | that includes a segment of
both period’s budget lines, it is clear that solutions to the maximizing problems in assumptions
2 and 3 exist, but these will be on the boundary of S on both periods, and the Fisher or Stuvel
etc. indices will not be exact. This is because the first order marginal utility conditions are not
satisfied. The problem is not restricted to linear preferences, but presents itself whenever S is
not open, as for some prices we may always have solutions on the boundary of S. It seems that
assumptions 2 and 3 should be strengthened to either require that S be open as well as convex
or that in addition to q* >> 0, q* must be in the interior of S. Applied to the case of linear
preferences, either of these requirements would eliminate all price situations except the trivial
case of proportional price change and indifference among any bundles on the budget plane. In
this case, it is then technically true that in the very restricted sense the Fisher quantity index is
exact for linear preferences, but the assumptions rule out almost all price combinations. It seems
therefore to be something of an exaggeration to state that the Fisher index is consistent with a
linear aggregator function. Also, in this case the Fisher index is certainly not the only ”exact”
formula of the quadratic mean type, as all is actually required is the Fisher proportionality test.
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Based on a similar argument, Sato’s [86] claim that the Sato—Vartia index is exact for linear
preferences (a special case of the CES family) seems to be either incorrect or true only in the
trivial case.

While the two quasilinear formulas discussed are not superlative, they may be shown to
quadratically approximate the superlative Toérnqvist and quadratic mean of order r formulas at
any point where prices and quantities have not changed. Diewert calls such formulas pseudo-
superlative.

Definition 9.1 Diewert [27]. Let f be an index number formula. If there exists a superlative

index number formula g, for which f IEJ .9 then f is called pseudo-superlative.
p'=p
q'=q

1 0

We have already discussed above whether the superlative indices are really superior to other
approximations of the theoretic indices. The concept of pseudosuperlativity may be used to
formalize the point. If the flexible functional form is used only as a quadratic approximation
of the true preferences, then the superlative index exact to that form gives only a quadratic
approximation of the true index. But then, as the approximation relation is transitive, does
any pseudo-superlative index that is an approximation of the superlative one. Without knowl-
edge of third-order or higher properties, there seems to be no reason to prefer the superlative
approximation to the pseudo-superlative one.

To avoid the complication of examining whether there are pseudo-superlative indices that do
not approximate the Tornqvist index, we introduce a potentially narrower concept of pseudo-
superlativity, Tornqvist-pseudo-superlativity.

Definition 9.2 We call a pseudo-superlative formula Tdrnquist-pseudo-superlative or TPS if

2 T
FALIT
al=q®
where f is the Toérnquist formula.

Before turning to the main point of finding necessary sufficient conditions for quasilinear
indices to be pseudo-superlative, we need some preliminary results. First we prove Theil’s [102]
result for approximating the true price index by the Térnqvist price formula. We have chosen
to include the proofs here because of their similarity with the proofs of later results.

Theorem 9.2 Theil proves the following. Let u* = v (p*,V*) where p* and V* are the geomet-
ric mean prices and income. Then

loge (p',u*) —loge (p°u*) o pélog o 108 fa (0% d', "), (9:3)
log V1i=log VO

where all the functions are regarded as functions of the log-prices and incomes.
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Proof. Noting that aakl)fgfé:) =1 l}’(‘))j’“ and using Shephard’s lemma we see that

wy, (p7u) _ pkhk (p7u) — 810g€ (p7u) (94)

QPihi (p,u) Olog i

where wy, (p,u) is the kth Hicksian value share function. Using the quadratic approximation
lemma we have

n

1

loge (p',u*) —loge (p°u*) logplilogpo Z§ [wi (p'u*) +w; (p°,u*)] Alogp; (9.5)
log V1l=log V© =1

Applying Lemma 7.9 on the log-prices we get

* * 1 * ok * * /*
Wk (p17u ) + wy (p07u ) | 1N1 0 2wy, (p U ) = 2wy, (p U (p V ))
ogp; =logp;
log V1=log V0

Applying Lemma 7.9 again, this time for both log-prices and income, gives

2wy (p*,0 (p*, V")) 1ogp1i10gpo wy, (p*v (P, V1)) + wy, (0% (9°,V°)) = wy + w
log Vllzlog Vl0

Substituting this into the above and using lemma 7.11 the result follows. m

Corollary 9.1 Diewert’s [26] result about the exactness of the Tornquist formula for homo-
thetic translog preferences is a corollary of this. For homothetic preferences loge (pl,u*) —
loge (po,u*) =logc (pl) —logec (po) and wy, (po, u) = wy, (po) . As the approximation result in
9.5 is exact for functions that are quadratic in logs the result follows.

The theorem illustrates the problem of the economic approach described above. As the
quadratic approximation lemma produces the Tornqvist formula in such a simple and direct
fashion, it is tempting to regard the Tornqvist formula as an approximation that is somehow
more natural than some other approximations (or some other exact formulas in the translog
case). While this is understandable, it seems to have no mathematical basis, as the simplicity
of derivation is no guarantee of superiority of approximation. To put the point more formally,
as the quadratic approximation relation is transitive, the following theorem is also clearly valid.

Theorem 9.3 Let f, (pl,po,ql,qo) be a TPS price index number formula that quadratically
approzimates the Tornquist formula and define u* = v (p*, V*). Then

loge (p'u*) —loge (p°,u*) o pélog . log fr (P',P%q",q°). (9.6)
log V1=log VO
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Proof. By definition the formula differentially approximates the Térnqvist formula to the
second degree in any point where prices and quantities have not changed. Combining Lemma
7.6 and Theil’s theorem gives the result. m

Thus any TPS price index is as good an approximation as the Tornqvist index, if the third
and higher order properties of the theoretical index are unknown.

We may now prove the main theorem concerning necessary and sufficient conditions for a
quasilinear index to be pseudo-superlative. The conditions are symmetry conditions concerning
the partial derivatives of the decomposition function b (or algebraically, the isomorphism B).
The local nature of the approximation is evident, as the conditions concern only a very restricted
set of points.

Theorem 9.4 (Pseudo-superlativity of ql. indices) If a weakly proportional quasilinear in-
dex number is thrice continuously differentiable in the variables x1, xs, x3 then the following con-
ditions concerning the partial derivatives are necessary and sufficient for pseudo-superlativity:

by (1,1,1) = —b11 (1,1,1) # 0,

b1 (1,1, 1) = 2b15 (1,1, 1) =2b13 (1,1, 1) ,
and
b22 (1,3?2,3?2) = b33 (1,332,3?2) = b23 (1,332,3?2) =0.

Any formula that satisfies these differentially approximates the Tornquist formula to the second
order in all points where all prices and quantities are equal, and therefore also the "true” price
index in the point where prices and incomes have not changed in the sense of Theil’s approxi-
mation result. Also, as was shown above, this implies that also the logarithms of the formulas
approximate each other in log-prices and log-quantities.

Proof. The long and rather tedious proof is in Appendix A.5.1. ®

The above results then show that any quasilinear price index satisfying the above require-
ments quadratically approximates the ”true” economic price index evaluated at the reference
utility u*. There is no way of saying which approximation is best without knowing the higher
order properties of the true index.

We continue the discussion of the significance of these results below, but first we note a
connection between the axiomatic properties of a quasilinear index number formula and pseudo-
superlativity. It turns out that the global symmetry properties implied by normedness and factor
reversibility have local implications which guarantee in many cases the pseudo-superlativity of
the index.

Theorem 9.5 All normed quasilinear indices that satisfy the differentiability requirements and,
i addition, are not ‘one-sided’, but instead have

b12 (17 17 1) = b13 (17 17 1)

are Tornquist-pseudo-superlative.
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Proof. See Appendix A.5.2. m
Thus normedness and

b12 (17 17 1) = b13 (17 17 1)

are sufficient conditions for pseudo-superlativity, even though the above theorem implies by
no means necessity of these conditions. It is a corollary of this result that for example the
mean-based indices which are normed and obviously satisfy also the second requirement are
TPS. Many other results also follow. For example, pseudo-superlativity is preserved under the
rectification procedure derived above.

Theorem 9.6 Any rectified formula derived from a quasilinear index that is TPS is also TPS.

Proof. See Appendix A.5.3. =

Thus we may rectify a TPS formula to satisfy factor reversal while retaining the approxima-
tion properties, and therefore the validity of the formula from the point of view of the economic
approach. However, it is possible to prove even stronger results. In many cases, the global sym-
metry imposed by the rectification procedure actually produces local properties that make the
rectified formula a better approximation as the original one. For example, rectifying a normed
index results in a TPS index.

Theorem 9.7 Any formula that is derived by rectifying a normed formula is TPS.

Proof. See Appendix A.5.4. m

That this result implies that rectification may result in closer approximation of the theoretic
index may be seen from the example of rectifying the Laspeyres formula. The formula gives
only a linear approximation to the economic index, while rectification results in the Stuvel
formula, which is TPS. A corollary of this result is also the sufficiency of factor reversibility and
normedness for pseudo-superlativity.

Corollary 9.2 As any normed quasilinear formula that satisfies factor reversal can be thought
of as the rectified version of itself, all such formulas are TPS.

The same applies to time reversibility.
Theorem 9.8 Any normed quasilinear formula that also satisfies time reversal, is TPS.

Proof. See Appendix A.5.5. m

Again, this demonstrates that the symmetry imposed by axiomatic properties have strong
implications for the approximation properties of formulas. However, as in previous sections it
was shown that there is an infinite variety of quasilinear formulas that have these properties,
some of them rather unattractive for many reasons, and as there is no way of telling these apart
from the economic point of view, this must again reinforce the view that the economic approach
is simply too weak to produce an operational index number theory. The results also show,
that even if approximation of economic indices is required, consistency in aggregation does not
have to be discarded, as there exists an infinite number of quasilinear indices which satisfy this
requirement.



CHAPTER 9. QUASILINEAR APPROXIMATIONS 125

While the above discussion has been about price indices, it is not difficult to extend the
results into quasilinear quantity indices as well. Following roughly Theil’s proof concerning the
Torngvist formula we may easily prove that any TPS quantity formula quadratically approxi-
mates the economic quantity index for the reference prices p*.

Theorem 9.9 Let f, (ql,qo,pl,po) be a TPS quantity index formula. Then

loge (p*,u') —loge (p*,u°) 1ogp1§10g . log V! —log V? —loge (p*,u*) — loge (p°.u*)
log V1l=log VO

2 1.0 .1 _0
~  log fa(d',q",p",p’).
log p!=log p°
log V1=log VO

This means that the ‘true’ quantity index may also be approximated using any TPS index.
Proof. Using the quadratic approximation lemma on both terms on the LHS we get
loge (p*,u') —loge (p*, u°)

n
2 Lt 1 1,1 * 1
log p! =log p° loge (p.1r) +22 [we (p' ') + wi (p" ')
log V1i=log VO =

(log p; —log p})

N | —

"1 1
—loge (p°u”) + ) o [wk (p*u”) +wi (p°u”)] 5 (logp} — logpf)
=1
1 n
= VI=V0— 2> [k (p' ) 4wk (p7 ')+ (p"”) + wi (p°0”)] (logp] — log #9)7)

=1

Using Lemma 7.9 (on the log-scale) twice we see that

Wk (p*,ul) + wg (p*7u0) = wy (p*,U (p17u1)) 1wy, (p*72} (p()’ uo))
logpli/]ogpo W (p*,v (p*7 U*)) + Wi (p*,v (p*7 u*))
log Vllzlog ‘;0

1'\1'/ 0 Wk (p17U (p17 ul)) + wg (pO7U (p07 uO)) .
Ingi ZIngi
log V1i=log VO

Substituting this into (9.7) and using Lemma 7.11 we get

* * 2
loge (p*yu') —loge (p7u”) |~ logV'—logV’—logfy (p',p" q"q’),
log V1l=log VO

which implies

loge (p*,u') —loge (p*,u°) o plilog . log V! —log V? —loge (p',u*) —loge (p°,u*) .
log V1=log V©
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Let now fgL (pl, p°, qt, qo) be for example some normed and factor reversible quasilinear index
such as Stuvel or Montgomery—Vartia. By the above theorems we know that

2
log fu (p'.0% a0 ") |~ log f9* (p*,p°,q',q°) .
log V1=log VO

Substituting this into the above equation and keeping in mind that fgL was assumed to be
factor reversible gives

* * 2
loge (p"u') —loge (pT’) |~ log VT —logV? —log £2E (et a”)
log V1=log VO
2
~  log f@* (ot 4% p*, p°)
log p!=log p°
log V1=log VO

2 1.0 1 _0
~  log fa(qa',q”p',p").
log p! =log p°
log V1=log VO

because f, is TPS and Lemma 7.7. =
Thus any TPS index number may be used as an approximation for the true quantity and
price indices. Also, the theorem shows that for the economic indices it is true that

loge (p',u*) —loge (p°u*) +loge (p*u') —loge (p*,u) E , log Vi —logV?,
log pt=log p
log V1i=log VO

so that they approximately give a multiplicative decomposition of the value change.

In this light, it is not surprising that for quasilinear index numbers requiring normedness
and either time reversibility or factor reversibility is sufficient to guarantee pseudo-superlativity.
These are strong global properties, and as such it is natural that they have local implications.
One of these implications is that all such quasilinear indices quadratically approximate each
other. This is a strong result, as it means that locally in a sense the axiomatic approach does
actually give an exact and unique solution to the index number problem, as any formulas that
satisfy reasonable axioms will be approximations of each other. Moreover, in this local sense the
axiomatic and economic approaches to the index number problem agree completely, as all of these
formulas are also approximations of the theoretic economic indices. There is no contradiction
between statistical common sense and economic theory at least for small price and expenditure
changes, which is reassuring.

Also, we stress once again, that in the general nonhomothetic situation, the superlative and
TPS indices both give a quadratic approximation to the true indices, this gives no grounds for
choosing between the two types. Omne cannot say which of two quadratic approximations is
better without further information of the function that they approximate. The TPS indices are
therefore, so to speak, as superlative as the superlative ones. As economic theory leaves us in
this sense free to choose between the approximations, it would be our opinion, that consistent
formulas should be chosen.

Again, it is important to note that while certain axiomatic properties guarantee that a
quasilinear function approximates the theoretical index in the above sense, this should not be
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used as evidence that these properties are somehow necessary for approximation. If a formula
frn is an approximation of the theoretical index in the above sense, then any function h,, derived
using the construction in equation (8.7) will also give a quadratic approximation, whatever its
axiomatic properties, because in the domain relevant to utility-maximizing behaviour, it will be
the same function.

As we have argued that the linear homogeneity axiom stems from a mistaken interpretation
of utility theory it is perhaps advisable to address an issue that could be taken as evidence of the
importance of the linear homogeneity axiom. It may be shown that a TPS formula satisfying the
linear homogeneity test approximates the true index also in any point where prices and incomes
have changed proportionally.

Theorem 9.10 Let f, be any TPS index number formula that is also linear homogeneous in p'.
Let u* = v (p*,V*) where p* and V* are the geometric mean prices and income. Let d € R,
be an arbitrary constant. Then

loge (p',u*) —loge (p°,u*) 2 log f, (p*,p% d",d°) , (9.8)
log pl=log dp?

log V1=log dV0

where all the functions are regarded as functions of the log-prices and incomes.

Proof. See Appendix A.5.6. m

Put otherwise, this theorem states that the approximation error of any TPS formula with the
linear homogeneity property depends only from the deviation of the price and income changes
from proportionality, not the actual size of the change. However, the same is not true for TPS
quasilinear indices in general. For example for TPS quasilinear formulas generally only give
a linear approximation to the theoretic index in the proportional case. We present here the
negative result only for the Stuvel and Montgomery—Vartia formulas, even though it is evident
from the proof that it is easily extended to a much larger class of quasilinear formulas.

Theorem 9.11 All quasilinear formulas give a linear approximation of the economic price index
when prices and incomes have changed proportionally, but the Stuvel and Montgomery—Vartia
formulas do not in general quadratically approximate the true index. In particular, the Stuvel
index fails to approximate in case of Cobb—Douglas preferences and Montgomery—Vartia in the
case of the preferences corresponding to the translog unit cost function.

Proof. See Appendiz A.5.7. m

The problem is not a product of the quasilinearity of the formulas, as there are quasilinear
indices that satisfy the linear homogeneity requirement and are TPS. For example, the index
defined by

b(z1, 22, 23) = ¥3 — T2 — 3’33\/3’31_1 + z24/21 (9.9)
is linear homogeneous and normed by Lemma 5.3. Also, simple calculation shows that

1
b2 (1,1,1) = b13(1,1,1) = >
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so that by Theorem 9.5 it is TPS. It is not superlative, however, as is shown in Appendix A.5.8.
As a price index it is only exact for the unit cost function ¢ (p) = (Z ak\/p_k)2 corresponding
to a special case of CES preferences. As was briefly mentioned above, this formula is actually
the factor antithesis of the mean-based index defined by

h (.1‘1,.%‘2,.1‘3) = G (.Z‘Q,.Tg) HG (.1‘1) s

where Hg (x) = % with G being the geometric mean. As the non-superlativity of this formula
shows, superlativity is not required for this stronger approximation result, neither do we have
to give up consistency in aggregation. From the axiomatic perspective, the above formula is
not particularly attractive, even though as a factor antithesis of a mean-based index it satisfies
most of the basic axioms, such as normedness and time reversibility. However, without knowing
the third order properties of the expenditure function, there are no utility-theoretic grounds to
prefer a superlative formula to this one. It is unclear to us what lesson should be drawn from
the failure of the Stuvel and Montgomery—Vartia formulas to satisfy the stronger approximation
result. The approximation property is clearly desirable from the point of view of the theory of
economic indices, as it ensures that the overall speed of inflation does not affect the precision
of approximation, but only the dispersion in the relative price changes. On the other hand, the
axiomatic properties of the Stuvel and Montgomery—Vartia formulas are superior to at least any
formulas known to us that satisfy the stronger approximation property.

One thing, however, seems to be clear. Again, while the linear homogeneity test was used in
the proof above, it cannot in itself be the reason for the better approximation. In light of the
discussion in the previous sections, we may always add to the formula a function with the nec-
essary differentiability conditions which quadratically approximates zero in the relevant points.
Also, in the quasilinear case, as all properties of the index are reducible to the decomposition
function b, any formula based on a suitable modification of b will also satisfy the approximation
result, regardless of its axiomatic properties. For example, let b define a quasilinear formula that
approximates the Tornqvist formula in the points where prices have changed proportionally and
quantities have not changed. Such formulas exist, as it is shown in the Appendix A.5.8 that the
formula defined by (9.9) is one. This situation obviously corresponds to the theoretical case of
proportional price and income change. From previous discussion it should then be obvious that
any such formula will approximate the theoretical index when prices and incomes have changed
proportionally, because the Térnqvist formula does by Theorem 9.11. Now define a new formula
based on for example the function

3

b(xl,xz,xg) = b(xl,xz,xg) + X9 (.Tl — i—i) .
The function b is clearly strictly increasing in x; and linear homogeneous in x5 and z3 and
therefore defines a quasilinear index. Also, as is evident from the discussion in Appendix A.5.7,
the Tornqvist approximation property of a quasilinear formula is entirely a product of the first
and second partial derivatives of the decomposition function in the points (x1, 2, x3) = (A, 1, ).
But the function g approximates the zero function quadratically in any points which prices have
changed proportionally and quantities are unchanged, and therefore adding it to the decompo-
sition function will not change the approximation properties of the formula. But it does change
the axiomatic properties of the formula, for example the formula defined by b does not satisfy the
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linear homogeneity test. The conclusion is that even the stronger approximation property is not
a product of the linear homogeneity test, which reinforces our argument that there is no way of
deriving the linear homogeneity axiom any more than other axioms from utility theory. However,
it is clear that linear homogeneity implies enhanced approximation properties, while it signif-
icantly restricts other possible properties of the index such as factor reversibility. Also, while
based on other properties, such indices as the Stuvel and Montgomery—Vartia formulas suggest
themselves, emphasizing the approximation properties would lead one to consider for example the
index number formula pair with the quantity index given by h (21, %2, x3) = G (22, 23) Hg (71)
and the price index by its factor antithesis formula. This result is repeated below in the context
of approximation of Malmquist quantity indices.

9.3 Subindices and utility theory

As we have showed that it is possible to approximate the true economic indices using formulas
that are consistent in aggregation and based on additive decompositions, the question remains,
whether the subindices and decompositions can be given any meaning in the context of utility
maximization. It is our opinion that this is possible and in the following sections we derive
results to motivate this opinion. Again, the inclusion and exclusion of the material in this
section is motivated with only this rather modest goal in mind, and therefore many interesting
questions regarding the various conditional indices and related duality and other results will be
left untreated and the interested reader is referred to the appropriate literature.

Turning first to the question of subindices, we try to show that under the utility-maximization
hypothesis the subindices approximate economically meaningful theoretical indices. The result
and its derivation in itself is simple and follows closely the proofs given above for the total index.
To proceed, however we need to define the conditional indices that we aim to approximate. First,
we define the conditional utility function as simply the utility function which is yielded by keeping
the consumption of a subset of goods constant.

Definition 9.3 (Conditional utility) The conditional utility function is defined by

ur (qr;q2) = u(qi,qz) - (9.10)

The following lemma shows that this function inherits the necessary properties from the
unconditional utility function.

Lemma 9.1 If u(qi,q2) is continuous, strictly increasing and strictly quasiconvex in (qi,q2)
, then w1 (q1;Q2) is continuous, strictly increasing and strictly quasiconvex in qj.
Proof. Obvious. m

Obviously, also, all the partial derivatives that exist for the unconditional utility function
exist for the conditional utility. These results show that the conditional utility function is utility
function and that it may be used to derive a conditional demand theory formally identical to the
unconditional one. Generally the conditional utility function depends on the conditioning vector
g2 and only if the first subset of goods is separable from the second, the conditional preference
ordering is independent of it. As we are interested in motivating the calculation of subindices for
arbitrary partitionings, this kind of separability hypothesis is difficult to maintain, and therefore
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we accept the dependency on qs. We try to give this decision a motivation below. Following
Pollak [77] and others, we now define the conditional expenditure function.

Definition 9.4 (Conditional expenditure function) Partition the set of commodities into
two distinct non-empty subsets with k and n — k commodities in them respectively. Denote the
amounts of commodities in the first subset by qi = (q1,...,q1x) and in the second by qa =
(g21, -, G2,n—k) and prices by p1 and pa. Reindexing if necessary we may write q = (q1,qz2) -
The conditional expenditure function is then defined by

e1(p1,u;q) = rréiln {p1-ai|u(qi,q2) > u}. (9.11)

This means that the quantities of the goods in the other subset are kept constant and only
the ones in the first may be varied. By the previous lemma, this has all the properties of an
expenditure function. Again, as without separability assumptions the conditional preference
ordering depends on the point of conditioning, the conditional expenditure function will in
general also depend on the point of conditioning. As mentioned, our definition of conditional
expenditure function coincides with Pollak’s [77] and Browning’s [19], who proves many results
concerning this function, among them the relationship between the unconditional and conditional
expenditure functions. The interested reader should also see Blackorby, Primont and Russel [13]
for a more thorough discussion on the subject and on different notions of separability.

The following definitions are obvious.

Definition 9.5 (Conditional demand) Define the conditional Marshallian and Hicksian de-
mand functions as

a (p17‘71§CI2) = arg max {?71 (a1;a2) [pyra; < ‘71} (9.12)
q1
and
hy (p1,u; q2) = argmin {p1-q, &) (qi;q2) > u} (9.13)
q1

so that the conditional indirect utility function vy is given by
01 (pl,f}l;%) =uy (61 (pl,vl; Q2) ;Q2) - (9.14)
and
&1 (P1,u;q2) = prhy (P1u; az) . (9.15)

The conditional Marshallian demand gives the optimal bundle of goods in the first partition
given the prices and the expenditure V; for these goods conditional on keeping consumption
of other goods constant at qs. Similarly, the conditional Hicksian demand gives the optimal
amount of goods in the first partition that gives the utility u if the consumption of other goods
is kept constant. Again, as noted in Lemma 9.1 the conditional preference ordering satisfies
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the standard assumptions and therefore the conditional counterpart of Shephard’s Lemma also
applies:

M = ﬁli (P1,4;q2) - (9.16)
Op1i

Also, the conditional value shares are given by

_ prihai (P1u; G Ologéi (p1, u; g2
wy; (P1,u; 92) = — this ) g@lcggpy )'
K3

> puhy (P1,u; q2)
=1

All of the above is an obvious corollary of the conditional utility function’s satisfaction of the
standard assumptions concerning utility functions, and they provide the only theoretical basis
we need to produce our results.

Next we define the conditional economic indices we want to approximate. Again, as in the
case of conditional expenditures, our definition of the conditional price index coincides with
Pollak’s [77] generalized conditional price index.

Definition 9.6 We define the conditional economic price index by

e1 (plu;q2)

. 9.17
e1 (pY, u; q2) (9.17)

Py (pi p(1)7 A’d, Q2) =
The conditional price index is the expenditure on goods in the first subset needed to attain the
reference utility U at prices pi divided by the expenditure on them needed to achieve the same
utility at prices py, conditional on the consumption of all other goods being held constant at qa.

Definition 9.7 The conditional economic quantity index is defined by

e1 (p1,u';q2)

A (=1 ~0
1\U,u ,P1592) = =<5 1
@ ( P q) e1 (p1,u% q2)

(9.18)

where u' = Uy (q%; q2) and w° =y (q(l); q2) . The utility level u' is the one that could be attained

by consuming amounts qi of goods in the first subset if consumption of all other goods was qa.
Similarly, u° is the welfare level that is attained by consuming amounts q§ of goods in the first
subset if consumption of all other goods is Q2. The index compares the expenditures on the subset
of goods needed to reach these utility levels at some reference prices p1.

These conditional indices generally depend on the point of conditioning, because the condi-
tional expenditure function depends on qo. Only if the first set of goods is separable from the
second, the conditional preferences do not depend on the point of conditioning, a result that
is derived and discussed at length by Pollak [77] and Blackorby, Primont and Russel [13]. The
latter correspondingly suggest assuming relevant separability conditions as a solution to the sub-
index problem [13, 324-335]. Also, as the latter study shows, even more stringent assumptions
are needed, if the subindices are to be aggregable, so that they can be used to calculate the total
index. In our opinion, however, it is not helpful to try and get rid of the dependence on qy based
on such assumptions, as they are not likely to be validated empirically. Instead, the dependency
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and the corresponding local interpretation of the index should be accepted. The problem is in
a way identical to the choice of reference point. The only way to get rid of this problem is to
make the very dubious homotheticity assumption. This is highly unsatisfactory in our opinion,
and therefore we must in any case choose an arbitrary reference point for the indices, (as above
the geometric means of prices and income). But then, why not choose a conditioning point g
consistent with this reference point and condition with respect to this q57 In other words, as we
have chosen some reference point the choice of which affects the total index, it seems reasonable
to stick with the same reference point in dealing with the sub-indices, while accepting that they
too are affected by this choice. In this case, as with assumptions about homotheticity, it is more
honest to admit that generally our index calculations are relevant only for some range of con-
sumption or income levels rather than make very stringent assumptions on preferences, which
are often hard to justify empirically. Therefore the conditional indices we work with below will
generally depend on the point of conditioning.

Another, related problem is presented by the fact that the observed choice is usually not
made according to the conditional preferences. Obviously, if the goods in the conditioning sub-
set are rationed, and choice is limited to the other commodities, then the conditional preference
relation is the relevant one, and the approximation results derived above are valid. However,
below we investigate the usual case in which the consumer makes the choice among all of the
commodities, but we are interested in deriving an index for some subcategory of them. In this
case, the observed choices correspond to the overall preference ordering, and not to the condi-
tional one. This complicates matters somewhat, but does not make approximation impossible.
One implication of this is that the approximation error is generally a function of all prices, not
just the prices of the subset under investigation.

The following lemmas are necessary to derive the approximation results concerning condi-
tional indices.

hat is, the optimal unconditional expenditure on
= - ho (p,u) be the unconditional expenditure
) for some (p,u) = (Py,Pa,u) the conditional

Lemma 9.2 Define e; (p,u) = p1 - hi (p,u) ¢
goods in the first partition, and let 62( u)
on the second. Then, if q=(q;,d;) = h (P,
expenditure

€1 (P1,u;qz) = e1 (P, ) (9.19)
and
El (51,@, a2) = hl (57 U) (920)

which implies that

e (p, )
e1 (P, )

Proof. This is because @ may be attained with expenditure

wy; (P1, W3 Gp) = wy; (P, ) - (9.21)
e1 (P1, U dy) + P2 - Ay = €1 (P1, U q2) + e2 (P, 1)
, so that

gl (517@52) + €2 (5,@) 2 €1 (5,@) + €2 (5,@) =e (5,@) 9
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or
e1 (P, u;dy) > e1 (P, ) .
If the conditional expenditure were higher than the unconditional, then we would have
up (qp;4) =7
and

€1 (P1,4;dy) = P1 - h1 (P, d2) > Py - 4y,

which is contradictory. This proves the result. m

The result is rather obvious. It simply states that if the fixed amounts of goods in the
conditioning subset happen to be those amounts that would maximize utility in the unconditional
case, then the expenditure in the freely variable subset in the conditional case coincides with
the expenditure in that subset in the unconditional case.

The following result is useful later for approximation of conditional quantity indices. The
notation is as follows: (pl,Vl) = ((p%,p%) ,Vl) and (pO,Vo) = ((p?,pg) ,Vo) again refer to two
price-income situations that we are comparing, ' and u° are the corresponding utility levels
and q! and q° the quantities demanded. Also (p*,V*) = ((p},p3),V*), where u* = v (p*,V*)
where p* and V* are the geometric mean of prices and incomes as in the previous sections and
q"* is the quantity demanded at these prices and income level.

Lemma 9.3 The following approximation result is valid:
logp; - qj —logp} - qf =logey (p1, u';q3) —logey (Y, u’; )

2 logéy (pl.in (alsab) ;a3) —loger (pY. i (af af) sa3) -
log pl=log p°
log V1i=log VO
Proof. See Appendix A.5.9. m
This result means that the change in expenditure on goods in the first subset is approximately
the same as the conditional expenditure change would be, if consumption of the other goods
were held constant at q3. That is, the expenditure on goods in the first subset will change
approximately as much in the conditional and unconditional choice situations given a similar
price change. It is the first in a series of results which are based on the general approximation
results given above which show that changes in conditional variables may be approximated using
data on unconditional ones and vice versa.
The next theorem presents the conditional or sub-index counterpart of Theil’s approximation
theorem.

Theorem 9.12 Let P, (p%, pY, u*; qz) be the conditional price index with respect to any partition
of the commodities with k commodities in the first subset and n — k in the other. The reference
utility level is u* = v (p*, V*) as above and g3 = qo (p*,V*). Let f (p%, p(l),q%,q?) be any TPS
index calculated for the first subset. Then

D *, ok 2
log Py (pi p(1)7 U q2) logplzlog po IOg fk (pi p(1)7 q%? q(l)) :
log Vi=log VO
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Proof. See Appendix A.5.10. =
A similar result obtains for the quantity indices.

Theorem 9.13 Let @1 (171, a°, p}; q§) be the conditional quantity index with respect to any par-
tition of the commodities with k commodities in the first subset and n—k in the other calculated
at the reference prices p}. Also, g3 = qo (p*,V*), u! = U (q%;qz) and U' = (q?;qz) . Let
fr (q%,q?,p%,p?) be any TPS quantity index calculated for the first subset. Then

~ . 9
long (u17a07p1;q2) N logfk (qiq(l)?p%?p(l)) .
log p!=log p°
log V1i=log VO

Proof. See Appendix A.5.11. =

These results imply that the subindices that are so often calculated for different groups of
commodities may be rationalized by standard economic theory: they are quadratic approxima-
tions of the conditional quantity and price indices with geometric mean prices and incomes as
the reference point. Moreover, this rationalization is valid without any separability or other
structural assumptions. A corollary of this is that the conditional indices depend approximately
only on the prices and quantities in the relevant subgroup if a suitable conditioning point is
chosen. The derivation of the results bears a likeness to the results concerning decompositions
of certain index number formulas by Diewert [32]. The point is simply that change of value of a
function may be quadratically approximated by changing subsets of the arguments one by one
from a mean value, and then adding the resultant changes.

A few points concerning the results are in order. First of all, while the subindices that
approximate the conditional indices are calculated using only data corresponding to the relevant
subset of commodities, the approximation error is generally a function of all prices and income,
as the approximation is at the point where all prices and income have not changed. That
is, the conditional index may be approximated with data from the relevant subset only, but
as the choice is not made according to the conditional preferences, the deviation from the
approximation in general depends on all prices and expenditure on all goods. Only if the goods
in the conditioning subset are rationed, that is, if choices are actually made according to the
conditional preferences, will the approximation error be function of the prices in the subset only.
Secondly, in the separable case the conditional index is independent of the point of conditioning
and is always equal to a so-called partial index. As the sub-indices approximate the conditional
index for one choice of a conditioning bundle, in this extremely restricted case the subindices
will approximate the partial index.

Also, the results seem to indicate that it is not mistaken to say that the economic indices
are approximately ”consistent in aggregation” or ”aggregable” without additional assumptions
about functional form. The conditional indices may be approximated by the subindices given
by any quasilinear TPS formula, and the total index by the total quasilinear formula which is
a function of only the subindices and sub-expenditures. It has been noted by Pollak [77] and
Blackorby, Primont and Russel [13], who derive a large number of results concerning different
functional structures applied to various representations of preferences, that it is possible to
calculate the total index as a function of the sub-indices only in very restricted circumstances.
But, as we do not require the total index to be a function of price relatives only, it does not seem
reasonable to require that the total index be a function of the subindices only, but instead that
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it may depend on the expenditures in the subgroups in the spirit of our definition of consistency
in aggregation. In our approximation context, we want to show that the total index may be
approximately written as a function of the conditional indices and expenditures in the relevant
subsets. While this seems an obvious corollary of the above results, there may be some point in
writing the result out as a theorem.

Partition the commodities arbitrarily into K distinct non-empty subsets with ni,...,ng
commodities in each respectively. Denote the quantities of commodities in the subsets by
ar = (@1, Gkn, ), prices by P = (Pk1s--, Pk, ), and expenditures as V. = (V4,..., Vi),
k=1,...,K . Reindexing if necessary we may write q = (qi,q2, ...,qx ) and p = (p1, p2, -.., Pk ) -
Let ek (pk, u; q_x) be the conditional expenditure function for the kth subset, conditional to the
consumption of all other goods being q—x = (q1, .-+, Qk—1, Ak+1, ---, 4x ) - Also,

iﬁk =u (qi () ql:—b q?m ql:-{-l? teey q}()
,t =0, 1. Define the conditional economic price indices for each subset as

ex (ph,u*;q* )
e (P, utsqty)’

Py (P PR u'sqt ) = (9.22)

where the reference utility level is u* = v (p*, V*) as above and q*, = q_; (p*, V™).

Theorem 9.14 Let b (7‘(‘ 0 v ) define a quasilinear formula fn that is TPS and let b be the
first component of B™! so that b (b (7r V0 vl) ,vo,vl) =17. Then

K
* 2 T D x, ok
log P (p',p%u*) < logh( ) b (Pk (phs PR, U5 d ) ,V;?,Vkl)
log pl=log p? P}
log V1=log VO o

K
2 7 D x, ok ~ ~ * ~ ~ *
S~ logh (Y b (Pk (Phs PR, u"3a% ) s ek (PR, U3 a4 ) » O (pi,uk;q_k)) :
log p!=log pY 1

log V1=log VO o
That is, the total index may be quadratically approximated by plugging the conditional indices
along with the conditional or unconditional expenditure shares or into a quasilinear formula.

Proof. See Appendix A.5.12. =
This means that the economic price index is approximately a function of the conditional
indices and conditional expenditures alone. The same result is true also for the quantity index.

Theorem 9.15 Let b (/-ﬁ 0, v ) define a quasilinear formula fgL that is TPS and let b be the
first component of B~ so that b (b (Iﬂ, vo,vl) ,vo,vl) = k. Then

log p!=log p? 1
log V1i=log VO B

K
IOgQ (u17u07p*) 2'/ logg (Zb (Qk (ﬂ}c,ﬁz,pz, q*—k) 7‘/,;37 Vk1)>

K
E— (zb (G (T D) 2 (BT ) (p,i,a,i;qik))> |
log p=log p° P}

log V1i=log VO o
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That 1is, the total index may again be quadratically approximated by plugging the conditional
indices along with the conditional or unconditional expenditure shares or into a quasilinear for-
mula.

Proof. See Appendix A.5.12. =

Therefore, while very restrictive conditions are necessary to make the conditional indices
independent of the point of conditioning and even stronger conditions are required for the
total index to depend only on the subindices, if we settle on local approximation, no such
assumptions are necessary. It is possible to approximate the conditional indices by means of
quasilinear subindices, which aggregate consistently into a total index that approximates the
theoretical index. Also, the consistent aggregation procedure is in agreement with theoretical
results, since quasilinear formulas applied on conditional indices may be used to approximate the
total economic indices. To put this point concisely: information on the conditional aggregates
is sufficient to approximately know the total index. This is yet another result which shows
that the focus on globally valid results has often lead to too pessimistic conclusions about the
possibility of aggregation. The impossibility of an income-level independent index without the
homotheticity assumption does not preclude locally valid calculations using price-quantity data,
and the non-existence of a globally valid partial index does not preclude locally valid calculations
of sub-indices with price-quantity data from the subset.

While Pollak’s [77] assertion that within the framework of conditional indices separability
provides the only theoretical justification of ignoring other goods is true in itself, it is our
opinion that this does not pose an insurmountable problem, as we may approximate locally the
conditional indices without data concerning other goods, and in the general non-homothetic
situation, such local approximations are all that we may hope for anyway. Also, it seems to
be suggested by Blackorby, Russell and Primont [13], that to motivate sub-index calculations
from the point of view of utility theory we should adapt the necessary separability or other
assumptions. While this may at least in some cases lead to the same end result, in our opinion
the local approximation approach is the more plausible one, as strong separability assumptions
may be difficult to maintain in the face of empirical evidence. Also, the local approximation
approach has the additional benefit that we do not need to find a ”natural” partitioning of the
goods into separable subsets, as the approach is valid for any subset at all.

9.4 Additive decompositions and utility theory

Above we argued that one of the advantages of the quasilinear or consistent approach to the
index number problem is that it leads to the same formulas whether we start from an additive or
a multiplicative decomposition of expenditure (or value) change. In the axiomatic context it was
shown that each quasilinear index number pair (i.e. a multiplicative decomposition) is associated
with an additive decomposition, and there is a one-to-one correspondence between the axiomatic
properties of the two. While we also have argued above, that the economic approach is too weak
to provide a basis for an operational index number theory, it is of some interest to see what is the
relation of the additive decompositions to utility-theoretic concepts. We have derived a number
of results which show that the indices and subindices calculated using quasilinear formulas have
in the case of utility-maximizing behaviour interpretations as local approximations of certain
theoretical indices. The same approach may be used in the context of additive decompositions
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as well, and in this section we show that the additive indicators too, have an approximation
interpretation in the special circumstances of the price and quantity data having been produced
by a utility-maximizing agent. They approximate certain indicators of welfare change.

Again, our purpose is not to present a complete survey of the subject of economic welfare
change indicators. Our focus is on showing how the movement between the additive and the
multiplicative made possible by the quasilinear form relates to the concepts of utility theory. We
only discuss concepts and present results which are relevant to this task, and do even this quite
concisely, as the results are almost exact a copies of the above results. For a more thorough
exposition of the theory of welfare indicators, see for example Hicks [57], [58], Harberger [55],
Diewert [28], [31], Balk, Fére and Grosskopf [10]. The discussion below is very brief, as we do
not want to repeat the arguments of the above sections too much.

It should also be noted, that obviously all the problems associated with the economic ap-
proach to multiplicative indices also apply in the present context. It should be clear from the
above discussion, that while it is shown that certain axiomatic properties imply good approx-
imation properties, the converse is not true. Therefore we stress once again, that while it is
important that the additive decompositions have interpretations under the simplifying hypoth-
esis of utility-maximization, it is the axiomatic discussion above that should be given more
weight.

Lemma 9.4 Let b be the unique normed decomposition function defining a normed, TPS quasi-
linear index, with bya (1, x2,x2) = b3 (1, x2,x2) . Then b differentially approximates to the second
degree the function bT defined by

1
b (x1,m2,23) = 3 (x2 + x3) log z1 (9.23)

in all points (1,2, x2)

Proof. Simple calculations show that

bl (1,m9,29) = 0

bi (1,22,20) =

by (1,29, 02) = —a9

by (1,m9,22) = bly(1,29,22) = %

WY (1,29, 29) = bl (1,29,290) = bl, (1,29, 22) = bl; (1, 29, 29) = 0.

These coincide with the partial derivatives of any normed b with b2 (1, x2,z2) = b1 (1, x2, x2)
as may be verified from the proof of Lemma 9.5. =

Note that using a similar argument as in Corollary 7.6 this implies that if the arguments
of the decomposition function are produced by a demand function, then the two decomposition
functions quadratically approximate each other to the second degree in the any point where
prices and incomes have not changed. The proof of this may be obtained by repeating the
previous, simple arguments in the proof of the corollary.

By previous results, the lemma implies that in addition to normedness, for example time or
factor reversibility is sufficient for the approximation result to hold. The decomposition defined
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by b! in itself is not normed, and therefore the index number formula defined by it is not
normed either. The function defines the so-called Tornqvist IT formula discussed above. It may
be thought of as the time rectified version of the log-Laspeyres or log-Paasche formulas. The role
of this function is similar to the role of the Térnqvist formula in the previous sections: it is easy
to show that this decomposition function quadratically approximates certain theoretical welfare
indicators, and therefore any approximation of it also does. First, we define the economic price
and quantity indicators.

Definition 9.8 (Economic price indicator) Let e(p,u) be an expenditure function. The
economic price indicator comparing two price situations is given by

ﬁ (pl,pO,U) =€ (pl,U) —€ (pO,U) )
where u 1s some reference utility level.

Definition 9.9 (Economic quantity indicator) Lete (p,u) be an expenditure function. The
economic quantity indicator comparing two price situations is given by

@( 1,u0,p) =€ (p7u1) —e€ (p7u0) )
where P 18 some reference price vector.

The interpretation of the two should be evident. The comparisons are identical to the
ones made by the theoretical price and quantity indices, except that these indicators deal with
differences rather than ratios. This brings about some difficulties, for example the difference
indicators are on a monetary scale while the ratio indices are scale invariant. Also, of course
the indicators are now trivially dependent on the reference point even in the homothetic case.
For example the price indicator gives the difference in expenditure required to maintain a given
utility level in two price situations, and of course a higher utility level is always more expensive
to maintain, whatever the prices. The problems of the monetary nature of the indicators is
briefly discussed below. Using p = p” and p = p' as the reference price vectors in the quantity
indicator gives Hicks’s equivalent and compensating variation respectively.

Other definitions of a quantity indicator have also been proposed, for example Balk, Fire
and Grosskopf define an indicator based on the benefit or directional distance function. The
question is similar to the choice between the Koniis definition of the quantity index and the
so-called Malmquist quantity index. We briefly address this question in the next section in
the context of Malmquist indices, where we show that the TPS indices also approximate the
Malmquist index in a suitable point. Similar results could be proved for the benefit function
based-indicator. The interested reader will find a more thorough discussion of the properties of
economic indicators and their relation to economic price and quantity indices in the study Balk,
Fére and Grosskopf.

The next theorem establishes that the price and quantity indicator may be approximated
using decompositions based on functions that approximate b”. The proofs of the results are
virtually identical to the proofs of the approximation properties of the TPS indices, the only
difference being that we are dealing with differences instead of log-differences. The technique
used is again the same as Theil’s [102]. Approximation of welfare change measures are discussed
at length for example in Hicks [58], Harberger [55], Diewert [28], [31] and the above-mentioned
study by Balk, Fire and Grosskopf.
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Theorem 9.16 Let b be a normed decomposition function. Let b also be such that it approzi-
mates bT. Then

n
e(@hu)—e@u) & D (g&pz a (P",V°) . pia: (P, Vl)) - (9.24)
log V1=log V© =1

Proof. Noting that Ge(pu) _ hi (p,w) pr by Shephard’s lemma and using the quadratic

Ologpy,
approximation lemma gives
e(p',u*) —e(p°,u) (9.25)
n
1
logpéogp 5 (b (p' ") pi + hi (p",u") p7) (log pi —logp})
log V1=log V0 =1
n
1
logplilogpo 3 (hi (P",u') pi + hi (% u®) pY) (logp; —logp?)
log Vi=log V0 =1

Z v—i—v logpil—logp?)

The second line is arrived at by applying Lemmas 7.9 and 7.11 in a now familiar way. Noting
that b was assumed to differentially approximate b’ and applying the same argument as in
Corollary 7.6 we have the result. m

Theorem 9.17 Let b be a normed decomposition function. Let b also be such that it approzi-
mates bL. Then

e (p*,u') —e(p*,u°)
2 = P 7V1
~ Zb (qgf‘/og?pz% (p07V0)7pi1Qi (p17V1)> .

log pl=log p° P
logVl=log V0 "~

Proof. See Appendix A.5.13. =

Therefore the price and quantity indices are approximated by using sums of either symmetric
or time symmetric normed decompositions. As any such decomposition also defines a quasilinear
index number that approximates the theoretical index, we see that the movement between the
multiplicative and additive scales made possible by the quasilinear structure is also approxi-
mately possible for the theoretical indicators. Also, we see that approximation properties with
regard to theoretical measures are one more example of how the one-to-one connection between
the index number formulas and the corresponding decomposition functions.

The next question of interest is obviously whether decompositions of the value change in
subgroups of commodities can be regarded as an approximation of some theoretical measure.
The answer is that they may be regarded as approximations of conditional indicators, defined
in a way analogous to the conditional indices. The interpretation of such indicators should be
obvious, and as we do not want to repeat the discussion already presented in the context of
conditional indices we simply give the definitions of these indicators.
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Definition 9.10 (Conditional price indicator) The conditional price indicator is the eco-
nomic price indicator for the conditional preference ordering, or

Py (p1,pl wq2) = € (Pl uia2) — €1 (pY, wsq2)
where qg 1s the conditioning quantity vector and u is a reference utility level.

Definition 9.11 (Conditional quantity indicator) The conditional quantity indicator is the
economic quantity indicator for the conditional preference ordering, or

Q, (u1, ), pr;a2) =& (p1,u1;92) — €1 (p1, ul; g3)
where qg 1s the conditioning quantity vector and p1 is a reference price vector.

The notation is the same as in the above sections. The set of commodities is partitioned
into two distinct non-empty subsets with £ and n — k commodities in them respectively. The
amounts of commodities in the first subset is denoted by q1 = (q11, ..., q1x) and in the second by
q2 = (¢21, ..., g2,n—k) and prices by p; and pa. The commodities have been reindexed if necessary,
and therefore we may write q =(q1,q2). The conditional expenditure and demand functions
etc. are defined as previously. The following theorems establish the additive counterparts of the
sub-index results given in the above sections.

Theorem 9.18 Let b be a normed decomposition function. Let b also be such that it approzi-
mates bL. Then

1 (pl.ua3) — & (pY,u; q3) (9.26)

k 1
2 b1 0 0 70y .1 11,1
~ E b = Q14 %4 Q14 \%4 .
log pl~log pO < (p(l)iwplqul (p ) ) y P1:41: (p 5 ))
log V1=log VO
Proof. Using the conditional Shephard’s lemma and the quadratic approximation lemma
gives

1 (pLusab) — & (pY,u*; g3)

k
oo iogst > 5 (hu (p1,u';az) pi; + has (p17u1;q5)p?i) (logp; —logpy)
log V1=log VO =1

k
1
= > (! +of) (logp} —logp?)
=1

The second line is arrived at by applying Lemmas 7.9 and 7.11 in a familiar way. Noting that b
was assumed to differentially approximate b’ and applying the same argument as in Corollary
7.6 we have the result. m

A similar result may be obtained for the quantity indicator.
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Theorem 9.19 Let b be a normed decomposition function. Let b also be such that it approzi-
mates bT. Then

1 (P}, (a1, g3);a3) — e (phhun (af, a3) s a3)

2 ib a(®P.V) (0%, V) plas (p1, V) .
logp'=logp® = \ ¢i (p%, Vo )’p’q’ b p’q’ P
log Vl=log V0 "~

Proof. See Appendix A.5.14. =
Note that the previous results imply among other things that
~ ~ * * ~ * * 2
e (p,uta3) — e (phh % q3) + e (pru'sas) —en (P u's5q3)  ~  preoqp—pl-q)
log pt=log p°
log V1=log VO

so that the two measures give an approximate decomposition of the expenditure change in the
subset. Note also that the results are valid for the special case of subsets of only one good also.

The price and quantity contributions of any subsets also approximately sum to the total
price and quantity contributions. Partition the commodities as above arbitrarily into K distinct
non-empty subsets with ny, ..., ng commodities in each respectively. Denote the amounts of com-
modities in the subsets by qr = (qk1, -, Qk.ny, ), Prices by pr = (Pk1; .-, Pkny ) » and expenditures
asV=(V,..,Vkg), k=1,..,K . Reindexing if necessary we may write q = (q1,q2, ...,qx) and
p = (p1, P2, .-, Pk) - Let ex (Pk, u; q—1) be the conditional expenditure function for the kth sub-
set, conditional to the consumption of all other goods being q_r = (q1, ..., Qk—1, k41, -, AK ) -
Also,uf = u (qf,....d}_1, 45, Qf 10 - D) £ =0, 1.

Then it is easy to see that

e(p',u*) —e(p’u") (9.27)
2 —~, (Di 0 0y 1. (ol 11
log p!=log p° Z-Zlb (p?”quZ (p v ) ' Pidi (p WV )>

log V1=log VO

K n;
Zzb< o Py (P°,V0)  pigdis (pl,V1)> (9.28)
i=1j=1 Z]

5 K
logplzlogp0 Z [é’z (pil,u*; qii) G (p?,u*; in)] :
log V1=log V0 =1

and similarly to the quantity contributions.

The results show that in the case of an utility-maximizing agent, the decompositions asso-
ciated with quasilinear index number formulas may be regarded as approximations of relevant
theoretical indicators. Therefore, the one-to-one link between the additive and multiplicative in-
dicators unique to quasilinear indices has a natural interpretation in this case also, as there is an
approximate link between multiplicative and additive theoretical indicators. Again the results
apply to any regular expenditure functions and no additional requirements for functional form
has to be made. Also, good approximation properties on one scale imply good approximation
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properties on the other, giving yet another example of the correspondence of the properties of
the additive and multiplicative decompositions based on the same function.

The quasilinear indices therefore provide a unique way of describing the information present
in price-quantity data also from the utility-theoretic perspective. They make possible to present
the price and quantity aggregates as a consistent hierarchical system, in which it is possible to
move between arbitrary partitions and levels of aggregation on one hand and between multi-
plicative and additive indicators on the other in a way consistent with the interpretation of the
aggregates as empirical approximations of theoretical measures.

9.5 Quasilinear approximations of Malmquist indices

In the literature, definitions of the quantity indicators different from the ones we have used
below have been proposed. In this section we briefly discuss one, namely the Malmquist quantity
indicator, and show that in the context of local approximation the choice of theoretical quantity
index does not significantly alter the results.

Compared to the axiomatic approach, the economic approach to index number theory re-
stricts attention to those price-quantity-income situations that are consistent with a demand
function. Above, we have treated price and income as ”independent variables”, and quantities
as functions of these. While this may correspond to some intuition about causes and effects,
from a mathematical point of view this is clearly only a matter of convention. Demand the-
ory implies that only certain prices, incomes and quantities may be associated with each other
as there is a functional relationship between them, but we may as well choose to describe the
price-quantity-income relationship using quantity and income as independent variables and ask
what the prices would have to be for the quantity demanded to be observed. This leads to a
somewhat altered approach compared to the one described in the above subsections, but the
fundamental result will be unchanged. The economic indices may be approximated with TPS
index number formulas.

An alternative definition of the economic quantity index is the so-called Malmquist index.
The definition is based on the distance function defined by:

Definition 9.12 (Distance function)

F(au) = max {A € Ry s Ju(a/3) = u} (9.29)

If I4 is the ray from the origin through q, the distance function gives the distance from the
origin to q along lq divided by the distance to the indifference plane corresponding to welfare
level u . The distance function is obviously linear homogeneous in q. If A* is the solution to the
above problem, and q* = h(p,u) then

F(qu)e(pu)=A"p-q". (9.30)

Because u (/\%) = u, 3+ is in the feasible set of the expenditure minimization problem and
therefore

pP-q=A\" (p-%) > N'p-q° =F(qu)e(p,u), (9.31)
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and this holds as an equality only when % is optimal for the prices p. If we restrict attention
to prices that are normalized so that e (p,u) = 1 we see that the above equation gives

p-q—F (q,u) >0, for all p such that e (p,u) =1, (9.32)

with equality if F—(;%) = h (p, u), when this expression is minimized. Therefore

. P-q
F = 9.33
(a,u) o {e ( P7U)} (9-33)
= min {p-qle(p,u) >1}. (9.34)
peRY

This discussion clearly implies that the price vector

r () = argmin {p - ale (p.u) > 1}
PERY |

that solves the minimization problem (9.34) is the normalized price vector for which
optimal. That is,

99 i
Flaw 8

h(r(qu),u) = — (9.35)

F(aqu)’
e((r(qu),u)) = 1.
Also, it may be seen from the minimization problem (9.33) that

OF (q,u)

=F = ) 9.36
94, K (Qu) = 7k (qu) (9.36)
Define also
Olog F (q,u e (Q,u) g
() = SR () iy = e (9:37)
’ Zfi (a,u) gi
which gives the value shares for prices r (q,u) and the corresponding quantities %. Clearly,
if q = h (p,u), we have F' (q,u) =1,
h(r(qu),u) =q, (9.38)
and
my (qu) = Fi(qu) g (9.39)

= 1 (qu) g = wy (P,u) .

For a much more thorough and precise discussion of these and other similar results, see Blackorby,
Primont and Russell [13, Ch. 2], from which the above discussion is adopted.

Definition 9.13 (Malmquist quantity index) The Malmquist quantity index is defined by

F (q*,u)

M 1 0 _
QY (a'.d’,u) = 7 (@) (9.40)
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This construction also generally depends on the reference utility level u and is independent
of it only in the homothetic case. As was mentioned above, if our data is generated by a demand
function, we may as well regard quantities and incomes as ”determining” the prices. Define the
function

s(q,V) =Vr(qu(q)). (9.41)

Now, clearly

q(s(q,V),V)=q, (9.42)

so that the function s gives for each possible quantity-income combination the price vector that
is associated with it. This function makes it possible to prove results similar to Lemma 7.6 but
with the roles of the price and quantity variables reversed.

Theorem 9.20 Let the observed quantities be derived from some demand function so that q' =
q(ph, V1) and q° = q (p°, V?), or equivalently, let p' =s (q', V') and p° =s (q°, V?) . Let g}
and g2 be index number formulas that differentially approzimate each other to the second degree
in all points ((1,v1,v1) ..., (1,vn,vy)) and define

¢y, (logg',logq’, log V', 1log V°) (9.43)

1 1
= loggp ((%,81 (@, V) ¢, 51 (o, V) q%) (Z—g”,sn (@, V%) &, s, (a', V) Q3L>>

1 n

and
c2 (logq',logq’, log V', log V?) (9.44)
1 1
= loggi ((%7 S1 (q07 Vo) q(1)7 S1 (q17 Vl) Q%> PRARS] (3_87 Sn (q07 Vo) q(1)7 Sn (q17 Vl) q'r11,>> .
1 n
Then
1 2 2
c ~ c.. 9.45
" gt oga " (9.45)
log V1i=log VO

Proof. Entirely similar to the proof of Corollary 7.6. m
This also applies to sub-indices.

Lemma 9.5 Let the quantities be derived from some demand function in a n-dimensional com-
modity space so that p* =s (ql, Vl) and p® =s (qo, Vo) et g,i and g,% be index number formulas
for k commodities that differentially approzimate each other to the second degree in all points
((Lvr,v1) ey (1,08, v8)) . If we take any subset of k commodities and denote the quantity vec-
tors for this subset as q, and the relevant components of the function s as's and then define the
functions

di (logq',logq”,log V!, log V?) (9.46)

~1
— logg)] ((%s& (o, VO) 0,51 (o, 1Y) a%) (%3’ (V) &5 (a0, V1) a;))
1
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and
di (logq',logq”,log V!, log V?) (9.47)
= logg ((%5’1 (@ V%) a5 (o', V) cY%) (%,gn (@®, V) @, 3n (0!, V) cﬁ)) :
Then
dl logqélogq? dz. (9.48)
log V1=log V0

Proof. Similar to the proof of Corollary 7.1. m

Now it is easy to prove the Malmquist index counterpart of Theil’s approximation theorem,
i.e. that the Malmquist quantity index may be approximated by the Térnqvist formula and
by corollary any TPS quasilinear formula. However, the approximation is given in terms of
quantities and incomes instead of prices and the utility level is different. The reference utility is

1 1
= u(q) where q = (qy,....q,) = ( [¢"¢1 |2, ..., [¢%¢L]| 2 ), that is utility at the geometric mean
1 n 111 nin

consumption.

Theorem 9.21 Let u = u (q) ,where q is the geometric mean quantity vector and let f, be any
TPS index number formula.

log Q¥ (o'’ @) =log F (q';7) —log F (a”u) 2 logfa(a',a’,p",p").
log q; =log q;
log V1i=log VO

Proof. Proceeding as previously, using the quadratic approximation lemma we have

n
1
log F (pl,ﬂ) —log F (qo,ﬂ) o 12Jlog . E 3 [m; (pl,ﬂ) +my (po,ﬂ)] Alog ;.
g} =logq) “=
log Vllzlog Vl0 =1

Applying Lemma 7.9 on the log-quantities we get

_ _ 1 —
my (a'@) +mp (@®) o~ 2my(qa).
log q; =log q;
log V1l=log VO

Applying Lemma 7.9 again,

ka (a7ﬂ) ]Og qlilog qo mg (q17u (ql)) + mg (q07u (qo)) - w]i + ’LU]?;
log Vllzlog Vl0

Substituting this into the above and using Lemma 7.11 we get the result for the Toérnqvist
formula and by Lemma 9.20 for any TPS formula. m

This result shows that choosing between the two different definitions of the economic quantity
index does not imply choosing between different formulas in practice. Any TPS formula can be
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interpreted as an approximation of the true index, whichever definition of the true index one
wishes to apply. Also, Diewert [26] shows that the exact counterpart of Theil’s theorem applies
also to the Malmquist case, that is, if preferences are homothetic and the distance function is
exactly of the translog form, then the Toérnqvist quantity formula is exact to the Malmquist
index for these preferences.

It must be noted, that quantity formulas which depend only on the value shares and quantity
relatives, such as the Tornqvist or the geometric-mean-based quasilinear formulas, seem again
to have a certain advantage regarding this sort of approximation. As the value shares w}, are
completely defined by the quantities and expenditure-normalized prices, in our present utility-
theoretic context, we have wf = 75, (q',u (q')) ¢ = wi (q), so that the shares are functions
of the quantities alone. But then the value of the quantity formula is also determined by the
quantities alone, and the approximation result may given in terms of quantities alone. That
is, the approximation error is a function of the relative quantity change alone and does not
depend on income or expenditure change. The point maybe seen from the above proof, as it
does not actually use the income variable anywhere. It only becomes necessary when we move
from the Toérnqvist approximation to all other TPS formulas. This is a counterpart of the result
concerning approximation of the economic price index, where it was shown that for some pseudo-
superlative indices the approximation error is a function of the deviation from proportionality
alone, while for some it depends on the level of overall relative price change as well. Again, the
Stuvel and Montgomery—Vartia formulas do not have as good approximation properties as does
the formula pair in which the quantity index is given by h (21, x2,x3) = G (x2,23) Hg (x1). For
this formula pair, as well as the implicit Térnqvist quantity and Térnqvist price pair, the price
index approximates the theoretical price index quadratically also in points of proportional price
and income change, while the quantity index approximates the Malmquist quantity index in any
point where quantities are unchanged. These are different sides of the same result, namely that
if there is strong inflation, in other words, when prices and incomes vary along a strong central
tendency, the Stuvel and Montgomery—Vartia formulas will not approximate the theoretical (or
the Tornqvist) index very well, as in both cases the formulas become more and more ”one-sided”.

Approximation results may also be derived for conditional Malmquist indices. Again, we take
the conditional preference mapping described by the conditional utility function u; (qi;q2) =
u(q1,q2) as a starting point. By Lemma 9.1 we may proceed in a fashion identical to the
unconditional theory.

Definition 9.14 (Conditional distance function)
Fy (10 q2) = max (A € Ry [t (an/ A qz) > ) (9.49)

This function gives the scalar with which the consumption bundle in the first subset q; has
to be divided to get welfare level u if the consumption of other goods is fixed at gs. By lemma
9.1 and previous discussion, we have also

Fy (q1,u; q2) = min {p1-qy (€1 (P1,u; @) > 1}, (9.50)
and

OF, U ~ ~
% = 1 (ai,u;q2) = 71x (q1,u;5 q2) (9.51)
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where 11 (q1,u; q2) is the solution to the minimization problem. Define

_ dlog ﬁl (q1,u; Q2)

~ qik
my, (q,u) = =T (q1,u;q2) =—————. (9.52
: dlog qux ) Fy (au,u; q2) )
Then, if q; = hy (p1,u;q2) we have ) (d1,u;92) = 1 and
ﬁ?’lk (Q1,u; q2) = wlk (p17u; Q2) . (953)

Lemma 9.6 If
a = @1752) =h (57ﬂ) )
where p = (P1, P2) then

mig (A, W dy) = w15 (Py, W da)
a@u)
e (57 ﬂ) wl’L (p7 u) M
Proof. Above discussion and Lemma 9.2. W
We may now define the conditional Malmquist quantity index.

Definition 9.15 (Conditional Malmquist index) The conditional Malmquist quantity in-
dex is defined by

5 Fi (afu;
QY (ar.af, uiq2) = M. (9.54)
Fi (alu;qo)

This is the ratio of the conditional distance functions on a fixed utility level and a fixed
consumption vector in the second partition.

Theorem 9.22 Let @f4 (q%,q?,ﬂ; §2) be the conditional price index with respect to any par-
tition of the commodities with k commodities in the first subset and n — k in the other. The
reference utility level is T = u (q) as above and q = (qy,qy) is the vector of the geometric means
of quantities. Let fx (q%,q?,p%,p?) be any TPS quantity index calculated for the first subset.
Then

~ _ 2
log @1’ (a1, a1, @)  ~  logfi(ai,ai, pi.pY)-
log q; =log q;
log V1i=log VO

Proof. See Appendix A.5.15 =

The results in this section show that pseudo-superlative indices are good approximations of
the economic index also if one favours the Malmquist approach. The interpretation of the index
is just slightly different. This seems to suggest that in practice, the choice of the theoretical
definition of a quantity index is of secondary importance. This reflects in our opinion the same
underlying structure as the many results derived by Blackorby and Diewert [14] concerning local
approximation of preferences and duality theory.
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9.6 Discussion

We have shown that the general approach of the first sections is relevant also in the special cir-
cumstances when a well-behaved utility function may be assumed. Not only may we approximate
the economic indices, of both the Koniis and Malmquist types with consistent index numbers,
but we can also give utility theoretic meaning to the subindices, additive decompositions and
sub-decompositions associated with them. This can be done without the usual separability and
other conditions, which are not likely to be relevant in empirical situations. The results are only
local and approximate, but in our opinion, this is as much as we can hope for. The existence of
global and exact results necessitates the introduction of dubious simplifying assumptions. Also,
the results show, that the choice of the theoretical definition of the economic quantity index
seems to be of secondary importance for practical calculations, as different theoretical indices
are approximated by the same formulas.



Chapter 10

Conclusions and discussion

Consistency in aggregation is an attractive property for an aggregation method used in compiling
economic aggregates. It is intuitively simple, but has to our knowledge lacked a precise and
general formulation until now. The semigroup representation of consistency in aggregation
presented in the first part of this study reflects in our opinion very well this intuitive simplicity
and even beauty of the concept. As semigroups are a very general class of algebraic structures,
the identification of consistent aggregation methods with semigroups makes it possible to apply
the concept to a very large class of aggregation problems, for example to aggregating sets,
real numbers, real vectors, random variables, stochastic processes, functions or combinations
of these. Also, as the semigroup structure implies that all information needed to combine sub-
aggregates into a larger aggregate must be carried in the sub-aggregates, it draws attention to the
fact that many aggregation problems that are usually regarded as one-dimensional or involving
aggregation of one variable interest, are in fact better understood as many-dimensional and
involving auxiliary or "nuisance” aggregation as well. For example, many aggregation methods
involve aggregation of some weighting variable as well as the main variable of interest. Usually
this is handled in some implicit way, which may obscure the fact that a simple algebraic structure
is involved.

In the second part of the paper the implications of consistency in aggregation for index
numbers is discussed. Taking advantage of functional equations methods, the algebraic structure
is used to prove that under some general conditions, consistency in aggregation imply what we
have called a quasilinear structure for the index numbers. This is a special case of a very general
result, namely that semigroup operations of real vectors satisfying minimal regularity conditions
are isomorphic to ordinary addition. In the context of economic aggregation, this has been noted
for example by Gorman [52, 93], who remarks that ”addition is the only really well behaved
associative operation”. This result is constantly repeated in the theory of functional equations,
as may be seen for example in [1] and [2]. The quasilinear structure has been suggested as a
definition for consistency in aggregation by Balk [8], but in our opinion the quasilinearity of
consistent indices under certain regularity conditions is better regarded as a result to be derived
rather than a general definition.

The fact that under rather loose conditions index number semigroups are isomorphic to
vector addition semigroups, makes it possible to prove a number of results concerning what kind
of properties the indices may have. These derivations prove to be very simple, using the result
that an addition semigroup that is isomorphic to a particular index number semigroup is unique

149
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up to a linear transformation. Again, this is a special case of a more general result, namely that
additivity of real functions imply linearity under minimal regularity conditions. This fact, again
a basic result in the theory of functional equations, (see [1]) is also noted in the aggregation
context by Gorman [52, 93].

For example, the relationship of different proportionality requirements to other properties of
the index number was examined using this result. Among quasilinear index numbers Stuvel’s
formula has some claim to uniqueness, as noted for example by Balk [8]. It is the only formula
satisfying Fisher’s demand that if all price relatives are equal then the index should equal their
common value in addition to the factor reversal and time reversal tests. If the proportionality
demand is relaxed to weak proportionality, there exist many index numbers, including what we
have called the Montgomery—Vartia formula, but also many others, that satisfy the factor and
time reversal tests. On the other hand, if linear homogeneity in comparison period prices is
demanded, then there will be no indices satisfying both of these tests. The degree of proportion-
ality that an index number formula should possess is a much-debated question, but these results
imply that very stringent demands of proportionality are not compatible with consistency in
aggregation. However, all the indices that approximate the Tornqvist formula are satisfy the
linear homogeneity test approximately, as Tornqvist’s formula satisfies it.

We also give an alternative justification for the quasilinear structure. It is shown to be equiv-
alent to defining the formula based on some additive decomposition of the value change. This
is actually a generalization of the procedure which Vartia [105] uses to derive the Montgomery—
Vartia formula and Stuvel [95] the Stuvel formula. The quasilinear structure may been seen
as the result of additivity of these additive decompositions. This is a very strong consistency
property, as the quasilinear structure makes it easy to move between additive and multiplicative
value decompositions. Additive decompositions of relative change is also briefly discussed in this
part.

The above results are all in the axiomatic or test-theoretic tradition of index number theory,
that is, nothing is assumed about the relation of prices and quantities. In the third part of the
study we try to argue that the quasilinear approach is in no way invalidated if the additional
assumption of utility-maximizing behaviour is made. We show that there are many quasilinear
formulas that give a local quadratic approximation to the ”true” economic price and quantity
indices, and thus are ” pseudo-superlative”. Both the Koniis and Malmquist indices are discussed.
That is, they are as good local approximations of the true indices as the Térnqvist formula
or other so-called superlative formulas. Even more importantly, the subindices are shown to
locally approximate corresponding conditional indices, and also the additive decompositions
and subdecompositions may in this case be given interpretations as local approximations of
economic welfare changes.

Our results should be seen in the context of the many negative aggregation results concerning
economic indices. It has been shown that the economic foundation of subindices is problematic if
some special circumstances are not present (see for example Gorman [50], Blackorby-Primont—
Russell [13]). However, we give up claims for global results and settle for local approximation,
and this enables us to show that the subindices may be given economic meaning without addi-
tional assumptions about preferences as approximations of certain conditional economic indices.
Generally, these indices are not independent of the point of conditioning. This problem is in
our opinion analogous to the problem of the total price index depending on the reference utility
level. The dependence on the reference point may be either ignored by assuming homotheticity
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or it can be accepted, in which case Theil’s and other approximation results (for example Balk
[6]) show that reasonable calculations are still possible, even though they only have local and
conditional validity. We find the latter approach more appealing in general, because global ho-
motheticity seems a rather far-fetched hypothesis. Similarly, strong separability conditions are
required for the conditional indices to be independent of the point of conditioning. However, our
results show that in this case also, meaningful sub-indices may be calculated even in the general
case, albeit with only local validity. By an argument analogous to the one made regarding the
homotheticity hypothesis, if there is no evidence to support the separability hypotheses, we
argue it would be more prudent to settle for a local interpretation of index number calculations.

As for the distinction of superlative and pseudo-superlative indices, the quasilinear pseudo-
superlative indices, while not exact for any flexible functional form, approximate the "true” index
as well as the so-called superlative indices in the general case. The fact that a formula is exact
for a flexible functional form is obviously proof that it is flexible enough to take substitution
into account in a way that for example the Laspeyres or Paasche formulas cannot. But the
converse is not true: there is no need for a formula to be exact for some flexible functional form
for it to handle substitution well. This is a special case of the general truth that a function may
approximate some other function without sharing all its properties, such as homogeneity. Also,
the reason that flexible functional forms are useful is not that there would be some motive to
assume that cost functions would take that exact form, but instead the fact that they may be
used to approximate any cost function. But if an index number formula is exact to a quadratic
approximation, it is not in any way a better formula than one that is a quadratic approximation
to a quadratic approximation because of transitivity of the approximation relation. It seems
that some axiomatic criteria are always needed to differentiate between formulas that share the
same approximation properties.

We try to argue that this is indicative of a general problem in the so-called economic ap-
proach: it is impossible to derive operational formulas based on economic theory alone. There
are infinitely many formulas that each give second-order approximations of the "true” index
under the hypothesis of utility-maximization. Even if we accept the dubious requirement that
an index number formula should be exact for some flexible family of preferences, this does not
help, as we show that there are many functions that are completely unusable as index number
formulas, but are exact for a flexible functional form. But the statement that some functions
are usable as index number formulas while some are not must be based on some axiomatic cri-
teria, implicit or explicit. Moreover, no exact index number formula is unique, as any function
that attains the same values for those price-quantity combinations consistent with the family
of preferences for which the formula is exact, is also an exact formula. The exactness crite-
rion thus defines the function only for those prices and quantities that are consistent with the
preferences in question, and therefore does not specify a universally applicable index number
formula. Instead, some axiomatic criteria need again to be used to find which extension of the
exact formula should be used. The theory of exact and superlative indices as well as the theory
of index number formulas as approximations of ”true” economic indices therefore presupposes
the existence of some criteria to select the reasonable formulas amongst the various functions
that may be proved to be superlative or to have good approximation properties. These criteria
can only be axiomatic (or perhaps empirical in some cases) in nature.

Many of the results presented in economic aggregation literature are negative in the sense that
they show that perfect solutions to aggregation problems exist only in very limited circumstances,



CHAPTER 10. CONCLUSIONS AND DISCUSSION 152

that is, when preferences satisfy some restrictive assumptions, such as homotheticity, separability
or other conditions, or when all agents involved in aggregation are identical etc. Too often these
complications are ignored or ”solved” by simply assuming the necessary circumstances to be
present. It is tempting to speculate that the above approximation results represent a special
case of a larger truth, that is, while perfect aggregation might be impossible in all but the
most limited of situations, satisfactory approximate and local solutions may exist in many cases
in all but the most extreme of situations. This would mean that it would in many cases to
be possible to trade the extremely unlikely assumptions that are often used as motivation for
the existence of economic aggregates for something more plausible, even if this means giving
up the an exact or global interpretation of the results. Local approximation would be a more
intellectually honest way of motivating aggregation results, even if the results themselves were
not significantly altered. Even if the existence of such approximate aggregates in other cases is
too optimistic a conjecture to make, it is in our opinion consoling that the functional equations
approach to the index number problem with its intuitive appeal, mathematical simplicity, ease
of calculation, generality and independence from any assumptions about the behaviour of prices
and quantities is in no way invalidated by the introduction of more restrictive assumptions about
the relationship of prices and quantities.

The simplicity of the quasilinear structure makes all calculations readily interpretable and
transparent. In addition, the straightforward connections between different subindices and the
total index, as well as between additive and multiplicative decompositions of value changes
make quasilinear formulas eminently suited for production of official statistics. Also, economic
statistics are in most cases better understood as hierarchical systems of aggregates rather than
single figures, and this structure coincides exactly with the structure of consistent aggregation
methods. Therefore, when practical consistent aggregation methods are available, as is emi-
nently the case in price statistics, such methods should in our opinion be used. As simple as the
structure of the quasilinear indices is, it is, however, complex enough to give reasonable approx-
imations to theoretical price and quantity indices, as well as subindices, in situations in which
the assumption of utility-maximizing behaviour can be maintained. In light of the axiomatic
and utility-theoretic evidence, in our opinion, there are no grounds for preferring for example
the superlative Tornqvist and Fisher formulas to the best quasilinear indices, such as the Stuvel
and Montgomery—Vartia formulas, but plenty of reasons to prefer these consistent indices to
the superlative ones. Therefore, it is our opinion, that the best quasilinear formulas should be
considered as reasonable alternatives to the superlative indices in most theoretical and practical
applications of index numbers.
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Appendix A

Proofs of results

A.1 Chapter 2

A.1.1 Proof of Lemma 2.1

1. Let y € X be formed from x € X" by replacing [ arbitrary components of x by F; (z;).

Then F, (y) = F, (x) because

F,(y) = FE,(Fi(21),....,F1 (1), x141,...,2) (applying CAl, reindexing)
= F(F (F1(21),.. F1 (1)), Bt (41, .y xn))  (CA2)
= F(F(x1,..21), Fooi (T141, ..., 20)) (CA2)
= F,(z1,...,2n). (CA2)

So any component x; of x can be replaced with F; (z;) without altering the result. It is
obvious that G,, satisfies CA1. To see that it satisfies CA2 consider an arbitrary partition of the
statistical units into K > 1 subsets with [ of those having only one element and a corresponding

partition of the measurement vector:
(Gn1 (xl) sy G (XK))
xy, .2y, Fy (Xl+1) sy Frge (XK)) (def. of Gy,)

= FK(.Z‘l,...,LUn) (CAQ)
= GK (xl,...,xn). (def OfGn)

If K =1 then Gy (F), (z1,..., %)) = idx (Fp (T1, .., xp)) = Fy (x1, .0y ) =

K
= Gg (xl, N E (Xl+1) yooes G (XK)) (reindexing, CAl)

(
= Fyg (F1 (1) 50y F1 (27) , Frpy (Xl+1) ooy Frge (xK)) (above res.)

Gn (.%‘1, ceey :L‘n).

Thus, G, is consistent in aggregation and obviously yields the same aggregation results as

E,.

160
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A.2 Chapter 4

A.2.1 Proof of Lemma 4.1

We present first the proof of the equation for continuous f : R — R. Because f (z) = f(x 4+ 0) =
f(z)+ f(0), clearly f(0) = 0. Clearly, for all n € N

fnz)=f(x+..4+x)=nf(x) . (A.1)

f(x)zf(m-%x> —mf (%z)

for any m € N we have m™' f (z) = f (m~'x) . Taking = = 1, we have for all ¢ = ~eQ,of

Because

f@=f(5)=nf (%) =~ f()=af ().

m

By continuity of f, if t € R, q, — z, q& € Q for all k € N, we have
P = £ (Jim ) = Jim £ (@) = Jim auf (1) =27 (1), (A2)

so that f(z) = xf(1). It is clear that any f (z) = cx is continuous and satisfies the equation.
This completes the proof.
The the n-dimensional Cauchy equation

F(x+y)=F(x)+F(y) for all x,y eR" (A.3)

reduces to the one-dimensional one, and the solutions are of the form F (x) = Cx. (See for
example Aczél [2, 327-338]). This result can be arrived at by the following procedure. The ith
equation in (A.3) is

Fi(x14+y1, ey Tn+Yn) = Fi (1, s xn) + F (Y1, oo, Yn) - (A.4)
Let z;, =y, = 0 for k # [ . The equation becomes
F;(0,...,0,2; + 1,0,...,0) = F; (0, ...,0,2,0,...,0) + F; (0, ..., 0, 4,0, ..., 0) .
From the one-dimensional Cauchy equation we know that the only continuous solution is
F;(0,...,0,24,0,...,0) = cjxy,
where ¢; € R is some constant. As (A.3) implies that
F; (x1,...,xy) = F; (21,0, ...,0) + F; (0, 22,0, ...,0) + ... + F; (0,0, ...,0, ) ,
it is clear that

Fi(x1,..ymp) = cin®1 + ... + CinTn.
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Repeating this for all i we get the result. However, if we are looking for solutions F : §' — R"
where it is not necessary that the vectors (0, .., 0, xg,0, ...,0) € S the above derivation cannot be
used. Intuition suggests, however, that an analogy of the result must hold. It is relatively easy
the to extend the definition of F to the whole R™ and show that the extension must be linear
and the original F must be a restriction of this linear function.

Define

F(x—y)=F(x)—F(y) foral x,y €5. (A.5)

Note that if x —y =u — v then x + v=y+u and F(x) + F(v) = F(y) + F (u). This
means that F (x) — F (y) = F (u) — F (v) so that there is no contradiction and the function F
is well-defined. Also, note that if z = x —y €5 then

F(z)+F(y) = F(x) = N (A.6)

F(z) = F(x)-F(y)=F(z),

so that F is the restriction of F to S. Next we show that F is indeed defined in the whole R”.
Let now x9 € R C S, where R is open. Such a subset exists by assumption, Define x (k,z) =
xo — k~1'z, where k € N and z €R” are arbitrary. Because R is open there exists some k, € N
such that x (k,,z) € R C S. As S is a subsemigroup of (R",+) also k.x (k.,z) =k.xg —z € S
and k,xo € S. However, z =k,x¢ — (k,xo — z) and thus F is defined for all z €R".
From the above it is then clear that for any z1,Z2€R"™ there are uy, us, vy, ve € S such that
z; = u; — v;. We may now show that the function F is a solution to the Cauchy equation in R™ :

F (z1+22) ((ag —v1) + (w2 — v2))

(a1 +u2) = (vi +v2))

(g +u2) —F (vi +vy)

(u1) + F (uz) = F (v1) — F (v2)

(F (1) — F (v1)) + (F (1) ~ F (v2)
= F(z1)+F (z2).

To see that F is continuous, let (Zn),ey be an arbitrary sequence with lim z, = z. Then
n—oo

for large enough n x (k;,z,) € R C S and thus also k.xo — z, € S. But then, because F was
assumed continuous

lim F(z,) = lim (F(k:x0) —F (k:x0 — 20))
= Flkxo) - ImF(hxo— )
= F(k.xo) — F (k:xo —2) = F (z).
But this means that F (x) = Cx for some C and as by (A.6) F is the restriction of F into S
this means that F (x) = Cx for all x €S.
A.2.2 Proof of lemma 4.2

Define M : S — S as M = BoB~! so that M o B =B. Obviously, M is a continuous bijection.
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Let s,t €S be arbitrary and let x = B! (s),y = B! (t). Then s+t =B (xopy) € S so
that (S, +) is a semigroup. Also,

xopy =B (B(x)+B(y)=(MeoB)™ (MoB)(x) +(MoB)(y)).
Taking M o B from both sides gives

MB(x)+B(y)) = M(B(x))+M(B(y)) or equivalently
M(s+t) = M(s)+Mf(t).

According to the previous lemma the above implies that M (x) = Cx. Also, because M is a
bijection, C must be non-singular.
If B (x) = CB (x) for all x. Then B~!(z) =B~! (C ') and

B! (Bx)+B(y) = B (C(CB(x) +CB(y))
= B !Bx)+B(y)) =xory.

Thus, any B (x) = CB (x) may also be used to define a quasilinear representation.

A.2.3 Proof of Lemma 4.4

First, the condition that Hy be a bijection is equivalent to demanding that the equations

hy (1, x2, x3) = 1
3
Ui T =
2 = (A7)

3
> UisTi = Y3
i=1
have only one solution x = x (y1,%2,Yy3) € Ri 4 for each (y1,y2,y3) € Sy. We have denoted
the first component of Hy as hy. Note that if the vectors (u12, uag, use) and (uis, uas, uss) are
linearly dependent then the two latter equations define a segment of a plane for each (y2,ys3)
for which a solution exists and clearly then as hy is continuous there will exist many solutions
for some (y1, y2,y3). Bijectivity thus requires that (ui2,ug9, us2) and (u1s, ugs, uss) are linearly
independent, in other words, that the expenditures of different periods implied by U are not
proportional for each good. In that case the two equations define a segment of a line, restricted
by the fact that all components of x must be strictly positive. Thus finding a solution to the
equations can be thought of as first finding the line on which the two sums equal to y» and ys,
respectively, denoted by

1(z1;y2, 93, U) = (21, 22 (x15 92, ¥3, U) , 23 (21; y2, 93, U)), (A.8)

where admissible values of x; are those for which 1(z1;y2,y3,U) € Ri o and then finding a
solution on this line to the first equation. Also, if there are multiple solutions to the equation,
all of them must be on this line.
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Consider now an index number formula that would not satisfy Condition 4.2. Because all the
candidates for U must have independent (u12, u22,us2) and (u13, uas, uss) we restrict attention
to these cases. For any U there would exist x,y €R3 |, x # y such that Hy (x) = Hy (y) . But
then for any ¢ € (0,1),

Hy (tx+(1—t)y) = Hu (x)' opHy (y)' ™" = Hy (%),

so that Hy (x) would be constant on the line segment between x and y. Now let z E]Ri "
be arbitrary. We may choose k£ € R small enough so that z—k (%x—l—%y) € Ri . and then define

1

f(t) = z—k (Qx—i—%y) +k(tx+(1—-1)y)

(e

1
= z+k(t—§> [x —y| forall t € (0,1).

Note that f (t) € R3 | for all ¢, and f (0) = z—k (%x—l—%y) £ (%) =z, and f (1) = z+k (%x—l—%y)
For all t € (0,1)

k

>
+

Hy (f(t) = Hy (z—k;

NI~ NI~ N
»
+

N |
»
+

N |
»
+

i
RA

S~ N/ N7 N 7 N N
»
+

N—= NI~ NDI= N= N
<

N— N N N

There is thus a line segment of length k||x 4 y|| that goes through the point z and on which
the function Hys is constant. If Hy is constant, its second and third components are obviously

3
constant, so that this means that f (¢) must be on the line on which the sums V{ (z) = > w0z
i=1
3
and V{} (z) = Y wizz; are constant, that is on 1 (J:l; VG (z),VE (z) ,U) . Repeating the procedure
i=1

for all points 1 (z1;V (z), V§; (2), U) we see that for each point there is some segment of the
line on which Hy is constant. That is, the function

m(z1) = hy (1(z1;V§ (2), Vi (2),U)) (A.9)

is constant in some neighbourhood of each admissible x7, which means that by continuity it is
constant for all admissible 1. As z was arbitrary we may conclude that for all z € R3 | :

Hy (z) =Hy (z), forall 2 e R}, : V§ (2) =V (2) , Vi (2) =V (2) .
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In other words Hy (x) = G (un, Uo1, U1, VI(} (x), VI} (x)) This means that the index num-
ber formula for three commodities depends only on the price relatives (w11, u21,us1) and the
value aggregates (VI(}, VI}) and not at all on how the values are distributed between commodi-
ties. As there is no U for which Hy is a bijection, we conclude that this is true for all U that
satisfy the linear independence condition.

The proof for more than three commodities follows easily from the semigroup structure. For
example, if we have two sets of observations x1, ..., X, and x],x%, X3, ..., X,, where

x| = (211,712 + K, 213) , X5 = (%21, 222 — K, ¥23)
and the above holds, then

/ / / /
Xl OFX2 Op X30p ...0Op X, = (Xl OFX2 OFX3) O ...0p Xp,
= (Xl Of X9 OFX3) Ofp ...0p Xp,

= Xll op Xl2 O X30F ...0p Xp.

All redistributions of expenditure may be expressed as a finite series of pairwise redistributions,
and therefore the result is true for any number of commodities.

A.2.4 Proof of Lemma 4.5
Any element y €Sy is defined by the equation
Hy (x) =y (A.10)
or
hu (21, 22, 23) = 1
Ziluzzxz =Y
3

Z Ui3Ti; = Y3
i=1

The two latter equations define a segment of a line as seen in the proof of the previous lemma.

The equation for the line is
T2 -1 Y2 U12
=U — , A1l
e (n]-[]e) a1

where Ugz = [ 322 Zg2 ] . If Usg is singular we just reindex the vectors wu;. All of the
23 U33

submatrices cannot be singular because (u12, ug2, us2) and (u13, u2s, ugs) are linearly independent
as was argued in the preceding proof. We denote the line as

X (3’317?/27?/3) = (xbx? (3’317?/27?/3) y L3 (3’317?/27 ?/3)) . (A12)

The admissible values for x; are determined by the restriction that all components of the
X vector must remain strictly positive. Let now y’ = Hy (xo). It is clear by linearity of
x (x1, Y2, y3) that we can choose some ¢ > 0,¢ > 0 small enough so that for all d < § and e < ¢,

(9517?/27?/3) S Ie,d (x(l)7yg7yg)
= [2)—e,al+e] x [¥9 —d,yd +d] x [y§ —d, 3 +d],
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we have x (x1,y2,y3) € R?’H, so that the function

f (21,92, y3) = hu (x (21, Y2, ¥3)) (A.13)

is defined in such I, 4 (29,33, 3) .

The function must be strictly monotone in x for fixed yo, y3 because it is one-to-one and con-
tinuous in 1, as Hy is one-to-one and continuous. We assume that it is strictly increasing in x1
for (y2,ys3) = (yg , yg) The case for a strictly decreasing function can be proved similarly. First,
note that for small enough d the monotonicity must be of the same ”direction” for all (y2,y3) €
Iy (yg, yg) because otherwise we could pick sequences (9711,27 y},/3) and (3/721,2’ y7213) , (yfw, yﬁg) €
I, (yg , yg) for all n > d~1, so that for each (3/711,27 3/711,3) f would be strictly increasing in x1 and
strictly decreasing for each (yig,yf,,,g)- But then 7}5{)10]0 (29 + 6,3/71,,,2,3/71%3) = [ (29 +e,43,43)

> f(a9,98,48) and lm f (2 +e,07 5,00 5) = f (29 +e.98,98) < f (21,45, 9§) which is im-
possible. Thus we can assume that f is strictly increasing in z for all (y2,y3) € I4 (yg,yg)

We define the functions

fo(de) = max f (2} —e,y2,13) (A.14)
(yz,ys)GId(yg’yg)
fl (d7 e) = InlIl f (x(l) + €, Y2, y3)

(y2)y3)61d(yg)yg)

These exist because Iy (yg , yg) is closed and bounded. Note that because of continuity

limfo(de) = f(af—e08,98) </ (o5,48.48)
= o <f (@ +epe,05) = lmfi (de).
For some do small enough, then, it must be that for all (y2,ys) € Ia, (¥3,3),
(2 = e ya,53) < fo(do,e) <yi < f1(do,e) < f(aF + e 2,3) - (A.15)
But this means that for all
(y1,y2,y3) € I = [fo (do,e), f1 (do,€)] X Lay (13, 93)

there is some x = (21, 2, 3) € R, | with

xr € [x? —e, 29 + e] X = (21,22 (1, Y2, y3) , T3 (21, Y2, Y3))

such that y = Hy (x). But (y?,yg,yg) is an interior point of I and thus there exists an open
neighbourhood A of (y(l), yg,yg), A C I . Thus, the set Sy is open.

A.2.5 Proof of Lemma 4.7

Let xop s = t. This is equivalent to

ho (x,8) = t1
Tg + S9 =1y . (Alﬁ)
3+ 83 =13
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In other words xo = to — s9, T3 = t3 — s3 and
ha (z1,t2 — s2,t3 — 53, 51, 82,53) = 11.

But if hs is strictly increasing, then there is just one x; for which this equation is true, and
we conclude that x is the unique solution to equation x op s = t.

A.2.6 Proof of Lemmas 4.8 and 4.9

By Lemma 4.7 and bijectivity of Hy the function c is well-defined. By the previous two lemmas
there exist for all ¢ €R3 , some x,y €R3 | such that c(x,y) = c. Also, Let x,y,u,v € R3 |
and x —y = u — v. Rearranging gives x + v =y + u. Then we have

[HU (v)orc(x,y)] or Hu (y)

= Huy (v)or [c(x,y) or Hy (y)]

= Hy (v)or Hy (x)

= HU(V+X) =Hy (y+u)

= [Hy (u)]orHuy (y).
Therefore, by applying the uniqueness result, Lemma 4.7, we see that Hy (v) or c(x,y) =
Hy (u). As we have also Hy (v) op ¢ (u,v) = Hy (u), applying the lemma again, it must be
that c¢(x,y) = c(u,v). Thus the notation c(x,y) = H(x —y) is warranted. Now, if x €
R?’H, then there are clearly u, v € R;’H such that x = u — v which implies that Hy (u — v) op
Hy (v) = Hy (u) which in turn means that H (u — v) = Hy (u — v). Hy is thus the restriction
of H into R?Hr'

A.2.7 Proof of Lemma 4.10

Let x,y € S be arbitrary. By definition there exist ui,uy, vy, vy € R?’H such that x = u; — vy,
y =uy—voand H (x)opHy (v1) = Hy (w1) , H(y)orHuy (v2) = Hy (u2). Using the definitions
we have
(H(x) op H(y)) or Huy (v1 + v2) (A.17)
= (H(x)or H(y)) or Hu (v1) or Hy (v2)
= H (X) orp Hy (v1) or H(y) or Hy (v2)
U (w) op Hy (u2)

u (ug +ug).

o~ o~

By the uniqueness of solutions this implies that

H(x)op H(y) = +ug — (v, +v2))
(w1 —vi) + (u2 — v2))
(w1 —vi) + (u2 — v2))

H (u
(
(
(x+y).

H
= H
H

Also, if H (x) = H(y) then H(x) op Hy (v1) = Hy (u1) and H(y)op Hy (v1) = Hy (u;). But
this means that y = u; — vi = x. Thus H is a bijection.



APPENDIX A. PROOFS OF RESULTS 168

A.2.8 Proof of Lemma 4.11

3 3
It is obvious that G is a bijection. Note that H is of the form H (x) = (h (x), > wipwi, Y. uigxi> )
i=1 =1

As G (t) = H(V~'t) then G™! (x) = VH ! (x) for all x € R3 . From the proof of Lemma 4.2
it then follows that x op y = G (G™! (x) +G1 (y)). Take now any t = Vx. It must be that

gi(t) = h(x)=h(V't)

3

¢ (t) = Zuiﬂi =12
i—1
3

g3 (t) = > upw =13
i—1

A.2.9 Proof of Lemma 4.12

First we prove that for any s € S there is some xg € Ri 4 such that s —xp € §.
If s € S then there are x,y € R3 | such that cor Hy (y) = Hy (x) and ¢ = (c1, ¢, ¢3) =
H (s). This is equivalent to

3
g2 <017 Zuﬂ ( yz Zuzii Hy ( )> —hy (xb 2, .Z‘g) =0. (A18)
=1

It is clear that the function

< Zuzz 1—t yz Zuzii 1_t yi)7HU(Y)> (Alg)
—hy ((1 —1)x)

is defined for all ¢ € Ry, and some t € [0,%yp). The function m is continuous and strictly
increasing in ¢ for a fixed t. Because 7:lilgler (1 —e,t) =m(c1 —e,0) < 0and 7:lir&rm (a1 +e,t) =

m(c1 +e,0) > 0, there must be some t; > 0 such that m(c; —e,t1) < 0 < m(c1 +e,ty).
Therefore there is some ¢ € (¢1 — e, ¢1 + €) such that m (c2, 1) = 0. This implies that for

Cy = <Cz, ZU@ 1 - tl yz Zuz3 1 - tl yz)>

we have

cxor Hy (y) =Hu (1 —t1) x),

or

so that s —xg € S.
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If (sn),en»Sn € S is a sequence that has s, — s =x —y,with x,y eRiJr, then for large
enough n, s, — (s —xg) = (s, —s) +xp € R?’H, therefore

limH(s,) = lim Hy (s, —s+xg)orH(s—xo)

n—oo n—oo

= HU(X())OFH(S—XO):H(S),

because of continuity of Hy. As H is continuous, so is G.

Also, as for each s € S there is some xg € Ri . for which s —x¢ € S and because Ri L C
S,and S is a subsemigroup of (]R3, —|—) also Jg = (xo1, zo1 + d) X (To2, To2 + d) X (zo3, xo3 +d) C S
for any d > 0 and it is clear that for large enough d s is an interior point of Jz. Thus S is open,
and so is T because it is a linear transformation of S.

Assume now that G~ lis not continuous at some xq € Ri 4, so that there is a sequence
X, — Xg with t, = G7!(x,) » G~ (x¢) = t. But we know that the index number formula is
continuous so that for any fixed y = G (r) e R}, r €T,

zn:xnoFy:G(tn—l—G_l(y))—>G(t+r):z:xooFy.

g(tn +s)
Zy = tn,2 + 7o 5
ln3 + 13

the two last components of t,, clearly must converge to (t2,t3) for z, to converge to z. Write
the first equation as

21 = My (tn,b tn,Q, tn,g) =g (tn + I‘) . (AZO)

Because g is continuous in t and G is a bijection, m, must be strictly monotonous in ¢, ; for
a fixed (fn2,%n,3). Assume that it is strictly increasing. The case for a strictly decreasing can
be proven similarly. Note that as in the proof of Lemma 4.5 the direction of the monotonicity
must be the same for all the points in some neighbourhood of (t2,t3). As t,, - t there exists
some € > 0 such that |[t, —t| > ¢ for all n. But as (t,2,tn3) — (t2,t3) this implies that
[t —t1] > %5 for all n large enough. Therefore f (tn1,tn2,tn3) > f (t1 + %6, tn’Q,tn’g) which
implies that nlLHolof (tn,l,tn,z,tn,g) =f (tl,tz,tg) > nlLIIolof (tl + %€,tn,2,tn,3) =f (t1+ €,t2,t3).
This is a contradiction. Therefore it must be that G ~lis continuous in x¢ and, in fact, continuous
in all of ]Ri 4

A.2.10 Proof of Theorem 4.2

Let xop y =B 1 (B(x)+B(y)) , and let B:R%, — S be a continuous bijection and linear
homogeneous in (x2,x3). Also assume that B (x) = (b(x),ze,z3)for all x. It is clear that
there must exist U = [ u uy usg ] ,u; € R;’H such that By = [ B(ui) B(u2) B (u3) ]
is non-singular, because otherwise S would be two-dimensional. Define

3
Hy (x) = B! (inB (ui)> X ERS . (A.21)
=1
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This is clearly a continuous bijection so that condition 2 is satisfied. Condition 3 is satisfied
because llin%)B_l (kB (x)+B (y)) = y. It is clear that the function can be extended to H (x) =

3 3
-1 (le,B (uz)> Jor all x such that ;xiB (w;) € S, or, put otherwise for all x € B{JlS. As

B is a continuous bijection b (x1, z2,x3) is strictly monotonous in x; for fixed xa, z3. Taking

(B7Y), (b(z1 +e,a9,23) ,29,23) = a1+e>m (A.22)
= (B_l)l(5(901,9627963),962,963),

we see that (B_l) , or the first component of the inverse of B! must also be strictly monotone
in the same direction as b in x; if x2 and 3 are kept fixed. Thus

(B_l)l (b(x1 + e, 22, 23) +b (Y1, Y2, Y3) , T2 + y2, 23 + ¥3)
> (B_l)l (b (w1, 2, 23) +b(y1,y2,¥3) , T2 + Y2, 73 + ¥3)

and condition 4 holds as well.

A.3 Chapter 6

A.3.1 Sketch of proof for Theorem B.2
Define first H (x) = (H (x1),22,23) and F = Bo H™! so that by quasilinearity we have

(P V0 1 = <ZF 7'('1,2}1, Z))),

or denoting H (P) = p, H (m;) = p; and the first component F by f
(p, VO, VY = (ZF Pi, v, v; )
= <Zf p’UUz? z V1> .

For the additive decomposition to exist, we must have

(p, VO, V) = (Zg (pi 0,0} VO, V), VO,V1>

or combining,

(ZF pi, v}, v} ) (Zg (i v, vf5 VO, Vl),VO,W).
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This implies

( (p, 0, v )—i—F(r w? wl) (A.23)

)
g(p,v vt v +w v —|—w)
1

= —l—g(rwwv—l—wv—l—w) ,
00 + w0 ,v +w!
for all p, r,v°,v!, w®, w'. As P was assumed to satisfy the identity test we may put b (1, W0, vl) =

0, and using also the assumption g (O vd, vk VO Vl) = 0 we have

s Ui za
F! (F (p,v , U ) —|—F(1,w0,w1))
_ p-! (f (p,vo,vl),vo—l—wo,vl—l—wl)
= (g(p,vo,vlsvo—l-wo,vl—i—wl),vo—l—wo,vl—i—wl),
or
g(p,vo,vl;vo—i-wo,vl—l-wl) :?(f(p,vo,vl),Uo—i-wo,vl—i-wl),

where f is the first component of F~1, that is, the function for which

7(f (p7U07U1) 7U07U1) =P

Therefore, if a decomposition of the relative change exist, it is based on the function
g (p, %05 VO V) = F(f (po00!) , VO, VY,
which in the case of the weighted relative change indices is the correct one:
— w (UO vl)
0,1 0 171 )
9 ) 7V 7V = T1r 10 SN
f(f (p v, ) ) W(VO,Vl)p
Substituting the above result to equation (A.23), it becomes
F! (F (p, 00, vl) +F (r, wo,wl))
= (F(f (p,vo,vl) + f (r, wo,wl) 0 4w o+ wl) 00 +w? vt + wl)
( 7(f (p,vo,vl) L0+ ot 4w ) +f(f (r w? wl) 00 4+ w0 ol —|—w1) , >

vt w ,vl—i-w

or
F(f (pﬂfowl) +f(7“,w0,w1) 0+ w0, ol —i—wl)
= T(f(pwo,vl)ﬂfo‘i‘wo’vl-i-w)—i—f(f(rw wl),vo—i-wo,vl—i-wl).

For fixed v9, v', w®

,w', this is a Cauchy equation
?(x—i—y,vo —i—wo,vl —|—w1) :?(x,vo —i—wo,vl —|—w1) —i—?(y,vo—l—wo,vl —|—w1) ,

which implies f (J:, W) 4+ w0, vt + wl) =zxD (UO +w?, vl + wl) for some function D. Therefore
f (p7 U07U1) = D(w0T) =W (Ul, UO) p.
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A.3.2 Sketch of proof of Theorem B.3

For the theorem to hold we must have

1
%% (vl, UO) H (;é—ﬂ) =aK (vl,vo) J (1) + b° + et (A.24)

because the quasilinear representation of the factor antithesis formula must be a linear transfor-
mation of B (t (7‘(‘, vl UO)) =B (i, vl UO) ,where B defines the original formula and t is the

v
0

factor reversal function. First, putting v* = v = v and 7 = 1, equation (A.24) becomes

0= (b+c)v,

so that b = —c. Then, using this and putting 7 = 1, (A.24) becomes

w (vl,vo) H (Z—;) =c (vl — UO) ,
and as H (1) =0,
%4 (vl, UO) H(1)=0,
by Lemmas 5.10 and 5.15 the index corresponding to b (7‘(‘, vl UO) =W (vl, UO) H (7) is normed

and ¢ b (7‘(‘, ot UO) =c W (vl, UO) H (7) is the unique normed decomposition function corre-

sponding to it. We may therefore, without loss of generality, assume that ¢ = 1 and W (vl, UO) =
;’;(;U_E’O). Therefore the equation (A.24) may be written as

1
%% (vl,vo) H (2}%—7‘(‘) =ovt — 0¥ +aK (vl,vo) J (7).

Putting m = z—é gives

1
0=0v! -0 +aK (vl,vo) J (%) ,
so that by Lemmas 5.10 and 5.15 the factor antithesis index is also normed, and we may without

loss of generality assume that a = —1 and concentrate on the unique normed decomposition

function corresponding to the factor antithesis index, so that K (vl, UO) = ﬁ The functional
20

equation (A.24) becomes
1,0 v! 1 0 1,0
W(v U )H(m> =v —v —K(v U )J(7r),
or, if one wishes to emphasize the decomposition interpretation,

1
W (v',0%) H (;é—ﬂ) + K (v',0%) J (7) = o' =", (A.25)
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So, both indices are of the normed, or weighted relative change type. It was shown above in
Lemma 6.22 that the only mean-based decomposition satisfying J = H is the Montgomery—
Vartia one with J = log. It is clear that the argument may easily be extended to cover weighted
relative change indices such as we are dealing with here. If J = H and thus W = K we have

W (v*,2?) [H (“—1> + J(W)] =l =9,

07

which divided by W (vl, UO) becomes

n(2) o= (2),

which clearly implies H () = hlogxz and normedness of the indicator of relative change H
implies h = 1. Actually, as was shown the proof of the Cauchy equation above, it suffices to
require that J = H on some interval to imply that H = log = J.

Assume now that there is no interval such that J = H. Putting v' = v
(A.25) implies H (7~ 1) = —J (7).

0 = v equation

1,0 H( X
Dividing equation (A.25) by W (v',v%) and noting that fv((zlzoz = J((;f; it becomes

1
() -2
VT
v 1

Putting z = v—(l, and y =7"",

H (ey)+ 2 1 (1) = 1 (@),

J ()
using H (7~1) = —J (m) this becomes
H(ay) ~ L H () = H (2)
H (ay) = 1;[ ((xx)) H(y)+H (x). (A.26)
Exchanging x and y this implies
H (o) = S0 )+ H (1)

and combining the two equations yields

J ()

Hy)+Hw) = 2D @)+ 1 (),
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v 580) o (- 58)

H(z) _  H(y)

(1-58) (-3)
J(z) J(y)
when H (x) # J (), H (y) # J (y), and by assumption there are no intervals such that H (z) =

J (x). This means that there is some open interval on which this holds. The above equation
implies

or

which implies

H (z)
= 0
I
J(z)
for some constant o and therefore
_ aH(x)
(@)= a—H(z)’
and
H(x) | H)
J () a

Substituting this into (A.26) gives

H(xy):(l——

or

which is equivalent to

1—H(xy):(1—m> (1—M>.

(&% (&%

Denoting G (z) = 1 — ==, or H () = a (G (x) — 1) this becomes the Cauchy equation

G (zy) = G (z) G (y),

with the only continuous solutions G (z) = z¢ for some d. Therefore H (z) = o (2% — 1) which
is a normed indicator of relative change iff o = 5.

It has been noted above that for H (x) = log x the corresponding index is the Montgomery—
Vartia index and therefore H (z) = log x is a solution to the problem. To prove that the functions
H (x;d) = 5 (24 — 1) are solutions simple substitution suffices.
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A.4 Chapter 8

A.4.1 Proof of Theorem 8.2
To prove the result for the first family, note that, dropping the explicit mention of the parameters

(ap, a, B) and adopting the notation H (p—i) = (h1 (p—l) yeees By (p—")), for k > 1,

Py Po Po

s = 30(a(2)) o ((3)) ()

L1 i \i-r
= e G (1 () ) ().
r Do Do
from which we may solve

_ oy e ek (D)
w(m() - e 0
Loty Ok (B)DRPE
Po (p) C(ﬁ) h% (g_g)
wy, (P)
prh, (Z—’S)

where the value share wy (p) = % by Shephard’s lemma. The change in ¢(p)" may be

= oy "e(®)

i

decomposed as follows:

) — e = () (p_1>r — ()" 9 (p_S)T
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Using the exactness of part of the quadratic approximation lemma and equation (A.27) this
becomes

k=1 Ny, p
S G G - ()
+ 0 D) 2 g (TR ) —hg [
ZTC(p)kZhL(%) ) n k ! B0
bo

Dividing this by ¢ (50)7“ and subtracting 1 from both sides we get

] - ] E e () ()]

manipulating this,
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=1
from which, solving for ZE%% we get

n =0
1+ %r > wi (B)
k=1

This implies that the formula

c(ﬁl):(@>
c(P’) \rb 1_;7«2@?[@(%)—%(2—)]

1 =0 =1 =0 ptl) k=L P
f(5757a7a):(_0> 10 1 1 0
e S ICIRE
1h/< ) AN kA

Po

is exact for these preferences and therefore superlative.

A.4.2 Proof of Theorem 8.3

177

Again, dropping the explicit mention of the parameters (ag,a,B) and adopting the notation

H (g—g) — (m (g—;) o B (g—g)) for k > 1,

g o ()4 (3)

so that

o (1(2) -

where the value share wy, (p) = %

quadratic approximation lemma for quadratic functions and the above equation

log c (ﬁl) —logc (ﬁo)

p! p!
= tospl—tomst v 6 (1 (%) ) - (1 (%))
0 0

which gives the result.

by Shephard’s lemma. Again, using the exactness of the
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A.5 Chapter 9
A.5.1 Proof of Theorem 9.4
In our representation, the set of points where all prices and quantities are unchanged is
X={(1,22,22) [v2 € Ryy}
. Simple but tedious calculations show that for the Tornqvist index
- 1 ZT; X
log g1 (x1, ..., %) = Zlé 2 4+ B |logay, (A.28)

n n
Do Tja Y Tjo
j=1 j=1

the following holds in the points where prices and quantities have not changed (the subscript n
denoting the number of commodities has been dropped for simplicity):

gh (%1, .0 %) = 1,
gaT:m (X1y ey Xp) = fm ,
129612
ggkz (X1y ey Xp) = ggkg (X1,...yXp) =0,
2
ggkl’wkl (X1, 00y Xp) = nxk2 S — 5k2 7
(lzlxﬂ) ’L;ng
9r o (X1y ey Xn) = T2 T2 4k,
> Tiz ) Tid
=1 =1
ggkl’m (X1y 0oy Xp) = ggkl@k?) (X150 Xp) =
ggkl’wlz (X1y 0oy Xp) = ggkl,wzg (X150 Xp) =

ggkz,m (X1, ey Xn)
g:{m’wlz (X1, eey X))
)

T
Iaiz,m13 (Xl’ o Xn

=0

for all (x1,...,x5n) = ((1, 212, %12) , ..., (1, T2, Tn2)) -

= ggkg,wkg (X1,...,%Xpn) =0,

ggks,lizg (%1, ---7Xn) =0,1l#k,

(A.29)
> Tj2
7k
n 2
2 (Zxﬂ)
i=1
X
_%J 7é k?
2 (Zxﬂ)
i=1
(A.30)

Because our index number is weakly proportional the function B is linear homogeneous in
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the last two arguments. Thus if x; = (1, z;2, x;2) for all 7 :

X1 0F ... 0O Xy, = B! <ZB (1,3?1'2,331'2))
i=1
n n n n
B! <B <17Z$¢27Z$i2>> = <17in27zxi2> ;
=1 =1 =1 =1

so that any weakly proportional quasilinear index has the value unity whenever all prices and
quantities are unchanged. Define the function b = (B_l)1 so that

3

b(b (21,22, 73) , w2, 3) = 1. (A.31)
Differentiating with respect to x1 gives
by (b(z1, 72, 23), 02, 23) by (71,79, 73) = 1. (A.32)
Note that because b is linear homogeneous in zs and x3 we have
b(x1, w2, x3) = by (21, T2, T3) T2 + b3 (x1, T2, x3) T3.

Differentiating this with respect to x; gives

bi (z1,22,23) = ba1 (x1, 22, 23) T2 + b3y (21, T2, T3) 23
= bia (21, 22, 23) X2 + b1 (21, T2, T3) T3,
so that by is also linear homogeneous in x5 and x3. Differentiating this again with respect to x;

gives the result that also b1y is linear homogeneous in x5 and x3.
In any point x = (1, x2,z2) (A.32) becomes

51 (b (1,332, .TQ) y L2, x?) bl (1,332,3?2) = 51 (b (1,332,3?2) ,.TQ,.TQ) .Tle (17 17 1)

- bl (b (1,332,3?2) ,.TQ,.TQ) CTy = 17

so that by (b (1,29, 2), 22, 29) = =, .where ¢ = by (1,1,1). The partial derivative of the index

cra’
number with respect to xx; in any point

(Xl, ...,Xn) = ((1, 12, 3?12) g eney (1, Tn2, $n2))

is (using linear homogeneity)

n n n
by (Zb (17%27%2)72%2729&'2) b1 (1, xx2, Tr2)
i=1 =1 =1
_ n n n n T
= b (b (172%2729&1’2) 72961'272961'2) CTr2 = —, 2
=1 i1 =1 =1

T2
i=1

as required.
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Differentiating (A.31) with respect to xo and setting x = (1, x2, x2) gives

bl (b (1,332,3?2) ,.TQ,.TQ) b2 (1,3?2,3?2) +52 (b (1,3?2,3?2) ,.TQ,.TQ) =0.

Because b is linear homogeneous in z2 and 3 by Euler’s formula b2 (1,2, x3) is homogeneous
of degree zero in x2 and x3. Thus the above expression becomes

51 (b (1,3?2,3?2) ,3?2,3?2) bs (1,3?2,3?2) +52 (b (1,3?2,3?2) ,3?2,3?2)

= b (b (1,.%‘2,.%‘2) ,.%‘2,.%‘2) b (1, 1, 1) +52 (b (1,.%‘2,.%‘2) , .%‘2,.%‘2) =0.

The partial derivative of the index with respect to a3 in any point

(Xl, ...,Xn) = ((1, 12, 3?12) g eney (1, Tn2, $n2))
is
_ n n n _ n n n
b1 (Zb (1, @iz, wi2) , > _wia, Z%z) ba (1, wh2, Tk2) + b2 (Zb (1, @iz, wi2) , Y _wia, Z%z)
i=1 | =1 =1 =

= b (b (Linz, sz2> ,Zﬂm,zl‘iz) by (1,1,1)
=1 i1 =1 =1
+bo (b (1,Z$i2,zxi2> ,Zﬂm, Zw‘a)
=1 =1 =1 =1

= 0,

as required. The proof for xyg3 is similar.

Thus we have established that any weakly proportional quasilinear index differentially ap-
proximates the Tornqvist index to the first order.

Differentiating (A.31) twice w.r.t. x; and setting x = (1, x2, x2) gives

511 (b (1,3?2,3?2) ,.TQ,.TQ) bl (17 2, .T2)2 +51 (b (1,3?2,3?2) ,.TQ,.TQ) bll (1,3?2,3?2)

_ _ by (1,1,1
= bll (b (1,3?2,3?2) ,.TQ,.TQ) (Cx2)2 + bl (b (1,3?2,3?2) ,.TQ,.TQ) C.TQ%

b1 (1,1,1)
C

= bun (b(L w2, 22) , w2, 22) (cx2)” + =0,

or

_ by (1,1,1
bi1 (b (1,22, 22) , Ta, 22) (c2)” = —%-

This follows using the above result by (b (1, 72, 3) , 2, x3) by (71, T2, £3) = 1, linear homogeneity

of by and b11, and denoting b1 (1,1,1) = ¢. Differentiating the index with respect to x; twice,
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setting (x1, ...,%X,) = ((1, x12,212) , ..., (1, Tn2, Tn2)) and using the above results gives
n n n n
b11 (b (172%272%2) 72961'272961'2) (cha)’
i=1 i=1 i=1 i=1

n n n n
+by (b (17 Z%%Z%z) 72961'272961'2) bi1 (1, k2, Tk2)
=1 =1 =1 =1

b (1,1,1)  ag, N bin (1,1,1) xpo
c 2 c n ’
( xi2> 'leﬂ
. =

2
which is equal to n% 5 — —=22-if and only if w = —1 as required.
( Z :Cm) 21557,'2
=1 =

Differentiating the index w.r.t.. x5 and then w.r.t.. x1, setting

s
I

(Xl, ...,Xn) = ((1, 12, 3?12) g eney (1, Tn2, $n2))

and using the above results gives

511 (b (1, Zxﬂ, Zxﬂ) ,ing, Zxﬂ) (C.Z‘kQ) (C.%‘ZQ) (A33)
=1 =1 =1 =1

b (1,1,1)  mpompo

c n 2
Zl‘iz
i=1

(xn’“ﬂ” 5 iff b“(lc’l’l) = —1. Differentiating (A.32) with respect to za, setting
Zfl?iQ)
=1

x = (1,x9,x2) , using the degree zero homogeneity of be gives

which is equal to

@11 (b (17 x2, 3?2) » L2, 3?2) ba (1,3?2,3?2) +512 (b (17 x2, 3?2) y L2, 3?2)] b1 (1,3?2,3?2)
+51 (b (1,3?2,3?2) ,.TQ,.TQ) b12 (1,3?2,3?2)
b2 (1,1, 1)

— @11 (b (17 €2, .TQ) , L2, .TQ) b2 (17 17 1) + 512 (b (17 x2, .TQ) , L2, x?)] cro + g

= 0.
The last result is due to the fact that as by is linear homogeneous in x2 and x3 b2 (1, x2, x3) is
homogeneous of degree zero in x and x3.

Differentiating the index w.r.t.. xz; and then w.r.t.. xzs, setting

(Xl, ceey Xn) = ((1, 12, .%‘12) g eey (1, Tn2, .%‘n2)) s
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and using the above results gives

b11 (b (17 > Tig, Z%’z) . YT, Z%’z) by (1,1,1)
=1 =1 =1 =1

_ n n n n CTL2
+b12 (b (17 > Tia, Zl‘i2> . 2T, Z%’z)
=1 =1 =1 =1
bis (1,1, 1
L (n )
sziQ
i=1
> Tj2
Cbip(1,1,1) biz (1,1,1) _ bia(1,1,1) jzk

2 n - 29
C n C n
(Z%’z) Cﬁ;x’? (Zf%z)
i=1 - i=
> Tj2

j . 1,1,1 . .
ik iff biaLLD) _ 1 5 required. The proof for xp, and 3 is similar.

<£:I12> c 2

Differentiating the index w.r.t.. xx1 and then w.r.t.. x, setting

which equals

(Xl, ...,Xn) = ((1, 12, 3?12) g eney (1, Tn2, $n2))

and using the above results gives

b1y (b (17 > Tio, Zl‘i2> , 2 Ti2, Zl‘ﬂ) ba (1,1,1)
=1 =1

+b12 (b (17 > xio, Zl‘i2> . DT, Z%’z)
=1 izl i=1 =1

_b12 (17 17 1) T2

c n 2
Zl‘iz
i=1
. . 1,1,1 D
which equals ——2:2— iff bia(L.LY) _ % The proof for x,; and x;3 is similar.

G
Differentiating (A.31) with respect to xy twice, setting x = (1,x2,x2) , and using the fact
that bes must be homogeneous of degree -1 in x5 and x3 and the above results gives

CTL2

[_ (b(1,29,72) ,T2,72) by (1,29, T2) + b1a (b (1, 22, 72) , T, 22)]b2 (1, 22, T2)
+b1 (b(1,29,22) , T2, 72) bag (1,22, T2) + bay (b (1,22, T2) , 2, T2) by (1, T2, 22)
+bo2 (b (1,2, 2) , T2, T2)
= b11( (1,9, x9) , 22, 22) by (1,1,1)% + 2b1g (b (1, 29, 22) , w2, ¥2) by (1,1, 1)
22 (1, 1 1)

2

+baa (b (1,22, 72) , T2, 72)
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Differentiating the index w.r.t.. xxo twice, setting x; = (1, x;2, z42) for all ¢ and using the above

results gives

(Lixz%ix > sz27zx12> b2 17171)
+2b15 (b (1, > @i, Zm) Zm, Zm) b (1,1,1)
(1,1

=1 =1
by (1,1,1)
+— oo 296127 Zl‘zz 72%‘27 Zl‘iz
c (Zxﬂ) Tk2 i=1 i=1
i=1
> T2

boo (1,1,1) by (1,1 1) b (LL1)

J#k
(B (i)

n 2 ’
(23512) Tk2
i=1
This is zero iff bye (1,1,1) = 0. The proof for x5 is similar.
Differentiating the index w.r.t.. xx2 and then w.r.t.. xj, setting

(Xl, ...,Xn) = ((1, 12, 3?12) g eney (1, Tn2, $n2))

and using the above results gives
n n n n
1 (b (172%272%2) 72961'272961'2) by (1,1,1)
=1 =1 =1 =1
_ n n n n
+2b19 (b (172%272%2) 7in27zxi2> by (1,1,1)
i—1 =1 =1
n n n
+bag (b (17 T2, 29612) 72961'272961'2)
i—1 =1 =1
1

22 (1,1,1
n

(Z>'

But this is equal to zero iff beg (1,1,1) = 0. Again, the proof for xy3 and x;3 is similar.
Differentiating (A.31) with respect to xe and then with respect to xs, setting x = (1, za, x2)
, using the above results gives
[b11 (b(1,22,22) , T2, 22) b3 (1,72, 2) + brz (b (1, 2, T2) , 22, T2)]b2 (1, 72, T2)
+b1 (b (17 z2, 3?2) y L2, 3?2) bas (17 z2, 3?2) + 21 (b (17 x2, 3?2) y L2, 3?2) bs (17 z2, 3?2)
+bog (b (1, T2, xz) , T2, .T2)
= b1 (b(1,22,72),22,22) ba (1,1,1) b3 (1,1,1) + b3 (b (1, 22, 72) , ¥2, 72)]b2 (1,1, 1)
bos (1,1, 1
M + b12 (b (17 T2, x2) , L2, x2) b3 (17 17 1)
cx3
+523 (b (17 X2, .TQ) , L2, .TQ)
= 0.

M:

1

"’ )
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Differentiating the index w.r.t. xpo and then w.r.t. xz3 , setting

(Xl, ...,Xn) = ((1, 12, .73‘12) g eney (1, Tn2, $n2))

and using the above results gives

1 <b <17in27zxi2> 72961'27 29612) by (1,1,1)b3(1,1,1)
=1 =1 -1 =

+513 <b

=1 i=1

< 1272%2) Z%%Z%z) b3 (1,1,1)
< Ti2, Zxﬂ) 7in27 Zxﬂ)

— =1 =1
bas (1L1,1) by (1,1,1)

27
n
c (Zxﬂ) L2 c inQ
i=1 i=1

which is zero iff by3 (1,1,1) = 0.
Differentiating the index w.r.t.. xz and then w.r.t.. x;3, setting

(Xl, ...,Xn) = ((1, T12, .73‘12) g oney (1, Tn2, .TnQ))

and using the above results gives

! <b (1, imim) imim) by (1,1,1) b3 (1,1,1)
+b13 <b (1, ing ixﬂ) ing ix,2> by (1,1,1)
(o150 $) e )

3111)

o)

which is zero iff by3 (1,1,1) = 0. This completes the proof.

T M:

=1 C (Zx12> Tk2

184
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A.5.2 Proof of Theorem 9.5

Let b(x1,x2,23) give the unique normed decomposition that defines the normed index number
formula. Normedness was defined by

b(1,z9,23) = 0and
z3
b (—,xg,x;;) = I3 — T2.

Z2

Differentiating the first expression w.r.t. xo and x3 gives
by (1,22, 23) = b3 (1,22, 23) =0,
which in turn implies that
baz (1,2, 23) = baz (1,2, 23) = b3z (1,22, 23) =0

as required by the previous theorem. Differentiating the second expression w.r.t. xo gives

_.Z‘_gbl (E,xg,.Tg) + bs (E,xg,x;;) =—1, (A.34)
.%‘2 ) i)
implying that
1
_x_bl (1,29, 22) 4+ b2 (1,22, 22) = —b1 (1,1,1) = —1,
2

so that b1 (1,1,1) = 1,because bs (1,2, z2) = 0 and by was seen above to be linear homogeneous
in 2 and x3. Differentiating (A.34) w.r.t. x3 and setting x2 = x3 gives

1 1 1 1
—?ln (1,22, x2) — x—%bn (1,22, 22) + x_2b13 (1,22, 22) — x_2b12 (1,22, x2) + baz (1, x4Ax3))

2
1 1
- T — _bll (17 17 1) = 07 (A36)
i) i)

giving b1; (1,1,1) = =1 = —b1(1,1,1) as required. The last expression is arrived at by using
the fact that by and b;; are linear homogeneous in z2 and 3, the fact that b; (1,1,1) = 1, in
addition to the assumption b1s (1,1,1) = by3(1,1,1) which by zeroth degree homogeneity (see
previous theorem) implies bi2 (1, z2, x2) = b13 (1,22, x2) . Differentiating (A.34) w.r.t. z2 and
setting xo = x3 gives

1 1 1
2—b1 (1,22, 72) + —5b11 (1, w2, 22) — 2—b12 (1,22, T2) + ba2 (1, 72, T2)
= o (L L) 4 S (L L) — 2 b (1,1,1)
- Lo 1 PR} o 11 ) o 12 PR}
1

1
= _2_b12 (17171) :07
i) T2

or b2 (1,1,1) = %, noting that b1o was seen to be homogeneous of degree zero w.r.t. xo and x3.
By assumption b1z (1,1,1) =b12(1,1,1) = % as required.
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A.5.3 Proof of Theorem 9.6

Let g(xl,xz,xg) = b(z1,x2,23) — b (ﬁ;,xg,xg) . First, it was noted before that any weakly
proportional quasilinear index has the value 1 when all prices and quantities are unchanged.
Thus the level of the functions coincide in that point. Differentiating w.r.t.. x; gives

e T3 T3
by (w1, 22, w3) = by (21,72, 73) + b1 | ——, @2, 73 | —5—,
12 .Z‘l.%‘Q

setting x = (1,1, 1) gives
by (1,1,1) = 2b; (1,1,1).
Differentiating again w.r.t.. x; gives

by (1, 22, 23)

2
z3 z3 z3 z3

= by (z1,22,23) — b1y | ——, 72,73 5 —2by | ——, 72,73 | —5—,
L1 TiT2 L1 TiT2

by (1,1,1) = by (1,1,1) —byg (1,1,1) — 20y (1,1,1)
= —925,(1,1,1), (A.37)

implying

as required. The cross derivative w.r.t.. x7 and xy is

ba (1, T2, 3)

2
T3 X3 T3 xrs3
= bia(v1,22,73) — b1 ( ——, 22,73 | —3°3 + b2 | ——, 72,73 | —
L1x2 T T1T2 T
L3 L3
_bl X2, X3 | T35 5,
T1T2 T1Ty

512 (1,1,1) = b12(1,1,1) = b11(1,1,1) + b12(1,1,1) — by (1,1, 1)
= 2b12(1,1,1),

so that

because we assumed that by (1,1,1) = —b11 (1,1,1). As we also assumed that b1z (1,1,1) =
%bl (1,1,1), the result is as required. The cross derivative w.r.t.. x1 and 3 is

513 (951, T2, xs)

T3 T3 T3 T3
= biz(v1,22,23) + b ( ——, 22,23 | 55 + bz | ——, 72,73 | —
12 xryxT 12

172 L1L2
T3 1
+b1 , L2, T3 P )
T1T2 .Z‘l.%‘Q

so that

bi3(1,1,1) = big(1,1,1) + b1y (1,1,1) 4+ big (1,1,1) + by (1,1,1)
= 2b13(1,1,1),
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because we assumed that by (1,1,1) = —by1 (1,1,1). As we also assumed that bi3(1,1,1) =
%bl (1,1,1), the result is as required. As we also assumed that by3(1,1,1) = %bl (1,1,1), the
result is as required. The second-order partial derivative w.r.t.. xo is

boo (1, 9, 3)

.T2

- b22 (x17x27x3)_b11 , L2, T3 5 4
129 z3as

T3 T3 T3 T3
+b12 | ——, T2, T3 5 — 201 | ——, %2, 3 3
T1T2 T1x5 T1T2 T1Ty

T3 T3 T3
+b21 —,12,73 5 b22 —,X2,X3 |,
r1T2 T1T5 12

keeping in mind the assumption that b33 (1, 2, x2) = 0 this implies

bas (1, 2, 2)
= —bn (1, T2, xz) x2_2 + 2b12 (1, T2, xz) x2_1 — 2b1 (1, T2, xz) .T2_2.
It was shown above that b; (1,x9, x3) and b1 (1, x2,23) are linear homogeneous in z and 3.
The first one of these means, using Euler’s formula that bi2(1, z2, x3) is homogeneous of degree
zero in x9 and x3. Using these the equation becomes
bao (1, 29, z2)
= —biy (1,1,1) @yt + 2612 (1,1, 1) 25t — 26y (1,1, 1) 25 = 0,
because of the assumptions b; (1,1,1) = —b1; (1,1,1) and b12 (1,1,1) = %bl (1,1,1).

The second-order partial derivative w.r.t.. x3 is

basz (1,2, 23)

T3 1 T3 1
= bg3(v1,72,73) — b1 (| ——, 22,73 | 5 — bz | ——, 72,73
T1T2 T7T T1T2

1T5 T1T2

T3 1 T3
—b31 | ——, 22,73 — b3z | ——, 12,3
122 1T 12

keeping in mind the assumption that bss (
(

1, x9, x2) = 0 this implies
bas (1,2, x9) = —buy (1,29, 29) 752 — 2b13 (1, 29, 22) 25

As above, b1y (1,22,23) and b13(1, x2, x3) is homogeneous of degree one and zero in x2 and x3,
respectively. Using this the equation becomes

533 (1,2, 22) = —b11 (1,1,1) x2_1 —2b13(1,1,1) x2_1 =0,
because of the assumptions that by (1,1,1) = —b1; (1,1,1) and b3 (1,1,1) = %bl (1,1,1). Finally,
similarly, the cross derivative w.r.t.. x3 and x3 yields the equation
523 (21,72, 73)

= b (1, To, .%‘2) .1‘2_2 + b13 (1, To, .%‘2) .1‘2_1 + b1 (1, To, .%‘2) .1‘2_2 — by (1, T2, .%‘2) .1‘2_1

= b (L, L, D)oyt +bi3 (1,1, D)oyt + b1 (1,1, 1) oyt — bia (1,1,1) 2yt

= 0.

This completes the proof.
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A.5.4 Proof of Theorem 9.7

As it was already noted that normedness is preserved under rectification we need only to show
that for a rectified normed formula b1z (1,1,1) = b13 (1,1,1) . The unique normed decomposition
that defines the rectified formula is

~ 1 1 T
b(xl,xQ,xg) = 51)(.%‘1,.%‘2,.%‘3) + 5 |:.%‘3 —29—0b (F;,x%xg)] , (A38)

which implies that

~ 1 1

b2 (1,1,1) = b12(1,1,1) — §b1 (1,1,1) — §b11 (1,1,1)
and

~ 1 1

bi (1,1,1) = bus (1,1, 1) + b (1,1,1) + 5bur (1,1,1).

Subtracting the first equation from the second gives

b1 (1,1,1) = b2 (1,1,1)
=—b (1, 1, 1) —b11 (1, 1, 1) + b13 (1, 1, 1) —b1o (1, 1, 1) =0

by equation (A.35).

A.5.5 Proof of Theorem 9.8

Let b(x1, 2, x3) be the unique normed decomposition that defines the formula. As the decom-
position is normed b (1, z2,x3) = 0. As the formula also satisfies time reversal, by Theorem 5.7
we have b (xl_l,xg,m) = —b(x1,x2,23) + ¢ (22 + x3) which implies

b(1,x3,22) = —=b(1,22,23) + c(v2 + x3) =0,
or ¢ = 0. Therefore it is holds that
b2t 23, 22) = —b (21, 2, 23) .

Differentiating the above equation on both sides w.r.t. x; gives

1 _
x_%bl (z1!, 23, 22) = by (21,22, 23)

which implies
b1 (1,23, 22) = b1 (1,22, 23) .
Differentiating this w.r.t. x3 gives
biz (1, x3, x2) = b3 (1, 2, 73),

so that by Theorem 9.5 the formula is TPS.
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A.5.6 Proof of Theorem 9.10
Note that

de(p,u)
Opk
wy (p,u) = —2—— A.39
o) =~ (p,u) (439
is clearly homogeneous of degree zero in prices and v (p, V') is homogeneous of degree zero in
prices and incomes. Denote now p! = d~!'p! and V! = d~'V!. The degree-zero homogeneity of
v implies that

= ((@}pg)% e ) (7170) ) () =

Now we use Theorem 9.2 for the transformed variables p' and V!to get

loge (p',u*) —loge (p’u*) = logd+loge (p',u*) —loge (p°,u*)

2 ~
_~  logd+log fn (B'p%,a,d”) = logfn (P’ a',q’).
log pl=log p°

log V1=log VO

By Lemma 7.3 this implies the result.

A.5.7 Proof of Theorem 9.11

The situation with prices and incomes having changed proportionally obviously translates to
the price-quantity situation with prices changed proportionally and quantities unchanged. In
the price-relative-value-coordinates this is represented as (A, v, \v) with A the factor of propor-
tionality.

As the Tornqvist formula is linear homogeneous in x;; and homogeneous of degree zero in xyo
and xx3 the derivatives in any point where prices have changed proportionally and quantities
have not changed are easily obtained from the derivatives calculated in a point where prices
have not changed. Also, as the Térnqvist formula was shown to quadratically approximate
the theoretical index, the Tornqvist partial derivatives may be used to construct the partial
derivatives of the theoretical index. These are given in the left-hand column of the table below.
Next we show that the partial derivatives for a quasilinear index g defined by the function b
the corresponding partial derivatives are those given in the right-hand column of the table. The
conditions under which a quasilinear formula quadratically approximates the Toérnqvist formula
in the case of proportional price change and no quantity change are immediately given by this
table and clearly again concern the partial derivatives of b in the approximation point. It is seen
that any quasilinear index approximates the Tornqvist index linearly in the case of proportional
price change and no quantity change, while in general the quasilinear indices do not give a
quadratic approximation. While this is of some interest in itself, it does not directly prove that
TPS quasilinear indices will not in general approximate the true index in these points, as the
restrictions implied by utility theory might make the indices approximate the Tornqvist index
for the restricted variables even though they this is not the case for freely varying prices and
quantities. Below, we show using a counterexample that this is not so. The partial derivatives
(dropping explicit mention of the arguments) are given in this table:
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g; = A
_ _Tk2
9210 = 1
Tigs = gm, 0
T _ :Ck2 Tk2
Jzp1,261 = n
Z 557,2 _Z:la:iz
gwkl)wll =
Z Ti2 Z Ti2
_ 3
g$k1,$k2 - "/ n N2
(i)
=1
1 §k$j2
T o\ J
Izy1,ak3 = A n 2
2<ZI7;2>
=1
_ T2
L n 271 7& k
2<ZI7;2>
1=1
T _ -1 Tk2
Jzp1,213 = —A n A 7’5 k
2( Z IQ)
=1
Izpo,zr2 = 0
gil?kg,il?kg = O
Izpo,210 = 0
Yy ez = 0
Izraans =0
Izpo,213 = 0
for all

(X1, ey

190

g=A
Jo = T2
> o
=1
Gzre = Gzps 0
_ b\ T3y Tk
Jzp1,21 — — c(\) n 2 n
<Z;E12> ZwiQ
i=1 =1
_ b1y | = x
Gapr,a1 = c(X) nkz n = 7l 7& k
Do mi2 Y, T2
=1 =1
xi2
_ bW _iF
g1, zhe = c(\) n 2
(o
=1
2
_ bis(ALD) 2
gl’khl’ks - c(N) n
(£ )
— _b12(>‘)1)>‘) T2
vgfckl)le - C()\) n
<m
=1
_ bhis(\1,N)
Jop,03 = — c(\) k
25512
_ baa( N1 j;ﬁk
Jzpo,ap0 = c(N) n 2
(Z%z) T2
=1
xi2
_ bssMLN) Ak
gl’kg,l’ks - c(N) n 2
(Za:g) Ty
boo (A, 1,A
gickg,fclg = - (n ) 27l 7é k
(W £z
_ b3z (A, 1,A
gickg,fclg - (n ) 27l 7é k
(L)
=1
> xio
_ bas(A\ 1) ik
g$k2ﬂ?k3 - c(N) n
(Z:lwzz T2
i b23(>‘?1)>\)
Grpo,xi3 = — 29
(£ o2
=1

xn) = ((1,z12,%12) 5 ..y

,with ¢ (A) = b1 (A, 1, A) for the quasilinear index.

We now derive the partial derivatives given in the table.
proportional the function B is linear homogeneous in the last two arguments.

(17 Tn2, xn2))

Because the number is weakly
Thus if x; =
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()\, Ti2, )\.%‘12) for all 7 :

X1 OF ...0F X, = B! (ZB ()\, Tio, )\.%‘ﬂ)) (A40)

i—1
B! (B (%ixiz,)\im)) = (A,ixiQ,)\ixi2> ,
i—1 =1 i1 i1

so that any weakly proportional quasilinear index has the value A whenever all prices have
changed proportionally and quantities are unchanged. Define the function b = (B_l) | so that

b(b(z1,x2,x3),x2,73) = T1. (A.41)
Differentiating with respect to x1 gives
by (b (21,29, 23) , T2, 23) by (21,29, 23) = 1. (A.42)
Note that because b is linear homogeneous in zs and x3 we have
b(x1, w2, x3) = ba (21, T2, T3) T2 + b3 (x1, T2, x3) T3.

Differentiating this with respect to x; gives

bi (z1,22,23) = ba1 (x1, 22, 23) T2 + b3y (21, T2, T3) 23

= big (21, 22, x3) T2 + b1z (21, T2, T3) X3,

so that by is also linear homogeneous in x5 and x3. Differentiating this again with respect to x;
gives the result that also b1y is linear homogeneous in x5 and x3.
In any point x = (A, x2, Aza) (A.42) becomes

51 (b ()\, T, )\.TQ) s L, )\.TQ) b1 ()\, T, )\.TQ)
= 51 (b ()\, .%‘2,)\.%‘2),.%‘2,)\.%‘2) .Z‘le ()\,1,)\)
= 51 (b ()\, .%‘2,)\.%‘2),.%‘2,)\.%‘2)0()\) T = 1,

so that by (b(1, 29, 72) , T2, 12) = m, .where ¢ (\) = b1 (A, 1, A). The partial derivative of the
index number with respect to xx; in any point

(Xl, ...,Xn) = (()\, T12, )\.%‘12) g eney ()\, Tn2, )\.%‘7,2))

is (using linear homogeneity)

by (Zb (A, iz, Axso), le‘m )\lei2> b1 (A, k2, ATk2)
i=1 - i—

= b (b ()\, ixiz,)\imz) ,ixi%)\ixﬂ) Trac (A) = fm )
i=1 i=1 i=1 i=1 > x40
i=1
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as required.
Differentiating (A.41) with respect to x9 and setting x = (A, x2, Aza) gives

by (b (N, z2, Ax2) , T2, Ax2) b2 (A, T2, Ax2) + by (b (N, z2, A\x2), T2, Ax2) = 0.

Because b is linear homogeneous in z2 and 3 by Euler’s formula b2 (1,2, x3) is homogeneous
of degree zero in x2 and x3. Thus the above expression becomes

51 (b ()\, T2, )\.TQ) , L2, )\.TQ) b2 ()\, o, )\.1‘2) + 52 (b ()\, T, )\.TQ) , L2, )\.TQ)
= 51 (b ()\,.TQ, )\.TQ) , T2, )\.TQ) b ()\, 1, )\) +52 (b ()\,.TQ, )\.TQ) , T2, )\.TQ) =0.

The partial derivative of the index with respect to xxe in any point
(Xl, ...,Xn) = (()\, T12, )\.%‘12) g oney ()\, Tn2, )\.%‘7,2))

is
51 (Zb (A, 2, )\xiz) , inz, )\Zxﬂ) b2 (A, T2, )\ku)
i—1 i—1 i—1
+bo (Zb (A, T2, Aio) Zl‘m )\Zxﬂ)
i1 =1 i1

= 51 (b ()\, ixﬂ, )\i%‘ﬂ) ,ixﬂ, )\ifoQ) b2 ()\, 1, )\)
=1 =1 i=1 =1
+bs (b <)\7Z$i27)\zxi2> 72961'27)\2961'2)
=1 =1 =1 i=1

= 0,

as required. The proof for xyg3 is similar.

Thus we have established that any weakly proportional quasilinear index differentially ap-
proximates the Tornqvist index to the first order when prices have changed proportionally and
quantities are unchanged. Differentiating (A.41) twice w.r.t. x; and setting x = (A, x2, Aza)
gives

511 (b ()\7 z2, )\.TQ) s L2, )\.TQ) bl ()\7 z2, )\.T2)2
+51 (b ()\, T, )\.TQ) s L, )\.TQ) b11 ()\, T, )\.TQ)
= Du1 (b(\, @2, Aza) , T2, Aza) [c () x2]?
- b1 (A, 1, A
+b1 (b ()\, T, )\.TQ) s L, )\.TQ) C ()\) .1‘2%)\))

- b (M, 1, A
= b11 (b ()\,.TQ, )\.TQ) , L, )\.TQ) [C ()\) .1‘2]2 + M

Y

or

511 (b ()\7 X2, )\.TQ) s L2, )\.TQ) [C ()\) x2]2 = -
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This follows using the above result by (b (1, 72, 23) , 2, x3) by (71, T2, £3) = 1, linear homogeneity
of by and b11, and denoting b (A, 1, A\) = ¢ (). Differentiating the index with respect to x; twice,
setting

(Xl, ...,Xn) = (()\, T12, )\.1‘12) g eney ()\, Tn2, )\xn2))

and using the above results gives

b1y (b (%me )\Zxﬂ) 72961'27)\2961'2) [c(\) zpo)?
i1 im1 i1 i1

+by (b <)\7 Zl‘m )\Zl‘i2> 72961'27 )\Zxﬂ) bi1 (A, g2, ATk2)
i1 i1 i=1 i=1

b (A 1L A) Thy bin (A1, A) g
n 2 A n ’
¢ (Zxﬂ) ¢} 2&%2
i=1 i=

biiALA)
ey = A

2
which is equal to A™* k2 Zk2 | if and only if
( Z :Cm) 21557,2
1=1 1=

Differentiating the index w.r.t.. xz; and then w.r.t.. x;1, setting

(Xl, ...,Xn) = (()\, T12, )\.1‘12) g eney ()\, Tn2, )\xn2))

and using the above results gives

b1 (b (%me )\Zxﬂ) 72961'27)\2961'2) (c(A) zk2) (¢ (A) 212)
i=1 i=1 i=1 i=1
b (ML) apem

which is equal to A7} (wn’“””)Q iff b“C(E\/G”\) = —A~L. Differentiating (A.32) with respect to z,
> T2
=1

setting x = (A, x2, Aza) , using the degree zero homogeneity of be gives
|: 511 (b ()\,_.TQ, )\.TQ) s L, )\.TQ) b2 ()\, T, )\.TQ)
+b12 (b ()\, T, )\.TQ) s L, )\.TQ)
+51 (b ()\, T, )\.TQ) s L, )\.TQ) b12 ()\, T, )\.TQ)
= @11 (b ()\, T, )\.TQ) s L, )\.TQ) b2 ()\, 1, )\) + 512 (b ()\, T, )\.TQ) sy L, )\.%‘2)] & ()\) i)
bia (A, 1, )
c(A) z2

:| bl ()\7 X2, )\.TQ)

= 0.

The last result is due to the fact that as by is linear homogeneous in 9 and 3 bia (1, xe, x3) is
homogeneous of degree zero in x2 and x3.
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Differentiating the index w.r.t.. xz; and then w.r.t.. xzs, setting
(Xl, ...,Xn) = (()\, T12, )\.%‘12) g eney ()\, Tn2, )\.%‘7,2))

and using the above results gives

b1y (b ()\7 > @i, )\Zl‘i2> , inm)\zl‘iz) by (A, 1, )
=1 =1 =1 =1

_ n n n n c ()‘) Lk2
+b12 (b ()\7 > Tia, )\ZOL‘&) ;D Ti2, )\ZOL‘&)
i=1 i=1 i=1 i=1
bia (A, 1, A
ZEY : )
c(A) Domi
i=1
b (WA g biz (A, 1, A)
C( ) n 2 n
($a) o 2o
i=1 i=
> Tj2
b (AWLA) A
a (A) no A\
)
i=1
2,792 bia(\ 1A
which equals —Z5— iff IQC((A’)’ ) — % The proof for x11 and x3 is similar.
2(£50)
Differentiating the index w.r.t.. xz; and then w.r.t.. x5, setting
(Xl, ...,Xn) = (()\, T12, )\.1‘12) g oney ()\, Tn2, )\xn2))
and using the above results gives
b1y (b ()\7 > Ti2, )\Zl‘i2> ; inm)\zl‘iz) ba (A, 1,0)
N e T N ¢ () 2r2
+b12 (b ()\7 > Tia, )\ZOL‘&) ;D Ti2, )\ZOL‘&)
i=1 i=1 i=1 i=1
b (AN wee
c(A) n 2
)
i=1
which equals ———%2— iff leEE\S”\) = % The proof for x; and x;3 is similar.

(i)

=1

Differentiating (A.41) with respect to xy twice, setting x = (A, z2, Az2) , and using the fact
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that bes must be homogeneous of degree -1 in x5 and x3 and the above results gives

Ell (b ()\, T, )\.TQ) s L, )\.TQ) b2 ()\, T, )\.TQ) + 512 (b ()\, T, )\.TQ) sy L, )\.%‘2)]1)2 ()\, T, )\.%‘2)
+51 (b ()\, T, )\.TQ) s L, )\.TQ) b22 ()\, T, )\.TQ) + 521 (b ()\, T, )\.TQ) sy L, )\.TQ) b2 ()\, T, )\.TQ)
—|—522 (b ()\, T2, )\.TQ) , T2, )\.TQ)
= 511 (b ()\, 9, )\.TQ) s L, )\.TQ) b2 ()\, 1, )\)2 + 2512 (b ()\, T, )\.TQ) s L, )\.TQ) b2 ()\, 1, )\)
+M + 522 (b ()\, T2, )\xQ) , T2, )\xz)
c(N) x5
=0

Differentiating the index w.r.t.. zx twice, setting x; = (\, xj2, Ax;2) for all i and using the above

results gives

b1y (b <)\7ixi27)\ixi2> ,iﬂm, )\ixﬂ) b (A, 1,\)?
=1 =1 =1 =1
—|—2512 (b ()\, ixﬂ, )\i%‘ﬂ) s ixﬂ, )\Z.T12> b2 ()\, 1, )\) +
=1 =1 i=1 i=1

bas (A, 1, \)
(M) (ilm) Za2

+bao (b ()\, Zxﬂ,)\Zxﬂ) 72961'27)\2961'2)
i—1 i—1 i1 i1

_ LY ALY
= 2_ b}

(M) (ilm) T2 () (ilm)

This is zero iff bye (A, 1, ) = 0. The proof for xys is similar.
Differentiating the index w.r.t.. xz and then w.r.t.. x;9, setting

> Tjo

i7k

¢(\) (il m) .

(Xl, ...,Xn) = (()\, T12, )\.%‘12) g oney ()\, Tn2, )\.%‘7,2))

and using the above results gives

b1y (b <)\, ixiz,)\ixﬂ) 7ixi27)\ixi2> b2 (A, 1,0)°
i—1 i—1 i1 i1

+2b12 (b <)\, ixiz,)\ixﬂ) 7ixi27)\ixi2> b (A, 1,0)
=1 =1 =1 =1
s <b (x,zxiz,Azxﬂ) ,zxiz,Azxﬂ)
=1 =1 =1 =1

b (ALY

But this is equal to zero iff baa (A, 1,\) = 0. The proof for xxs and x;3 are similar.
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Differentiating (A.41) with respect to xo and then with respect to x3, setting x = (\, z2, Ax2)
, using the above results gives

Ell (b ()\, 9, )\.TQ) s L2, )\.TQ) b3 ()\, T, )\.TQ) + 513 (b ()\, T, )\.TQ) sy L, )\.%‘2)]1)2 ()\, 9, )\.TQ)
+51 (b ()\, T2, )\.TQ) s L2, )\.TQ) b23 ()\, T2, )\.TQ) + 521 (b ()\, T2, )\.TQ) s L2, )\.TQ) b3 ()\, T2, )\.TQ)
+523 (b (\, x2, )\.TQ) , T2, )\.TQ)

= b1 (b(\, w2, A2) , 29, Ax2) b2 (N, 1, A) b3 (A, 1, A) + b13 (b (N, 22, A2) , 29, Aw2) ba (N, 1, \)

) 4 By (b (Ao, Aaa) 2, Aaa) bs (A, 1, \)

Differentiating the index w.r.t. xxo and then w.r.t. xxs , setting
(Xl, ...,Xn) = (()\, T12, )\.%‘12) g eney ()\, Tn2, )\.%‘7,2))

and using the above results gives

1 (b <)\7 ixﬂ’)\ixﬂ) 7ixi27)\ixi2> by (A, 1,A) b3 (A, 1,A)
i—1 i1

i1 i=1
+b13 (b <)\7in27)\in2> ,Zﬂm, )\Zxﬂ) by (A, 1, )
i—1 i—1 i=1 i=1
b23 ()‘7 17 )‘)
C()\) (Zxﬂ) Tk2
i=1

+512 (b <)\7 ixﬂ? )‘ixﬂ) 3 sz% )‘Zxﬂ) )‘7 17 )‘
=1

i=1 i=1 i=1 =1
o b23 ()‘7 17 )‘) b23 ()‘7 17 )‘)
o n o n 2
c(N) (lez> Ty c(N) (zx,2>
= =1
Zxﬂ

which is zero iff byz (A, 1,A) = 0.
Differentiating the index w.r.t.. xx and then w.r.t.. x;3, setting

(Xl, ...,Xn) = (()\, T12, )\.%‘12) g eney ()\, Tn2, )\.%‘7,2))
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and using the above results gives

511 (b ()\, ixﬂ, )\i%‘ﬂ) s ixﬂ, )\i%‘ﬂ) b2 ()\, 1, )\) b3 ()\, 1, )\)
=1 =1

i=1 =1

+b13 (b <)\7in27)\in2> ,Zﬂm, )\Zxﬂ) by (A, 1, )
i1 i1 i=1 i=1
b1a (b <)\, ixiz,)\ixﬂ) 7ixi27)\ixi2> b3 (A, 1,))
i1 i—1 i1 i1
+bo3 (b <)\7Z$i27)\zxi2> 72961'27 )\Zxﬂ)
i1 i1 i=1 i=1

b23 ()‘7 17 )‘)

which is zero iff bos (A, 1,A) = 0.

It is clearly seen that pseudo-superlative quasilinear formulas generally give only a linear
approximation of the Torngvist formula in the representation used above. This does not in
itself imply, however, that they do not approximate each other when the price-income-quantity
situation is determined by a demand function. For example, as the Montgomery—Vartia and
Torngvist formulas are both exact for the Cobb-Douglas preferences, they obviously approximate
each other to any degree in any point in that case.

We now turn to the actual proof that Stuvel and Montgomery—Vartia do not in generally
give quadratic approximations of the true index in this situation. We prove that in general the
second partial derivative of the true index with respect to log p}. and log p}, where k # [ generally
differs from the partial derivative given by these formulas. We prove this for g instead of log g
but obviously this does not affect the result. Differentiating the index g (where the subscript n

is dropped for convenience) first w.r.t. log p/,lC gives

1
exp (log %’) , U1 [exp (log po) , eXp (log Vo)] ,
9 g V1 [exp (log pl) , eXp (log Vl)] T
810gp}c Up, [exp (log po) , eXp (log Vo)] ,

Un [exp (log pl) , eXp (log Vl)]

0
- md (logp%, .. logpl logp?,...logp?, log V1, log VO)

b i o,
= Gz o T+ Jzs; N
rph =7 dlogp)
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Differentiating again w.r.t. logp} gives

82
dlog p}dlog p}.

n 1

B pk; pl U- pk: 8?}
= gfl?lk,:cll 0.0 + Zgaj?)ufcll 0 810gzp Zglilk,fc?ﬂ 0 810gp
k i=1 k

d (logp%, logp},/, log pY, ... logpg, log V1, log VO)

Py Py i=1
v}
+ —z
Zzljzlgm’“w?” 8logp1 8logp Z,Zlgw?” 9 dlog p;dlog py.
p n n p 82}
_ Pi P 00 1
= Yzip,zy _0_0 Z x34,%1) 08 Z 1,23 0 8 Dy
PrPr 4 i=1
n n
v} 81} py 0%}
+ _
izljzlgwguwsja L op 1pkpl Zgwsl 0 09 1ap1pkpl

Using the above results, when all prices and incomes have changed proportionally by a factor of
A this becomes

2
8—d (logp%, ...logp},/,logp?, ...logpg,log V1t log VO)
dlog p}dlog pi
bt A LA) o ov2, bis(A1L,A) Ap) 0 Ovl ov ll
LI St it AV — Yi 1— a2
O A A WOV ;wl opr Tl o
2¢(\) VO ; ! op}
+b33 (A 1,0 A2pdp? _izﬁ_vlla_v} N i (1 —wd) 8_1111 v}
c(\) (V0)? = =0p, Op} 4 w;  Opk Op}

c) R T v Z “opy ~ " op}
b13 ()\, 1, )\) )\2p? - 82}k 08 !
+ 2¢(\) VO Zzl w ' op} — Wk 8pl1

bss ()\,1,)\ )\2p P w; Ov} vt Ov} 81}
+ el DI DA o i wt wl wy
c(A) Wi Opy, pz Dy, 0P

i=1j=1

biy ()\,1,)\) o ovz . bis (A,l,A)Vp%%

_ 2
T e YT g
b13 A L) NP dup bgg (A, 1,0) Xppp) i 1 9v} 9v}
2c(A\) VO op} c(\) (V0)? w; Op}. Op}
where we have used the equality Z 8”1 =0.
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n
For Cobb-Douglas preferences u (q) = exp (Zak log qk> we have vy, = oV so that g;’; =0
i=1

and the above equation becomes
82

dlog p;dlog py.

LN

This clearly implies that for a formula to give a quadratic approximation to the true index we

must have —w = A\7!, or that the index must have the same second partial derivative

[&Y)
w.r.t. z1; and x1; as the Tornqvist index. For the Stuvel formula, however,

d (logp%, logp},/, log pY, ... logpg, log V1, log VO)

by (z1, 22, 23) = e (962961 - 963961_1) =2+ 963961_2

and

82

b11 (xl,xz,xg) = W (xle — xgxl_l) = 2.@3.@1_3

L1

so that
b (A 1,A) 2372 2
c(A)  14ATT AN+

and the only solution to ﬁ = % is A = 1 so that the Stuvel formula does not quadratically
approximate the true Cobb—Douglas index in for any other A.
For the homothetic translog expenditure function

n n n
1
e (pu) =exp |ag+ ) ailogpi+5) > Bi;logpilogp; | u (A.43)
i=1 i=1j=1
(with the appropriate parameter restrictions to make it linear homogeneous) we have wy =

n n
(ak + Zﬁkj logpj> U = (ak + Z/Bkj logpj> V so that % = %V and therefore
j=1 j=1

82
—————d(logpi, ... log py., log pY, ... log pO , log V', log V° A.44
dlog p;dlogp}. (ngl’ 0g Dy, log py, ... logp,,, log V7, log ) ( )
b ALA) o o biz (N, 1,2) A2

2
eV wpwy A +Tﬁlk

n b3 ();7(1):))\) A2 i /iik/@il .

The derivative of the true index is (as given also by the Térnqvist derivatives)

o 1,0 0,,0y—1 -1
W’PIZAPOP (p',p”) = wpw A" + By (A.45)
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For the Montgomery—Vartia formula

by(M\1L,A) = L, AT
b1 (A, 1, )\) = —L(1, )\) A2
So that
buALA)
(A)
and the difference between the Montgomery—Vartia derivative and the correct derivative is
8—2d (logp1 .. log pt,logp?,...logp?, log V1 logVo) (A.46)
8logpl810gpk b n v n ’
—whwd A+ B!

_ (b13 ()‘717)‘) )‘2 - )\—1) /Blk; b33 ()‘717)‘) )‘2i /sz/le

C()\) C()\) i=1 v + Zﬁ” logp]7

which is clearly not constant at zero if bzz (A, 1, A) # 0 or if W # A7L. In this case, clearly

b33 (A, 1,A) = Lo (1,\) log A which is not identically zero. We conclude that the Montgomery—
Vartia index does not generally quadratically approximate the true index when prices and in-
comes have changed proportionally.

A.5.8 Proof of properties of 9.9

For the formula to be exact for a unit cost function ¢ (p) we must have

b (Zgigg ,C(po) u07c > Zb ( mck pku cr (pl)p}cu1> 7

which in this case,as

b(x1, T, w3) = T3 — Tg — T3/T1 "+ + T2\/T1,

1 [e(®°) oy, 0 [c(@Ph)
pP)u +c(p’)u
) ) () ey (%)
U P;
= —ch pku” k—l—ch pM/ ’guo,
Dy,
or equivalently,

c(P”) e (') (u” —u') =D e (p7) \/pipku” = >k (B') \/PRpiu!

implies
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Differentiating w.r.t. u°® gives

Ve®)eph) =) o (p°) \/pipi-

Differentiating again, now w.r.t. pl1 gives

S (01) = 0) | 2
¢ (p') \/1971 _a(®’) \/17?
Ve®)  /e®)
so that
aP)yp
)

for some constant a;. Multiplying both sides by pl1 , summing over [ and using linear homo-
geneity of ¢ we get

which implies

c(p) = (Z az\/275)2

as required and the formula cannot be exact to any other form of unit cost function.
To see that this actually solves the original equation, notice that

823

o (p) = (D auvhi) Tk = Vel
so that

S ex () \Jolink = Ve®) Y ay /ot = Ve e (o)

and, similarly

> ek (pY) \/Bdpk = Ve (P°) c(ph),

> o (0°) \/pipku® = o (P1) \/phpiu’

= Ve(@)elp) (u’ —u').

so that
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That the formula approximates the Tornqvist formula in the point where for each 1, (m, v vl) =

1771
(A, vi, Av;) , may be shown by simple differentiation of

b (1, To, T3) = T3 — Ty — T33/T1 "+ + To\/Z1

. The partial derivatives are given in the table below:

3 1
b1 (1,2, 23) = 23:33:1 —|— %xle 2 bi(M1L,AN)=c(\) = %)\_% + %)\_% — )3
by (21, 22, 73) = —1+x1 by (A, 1,\) = A2 — 1
by (21, w9, 23) = 1 — ary 2 by (A, L,A)=1— A3
b11 (.1‘1,.%‘2,.1‘3) — 21732, 2 Zx2x1_2 b11 ()\, 1,)\) = —%)\_% — %L)\_% = —)\_%
1
b1 (w1, 2, 23) = 5, 2 biz (A, 1, ) = %)\_%
bis (v1, 22, 23) = 32, 2 biz(\,1,\) = %)\_%
b (x1,22,23) =0 b2 (A, 1,A) =0
baz (x1,22,23) =0 bz (A, 1,A) =0
bssg (w1, 22, 23) =0 b3z (A, 1,A) =0
Therefore, we also have
bi(AWLN A,
c(N) A3 ’
1\—3
a0y _ D1
C()\) )\—5 2
bs(MLA) _ 3ATE .
c(N) N3 2 ’

so that in light of the partial derivatives given in Appendix A.5.7, it is clear that the formula
approximates the Tornqvist formula quadratically in these points.
The function

T3 3
g(x1,22,23) = a2 | X1 — —
T2

is clearly linear homogeneous in x2,x3, has g (A\,1,\) = 0 and all its first and second partial
derivatives are zero in (A, 1, ). Therefore

b (x17x27x3) =b (xb Z2, .Tg) +g (x17x27x3)

has the same level, first and second partial derivatives as the original b, and the index defined by b
also approximates the Tornqvist formula in the appropriate points, which in turn implies that it
approximates the theoretical price index when prices and incomes have changed proportionally.
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A.5.9 Proof of Lemma 9.3

Before we go to the main proof, we need a technical lemma to proceed.

Lemma A.1 Define e; (p,u) = p1-hi (p,u), that is, the optimal unconditional expenditure on
goods in the first partition. Let Q= (q;,ds) = h (P, u) for some (p,u) = (Py, P2, w) . Then define

g9 (a2;p1,q1) = €1 (P1, U1 (A1592) 5 92) - (A.47)
Also denote the partial derivatives of g w.r.t. qo; by

dg (d2; p1,491)

9i (q2; P1,q1) = O . (A.48)
Then the following is true for the functions g;:
9i (A2 P1,4q;) = 0. (A.49)
Proof. First, consider the function
f(a2;P,41) =e(P,u(a;,az)) — Pz - Q2 (A.50)
For this function it is true that
flasp.a) <py-@ (A.51)

for all qo. This is because f(q2;P,q;) > P; - q; would imply that

e(P,u(qy,q2)) > P; - q; + P2 - Ao

But this means that the bundle (q;, q2) would be cheaper than the optimal one, h (P, u (q;,q2)) -
Obviously, (q;,q2) gives the utility u (qy,q2) so that this is a contradiction. The inequality
(A.51) holds as an equality, when q2 = @y because then

f(@P,a;) = e u(d,d) — P2 Qo
p-h(p,u) — Py -hy (P, )
= p;-hi(p,uw) =P, -qu-

Therefore f has a maximum at the point q2 = g, which implies
fi (a2a57a1) = 07
for all 7. Now, consider the function

m(q2;P,d;) = €1(P1,u1 (d1592);92) + Py g2 — e (P, u(dy, 92)) (A.52)
= Q(Q23517al) - f(q2a57al)

For this function it is true that

m(qz; P, q;) = 0, (A.53)
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because m (qz; P, q;) < 0 would imply that

e(Pu@,az2) > e (P, un(q;92);92) + P2 - Q2
= Pl (P, w1 (q1592) 1 92) + P2 - Q-
Similar argument as above shows that this is a contradiction. The inequality (A.53) holds as an

equality if g3 = q, because

1-hy (Py, w1 (915d2) 3 92) + P2 - o
1-h1 (P, u(q;,q2)) + P2 - hi (P, u(q,q2))
(57”(@17@2)) .

o g ol

This means that m has a minimum at this point and

0 = m;(@yPay) =9 (AP, a1) — fi (AP, ay)
9i (d2;P1,4;) =0,

as required. m
Turning now to the main proof, it is clear from the above discussion that indeed

logpi - qi —logp! - qf =loger (pi,u';a3) —loger (p, u’; ) -
Treating p; and q; as parameters write
loger (p1,u1 (af;a3);a3) = logér (p1, @ (at;a2 (P5,VF)) 5 a2 (p7,V7))
= logg (a2 (P*,V*);p1,ai)
where ¢ is the function defined in the previous lemma. Similarly,
loger (pf,un (af;a3);a3) = logér (b, @ (af; a2 (P,VF)) 5 a2 (p7,V7))
= logg (a2 (P",V*);pl,a}) -

Now, apply the quadratic approximation lemma to the first one of these functions, moving from
(p*,V*) to (pl,Vl) and to the second one moving from (p*,V*) to (pO,Vo). Denoting the partial

. . . g Oqa  _ k 9q  _ .V
derivatives of the demand function w.r.t. the log-prices as Tlos o — B and 7o — o the
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first gives
logg (a2 (p*,V*);pi,ai)
< logg(ax (p'V');pl al)

log p'=logp
log V1=log VO

n |n—k 9j (q2’p17q1}q;j (p* V*)

1 * .1 1 9 1
I (qz Pi, ‘11) 2] (p )
- nZ s(aswta) 2 (P7V) LAlogV
2 ‘7 g] (q2up1?q1) 1 Vl 2
=1\ Yylalplal) g(ad;pl.al) *2 q (ph,V?)
= logg (CI2 (pl,V ) ;pbq%)
n

1 ”’i“gj (qé;p%ﬁﬁ)qi (", V)| Alogp;
__ T w1 1) 425 )

14 | % g(az:plial) Z

1 [y (ab;phad)

1 ]Zlg(q;;p%,q%) S

because g; (q%; pi, q%) = 0 for all j by the previous theorem. Denote for notational ease

~ g (g2 (p,V);p1-a1) 425 (P,V)
E (p7Va P1, ql Z 5 ( ) ) / ( )qZ 1 (p7V)
= g (a5 p1.ai)
and
N Y95 (@2 (P,V);P1,a1) @25 (P,V) v
FV (p7Va p17q1 q (p’V ?
Z g(ab;p1,a1) 2 )
so that

log g (a2 (p*,V*);p1,ai)
2 logg (az (PN VY);phab)

log pl=log p?
log Vi=log VO

1w 1
_Z;FZ (p*7V*SP%7Q%) Alogp; — ZFV (p*,V*;p%,q%) AlogV.

By similar argument
log g (a2 (p*,V*);pi,ai)
2 logg (az (p°V0);pd,q))

log p!=log p®
log V1i=log VO

1< 1
+12_Fi (p" V5Pl af) Alogp; + L Fy (P, V"5 pY. af) Alog V.

205
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Applying Lemmas 7.9 and 7.11we see that

(£ (p"V;plal) + B (p"Vsplaf)] Alogps 2 0
log p' =log p
log V1=log V0

because g; (q2 (P*,V*); P}, d]) = 0 by the previous lemma. Similarly

[Fv (p*V*phal) + By (p7,V5p),af) ] AlogV A 0
log p'=logp
log V1=log VO

Therefore

log g (a2 (p*,V*);p1,ai) — logg (a2 (P*.V*); p1,ai)

logpélog ., 1osg (a2 (PLVY);pl,al) —logg (a2 (P°V0);pY, af)
log V1=log V0

1 n
1 [E; (p*V*;pL.a1) + F (p*V*pY,q})]| Alogp;

=1
1
=7 [Fv (0" V"ipr 1) + Fv (p*V" Ph,ap)] Alog V

2 logg(az (pLVY);plal) —logg (a2 (p%V°) ;Y. ) -
log p!=log p°
log V1i=log VO

A.5.10 Proof of Theorem 9.12

Proceed as in the proof of Theil’s theorem. Using the quadratic approximation lemma, then the
"conditional Shepard’s lemma’ we get

logey (pt,u*;q3) —loger (pY,u*;q3) (A.54)

k
L 7. * * -~ * *
logplilogpo 25 [wli (p%,u ;q2) W (ptl),u ;q2)] (logp%i - Ing(l)i) :
log V1=log V0 =1

Applying Lemma 7.9 gives

~ 1, %, % ~ 0, %, % 1 ~ * ok, %
W15 (p17u aq2) + Wi (p17u aq2) = 0 2w (p17u aq2)
log p; =log p;
log V1i=log VO

= 2wy (p1u(q (", V) ;a2 (p*, V)

applying the lemma again gives

2w1; (P"u (q (P, V7)) ;a2 (P, V7))
1 - -

~ w1y (Piuls q%) + wyy (P(1)7U03 qg) .

log p} =log p?

log V1=log V'
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Combining these and substituting the result into (A.54), applying Lemma 7.11 gives

log €1 (p%, *;QZ) —loge; (pY,u*;q3)

Z [ Wi pl, o(ph V) sax (ph V) ] Ay
2 )

logp1 logp — +wy; p17 (p07 Vo) ;A2 (p07 Vo))

log V1=log vo !
The wqy, (pl,u; q2) functions are the conditional Hicksian value share functions

puhlg (P1usq2)  Ologer (pu;q2)

- 01 ;
Zplzhz (P1,u; q2) 8P
=1

2171]‘ (pbus Q2) =

It was argued above in (9.21) that for example

1,1 el
@ (ph (5, V1) s (p1, V1)) = -2 — gl — ﬁwh
le%jx%J !
=

and therefore the equation (A.54) becomes

~ SO ~ SO 2
IOg €1 (ph Uy q2) - IOg €1 (p(1)7 Uy q2) logplzlog p0 log fl’{ (ph p(1)7 qi q(l)) )
log V1=log VO

where f' is the Térnqvist formula calculated for the k& commodities in the first subset. Therefore,
by Lemma 7.1 the result is proved.

A.5.11 Proof of Theorem 9.13

The conditional quantity index evaluated at this point is
log Q1 (u', @’ pi;a3) = logei (pi, @ (a1,a3);a3) —loge (pi, @ (ai,a3);a3) -

Treating u' and qj as parameters and applying the quadratic approximation lemma to the first
term, moving from p} to pi gives

2
loge (p},u'; ) . logey (pi,u'; a3) (A.55)
log V1=log VO

k

1 ~ * ~ * ~ ~ * *
+ 5 (@ (P70t a3) + @i (piat a3)] (logpi; — logpis)
i=1
= loge (p17 aQ2)

k
1 - o
=7 [0 (P13 a3) + @y (p1Y; a3)] (logpy; — logpt,) -
i=1
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Similarly applying the quadratic approximation lemma to the second term, treating @° and qj
as parameters and moving from p? to p! gives

logé (pf, @ a3) A loge (p), 7% a3) (A.56)
log p*=log p°
log V1=log VO
k
1. ., )
+ 5 [mi (p1a% a3) + @i (pa% a3)] (log pi; — log i)
=1
= logel (p17 aq2)
"1
+> 7 [0 (p1% &) + @i (8% a3)] (log pi; —logpl)
=1

Applying Lemma 7.9 twice, first treating pj and q} as parameters gives

@i (PFu (an (PH, VY sa3) sa3) + @ (P (an (P V0)5a3) sa3)
&~ 20 (P (an (P V) saz (P7, V) sa2 (7, V7))
IngZ':lngi
log Vi=log VO
~ iy (phin (af;a3) sa3) + @ (P (af;af) s af).
IngZ':lngi
log V1i=log VO

Similarly,

221/11 (p17 aq2) + wlz (p17 ) q;)
1 ~ * ~ * * * * * *
~ 2wy (Pl (an (P5, V) 5a2 (P, V) a2 (P7, V7))
logpllzlogp?
log V1=log VO
1 ~ ~ ~ ~
~ Wi (p%,m (Oﬁ; q;) ;Q%) + wy; (p?,ul (q(f; qg) ;qg) .
log p} =log p?
log V1=log VO

Subtracting (A.56) from (A.55) and substituting the above results and using Lemma 7.11 gives

logey (p},u';a3) —loger (pf, % q3)
A logé (pl. it a3) —logér (pd, % q3)
log pt=log p°
log V1i=log VO

1. ~ ~ ~
=5 [ (pits a3) + @ (pY,0% a3)] (log pi; — logpf)
i=1
= 10g€1 (p17 aq2) 10g€1 (p17 aq2) - IOg fl’f (pip(l)?qiq(l)) ;

where log fkT (pl, p°, q', qo) is the log of the Torngvist formula calculated for the goods in the
first subset. By Corollary 7.1 this may be approximated by any TPS index number formula
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calculated for the same subset. Let now log f,?L (pl,po,ql,qo) be some factor reversible and
normed quasilinear formula. It is by previous results also TPS. Then

L 2
log /" (pl,pY,at.a))  ~  logff (p1.pY,al,qf)
log p=log p°
log V1=log V0

By 9.3
_ . _ . 2
loger (pl,u';q3) —logey (pY,u%a3)  ~  logpi-q; —logp] - ql.
log pt=log p°
log Vl=log V0
Therefore

loge; (pl,a';q3) —loger (pY, " ab) —log £ (p1,pY. ai,af)
2 L
~  logpi-al —logp?-qf —log f2* (p1,pd,al,a)
log p=log p°
log V1i=log VO
L
= log 2" (at,ad, pl,pY),

where the last part follows from factor reversal. By Corollary 7.1 we get the result.

A.5.12 Proof of Theorems 9.14 and 9.15

Combining Lemma 7.3 , Theorem 9.12 and noting that the Montgomery—Vartia formula gives a
quadratic approximation to any TPS formula,

K
log b <Zb (Pk (P PR U5 A" 1) sk (PR Ups d* 1) s € (PR Ups qik))> (A.57)
k=1
K (o (0.7 a* ). e (ol ul:a* _
1 1%1 i (€k (pk7ukaQ—k) ) €k (plmukaq—k)) log P (p;lc,pg,u*;qik) .
AR L (55 (60 T ) 07 (o] )

The geometric and the logarithmic means approximate each other linearly, so that using
Lemma 7.9

(A.58)
L (;é} (P2, @05 q*,) ;@} (p}ﬁ};qiz)>
1 G (€ (PR W5 q” 1) - € (Phs Ui A" ) (A.59)
SEnn 6 (S a3 el k)
1 er (pfu*;q* )

logpl=logp® > ¢ (P}, u};q";)
log Vi=log V0 I

e (p*,u*)
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Using the same argument in reverse direction,

pi b () 1 L () pf b ) LRV o

e(p*,u*)  logpl—logp? L(e(P%u0), e (p!,ul)) C Lo,V
log V1=log VO

By Lemma 9.12,

2 NZKL (Ulgﬁvlii) logp_llci
0

D 1 .0 %, *
long (plmplmu aq—k) L(‘/"IC()’Vkl) Y.

~J
log p!=log p®

—
log V1=log VO !

for each k. Noting that log ﬁk (p,*;,p,*;,u*; qik) = 0, we may use Lemma 7.11 to combine the
above equations and conclude that

L(eg (pY,00;a% ;) e (P ubia*y))
k=11 (Z’é} (pY,u;q%)) ,Z’é'z (pf,u}sq%))

L (V)

log p1 log p© — L VO Vl
log V1=log V©
K

) log By, (P}, Py, u*;q* 1)

log P, (Ph, PP, u'sd* ;)

0 1 1
L VIka L(Ukkaz) log%
log pt= logpo = 1L (Vo,vh) = 1L(Vk07vk) PR
logV1 logV0

z ’ z pz 2 1 1 .0 %
= O, P ) ) U )
L VO Vl ? log pl= log p° & (p P )

log Vl=log VO

which by equation (A.57) gives the result for the price index. For the quantity index, note that
by Theorem 9.9 and 9.13,

log @ (u',u’, p*) 2 Vi —V?—log P (p', p’ u*)
log pt=log p°
log Vli=log VO

Vic07Vk Z Vk07Vk NK L (Ulgﬁvlii) 1 pllci
logp1 logp L VO Vi) Lvo,vh) 71L(Vk07vkl) 21
log V1= logV0 a =
L (V2ViH)

log Q, (U}, 09, PEia* ) -
logpl logpo — 1L VO Vl gQ ( k> k’pkﬂq k:)
log Vi=log V0 ™

Applying (A.58) and (A.60) and noting again that the Montgomery—Vartia formula gives a
quadratic approximation to any TPS formula the result is proved.
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A.5.13 Proof of Theorem 9.17

The proof uses techniques that are now familiar. Using the quadratic approximation lemma first
to the first term, moving from p* to p! and then to the second term moving from p* to p° gives

e (p*,ut) —e(p*,u?) 2 e(p,u')

log p'=log p°
log V1i=log VO
1
+Z ) pi + hi (P, wl) i) 5 logpy — logp;
- [ u®) + ) 5 (hi (97, 0%) i+ ha (B%, ) pY) 5 (logpi — log )
i=1

= e(phu') —e(p’u)
_il( hi (p* u )p, + Iy (pl,ulgp

p*,u’) pf + h; (p°,u°) p)

1
: )(logpz log p?) .
=1

Applying Lemmas 7.9 and 7.11 gives then
e (p*, ul) . (p*, 0)
2 —Vo_ ZbT(()?z?z)‘

log pl=log p°
log V1=log VO

Let now b be some normed and symmetric decomposition function. Previous results show
that it differentially approximates b’ to the second degree. Applying the same argument as in
Corollary 7.6 we may write

e(p*, w) e pre)
S _ZU ZbNS (got)l)

logp1 logp P 5

log V1=log VO
= P
_ 1 0 NS 0 1
=1 p’
_ NS i 0,1
= E b (—07%7%‘)-
i=1 %

Noting that vV differentially approximates b and applying the same argument as in Corollary
7.6 we have the result.

A.5.14 Proof of Theorem 9.19

As in the case of the quantity subindices we first need a lemma about approximation of condi-
tional expenditure.
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Lemma A.2 The following approximation result is valid:
Pi-ai — P! q (A.61)
= & (p1,u';a3) — e (pY, v’ qd)
2 ~ ~ * * ~ ~ * *
~ ca(pnu (aisas)sa3) — e (pl, (At d3) 5 a3) -
log pt=log p°
log Vl=log V©
Proof. Treating p; and q; as parameters write
e (pl, i (aii93);a3) = e (prsn (af; a2 (P*,V)) 1qz (p*VY))
= g(a®*V*);pi,ai),
where g is the function defined in lemma A.1. Similarly,
a (pl,u (afsa3);a3) = @ (pl,an (af; a2 (P%,V)) ;a2 (p*,V7))
g9 (a2 (p*,V*);pi,a)) .

Now, apply the quadratic approximation lemma to the first one of this functions, moving from
(p*,V*) to (pl,Vl) and to the second one moving from (p*,V*) to (pO,Vo). Denoting the partial
derivatives of the demand function w.r.t. the log-prices as 8122215% = qél and % = q;/l the
first gives

g9 (a2 (P*,V*);pi,al)

2 171y .41 41
~  g(a2 (' V) b1, al)
log pl=log p°
log V1=log VO

n—=k
1 gi (a5 p1,al) @3 - ¢b; (P*,V*) | 1
_5 ]; ]( 2 1 1) 2j ‘2] ) —Alogpz
i=1 | +g; (a3;pl,al) @3, - g3 (V)
n—k
1 Zlgj (a3 pi,ai) 35 - a3; (P V) LntogV
i= 2
+95 (a3;p1,q1) @35 - @35 (PH V')
= g(a (P"V!);pl.a})
1 n n—k .
=12 |2 9 (aipi.ar) @3, a3 (P7V7) | Alogp
i=1 | j=1
1 n—k

> g; (az;pihai) g3, - ab; (PFV*)| AlogV,
=1

4
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because g; (q%; p%,q%) =0 for all j by Lemma A.1. Similarly

g (a2 (p*,V*);p!.a?)
2
~  g(a2(PV?);pl )
log pt=log p°
log V1=log V©
n n—k '
52 |2 9i (a3:pd.af) @3 - a3, (V") | Alogpi
i=1 | j=1
n—k
> gi (a5;pY,af) 635 - a3; (P*V*) | AlogV.
j=1
This should be enough to convince the reader that the it is possible to proceed exactly as in the
proof of Lemma 9.3. m
Using this, we may now we may prove the main result.

Treating u' and g} as parameters and applying the quadratic approximation lemma to the
first term, moving from p} to pi gives

(pb a‘h)l 1“2’ (P17 aQ2) (A.62)
ogp zlogpo
log V1i=log VO

k
Z [hh PI U ) pii + hai (p%,&“;qé)ph] (log p3; — log py;)
= ( aq2)
k

[hu Pt a5 pi; + ha (p%,&’l;QE)ph] (logpi —logp).

MI»—l

TRl =

Similarly applying the quadratic approximation lemma to the second term, treating u° and q
as parameters and moving from p* to p? gives

(pb a‘h)l 1“2’ (P17 aQ2) (A.63)
ogp zlogpo
log V1i=log VO

k
1
+Z§ [hh (P}, a3) pi; + hai (P2, ,q2)ph] (log p; — log p?)
= € p%,61;q§)+

k
11~
ZZ |:h11 (pi aq2) plz + hlz (p17 aq2) plz] (logpzl - logp?) :
=1
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Applying Lemma 7.9 treating p} and qj as parameters gives

i (P}t a3) Pl + ha (P10 ab) Pl (A.64)

1 T *x =~ * * * * * * *
~ 2h1; (P}, (a1 (P*, V*) ;a2 (P, V) ;a2 (P*, V) pi;
log pj =log p)
log V1i=log VO
1

S R (p%, a‘h) pL + hu; (Pb aQ2) Pl
log p; =log p;

log V1i=log VO

where the last form is derived by applying Lemma 7.9 again. Similarly,

ﬁu (p%ﬂls q;) p%i + ﬁlz’ (P?ﬂos q;) p(l)i (A.65)

1 7 % ~ * * * * * * *
~ 2hy; (P (a1 (P%, V) 5a2 (P, V7)) s a2 (P, V7)) pi;
log pj =log p?
log V1=log V0
9 _
i (prits ab) pii + hog (p9,2% 63) Pl
log p! =log p°
log V1l=log VO

Subtracting (A.65) from (A.64) and substituting the above results and using 7.11 gives

(p17 aq2) (p17 aq2)

2'/ (p17 3 q2) (p17 3 q2)
log p'=log p°
log Vlflog Vo

—Z [hh pli'; ab) pl; + s (9,0 ,qz)ph] (logp; —logpy) .

= (p17 ,q2) —e1 (p17 ,q2 ZbT (plz U(l)v Ulz)

k
By similar arguments as in 7.6 and by other previous results >_ b7 (g i o) UL) may be approx-
i=1
imated by aid of any normed and symmetric decomposition function V. Therefore

k
Z T ph 0 2 Z plz 0 .1
’ ( 9 7U1”Uh> logPlNlogp0 v po O i -
= i 17
log V1i=log VO =1

By A.2

~ 2 1 .1 0 0

(p17 aq2)_€1 (p17 a‘h) ~ P1- 41 —P14q:-
log p!=log p°
log V1i=log VO
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Therefore

(p17 ) q2) —e1 p17 ) q2 ZbT (p(l)Z ) U(l)w Ulz)

k
2 1 1 0 0 NS pu‘ 0 .1
N 0P1'Q1—P1'Q1—§ b 0 V14 V14
logp*=logp i—1 Pi;

log V1=log VO

k

Ns (91 0 1

= Zb (Ol,vh,vh>,
i=1 i

where the last part follows from factor reversal. By similar argument as in 7.6 we get the result.

A.5.15 Proof of Theorem 9.22

Proceed as before. Using the quadratic approximation lemma, then the ”conditional Shephard’s
lemma” we get

log Fy (q% KT ﬁz) —log F (a7 d) (A.66)

22 mi (41,4 T2) + i (a3, Gs)] (log g1y — logat) -
log ql log ql —

log V1=log VO
Applying Lemma 7.9 gives

~ 1= ~ 0~ = 2 ~ = Tea
mik (q17ua q2) + mig (q17ua q2) 1N 0 2m1k (q17ua q2)
log q; =log q;
log V1i=log VO

= 2ma (qy,u (4;,9s) ;qa)

applying the lemma again gives

~ — — = — 2 ~ ~

2y (@ (@ Te) i @)~ (ar (a1 9) 5 @a) + g (e (al 62) s ) -
og q; =log q;
log Vi=log V©

Combining these and substituting the result into (A.66), applying Lemma 7.11gives

logfl (q%,_;ﬁz) - logf’l ( 0_'52)

Z Mk (Q17 (Q17Q2) aQ2) + My, (Qb (Q17Q2) a‘h)] (IOth logqﬁ'{% 67)
logql logql — 2

log Vi=log VO

Applying Lemmas 9.6 and 9.5 gives the result.



Appendix B

Other additive decompositions

As there exists a large variety of different kinds of decompositions in the index number literature,
we digress briefly to discuss the relation of quasilinearity to some of these. This section is
a break from our main argument which continues in the next chapter and may therefore be
skipped without any great loss. First we discuss the link between the additive and multiplicative
decompositions and then additive decomposition of relative change.

As noted, the type of ”Stuvelian” equations that convert the additive decomposition into
multiplicative are also used by Balk [8] as a definition of consistency in aggregation. However,
Balk does not seem to interpret these functions as decomposition functions. Elsewhere [9],
however, Balk has established a correspondence of additive and multiplicative decompositions
that must not be confused with the one we are dealing with here. Balk’s decomposition is based
on the logarithmic mean, which provides a way of transforming any additive decomposition of a
difference to a multiplicative decomposition of a ratio or vice versa. This property has also been
emphasized strongly by Vartia [105] in the context of the Montgomery—Vartia index. Formally,
if “f—é = PQ, then taking logs gives logV'! —log V" = log P + log Q and multiplying this by
L (Vl, Vo) gives

Vievo=L (VL V%) logP+L (V1 V% logQ =P +Q.

Similarly, starting with an additive V! — V® = P + @, dividing this with L (V*,V°) and
exponentiation gives

vt p Q 50
vo= o (rvm ) o (2w < 72

These results may obviously be applied to any decomposition of the aggregate value ratio or
change, regardless how this decomposition came to exist, or what its relation, if any, is to
decompositions of the commodity-level value changes. It may for example be applied whatever
the consistency properties of the index numbers used in the multiplicative decomposition are.

Balk’s link makes use of what we have called the Montgomery—Vartia decomposition function
barv (21,22, x3) = L (22, x3) log z1. In fact, any symmetric additive decomposition function may
be used in a similar fashion to link additive and multiplicative decompositions.

Theorem B.1 (Balk-type decomposition) Given any multiplicative decomposition of the

216
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value ratio “;_(1) = PQ, any decomposition function b gives an additive decomposition

V-V =b(PVO VY +1(Q, VO, V) =P +Q,

where h is the "factor antithesis” function h (Iﬂ, VY, vl) =l =00 —b (%)

Conversely, given any additive decomposition V1 — V0 = P+ @ of the value change, any
decomposition function gives a multiplicative decomposition “;_(1) = PQ with P and Q defined by
b (P, VO,Vl) =P and h (Q,VO,Vl) = Q.

Proof. Let “;_(1) = PQ be some multiplicative decomposition and define P=1 (P, VO,Vl).
By definition Q = VVTIP and

Q = h(QV,VH)=VI-V'—p(PV° V'
= VI-v'-p,

using the definition of h.

Let now V! —V0 = P +@Q be some additive decomposition and define P and Q to be the solu-
tions to b (P, Vo, Vl) =P andh (Q, Vo, Vl) = @ respectively, with b being some decomposition
function and h its factor antithesis function. Then

Vl
h (VOP,VO,W) = VI-V'—b (P VOV
= VI-v'-P=@Q
= b (Q7 V07 Vl) 9
_ vl
so that Q = yop- W
Therefore, any decomposition functions may be used to link additive and multiplicative
decompositions, regardless of how these decompositions were arrived at. However, when we are
dealing with quasilinear index numbers, it is possible to link the multiplicative and additive using
functions that actually define the quasilinear formula, and therefore preserve the ”Stuvelian”
consistency between the whole and its parts, that is

b(PVEVY) =3 b(m ol vl
i=1

and similarly for the quantity index. This means that starting at the individual commodity
(or any subaggregate) level and decomposing each value change into a price and quantity con-
tribution we then add these into aggregate price and quantity contributions which are then
transformed into a multiplicative decomposition. Similarly, we may start at any subindex and
translate these into additive decompositions and add these to get aggregate additive decompo-
sitions consistent with the overall index. This is a generalization the method both Stuvel [95]
and Vartia [105] use to the Stuvel and Montgomery—Vartia formulas respectively. It would seem
to us that as each quasilinear index may be given as a function of the corresponding additive
commodity-level decompositions only and that each quasilinear index gives us also a correspond-
ing commodity-level value decomposition, that this correspondence is a fundamental property of
quasilinear indices, and that the Stuvelian decomposition is the natural one for these indices.
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It is easy to see that for quasilinear formulas, the generalized Balk-type link and the "natural”
link coincide only when the decomposition function b used in the generalized Balk link is the
one that defines the quasilinear index, for example, the Balk link which uses the Montgomery—
Vartia decomposition is the natural one for the Montgomery—Vartia index. In many cases
however, the two kinds of decompositions give quadratic approximations of each other. This
will become evident later, as we show that the Montgomery—Vartia decomposition function
gives a quadratic approximation of many other decomposition functions, including the Stuvel or
Bennet decomposition. In the context of non-quasilinear indices, there does not seem in general
to be any natural link between the additive and multiplicative decompositions, so that perhaps
the Montgomery—Vartia one proposed by Balk should be used, because of the many unique
properties possessed by it.

Still another type of additive decomposition of interest in the context of index number theory
is the decomposition of the relative change in an index into the contributions of individual goods
or subsets of goods. This topic has been treated recently by Reinsdorf, Diewert and Ehemann
[82] and Diewert [32]. The above-mentioned studies derive different additive (and multiplicative)
decompositions for the percentage changes of the Fisher, Tornqvist and other formulas and give
economic interpretation to those. Even though the papers deal with different decompositions
that are the main topic of this chapter, there are many similarities. Especially the economic
interpretations given in the latter paper resemble those that will be derived below for value
change indicators of subsets of commodities.

As this section diverges somewhat from our main topic, it is not possible to discuss the addi-
tive decomposition of relative change in detail. Some remarks on the subject and its connection
to quasilinear indices may, however, be made.

The problem considered in these papers is a decomposing for example the relative change in
a price index P

n

P—1=>d, (B.1)

=1

where d; is the contribution of the ith good to the relative change. It is immediately clear
that without some additional requirements for the decomposition, the problem is not really
well-defined, as there exist an infinite number of decompositions, most of them completely
unreasonable. The necessary additional requirements may be either some axiomatic properties
or tests that the decomposition should satisfy or they may be derived from consumer theoretic
considerations.

Therefore, the problem is that there are many ways of deriving such decompositions and the
familiar index number problem repeats itself in this context: no unique or ideal decomposition
immediately suggests itself except in some obvious cases. For the Laspeyres formula, for example

n .0
V;
PL—lzzvlo(ﬂ'i—l),
i=1

the decomposition with individual price contributions

0 0
% %

1 0
v Vi (Pi — Py
= g == i (P
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would seem natural. This is because the relative change H (P) = P — 1 of the index is a
weighted mean of the relative changes of individual prices, measured using the same indicator of

1_.0 . .
relative change, H (m;) = m; — 1 = 2-%2 In most other cases, however, the task is not so simple,
p.

and the studies quoted above give H{any different propositions for such decompositions. Also,
there remains the problem of decomposing the relative change in the corresponding quantity
index, in this case the Paasche quantity index. Furthermore, even if we have a reasonable
decomposition of the relative change of both price and quantity indices into contributions of
individual commodities there remains the question of what, if any, is the relation of these
contributions to the contribution of a particular commodity into the overall relative value change.

To study these problems a bit further, we generalize the problem a little. First of all, we
define the concept of a normed indicator of relative change following Vartia [105].

Definition B.1 The continuous function H : Ry — R is called a normed indicator of relative
change if it is strictly increasing, satisfies H (1) = 0 and has a derivative at 1 with H' (1) = 1.

The interpretation of this definition is that given a ratio %, H (%) gives the relative change
associated with this ratio. The definition requires that the relative change associated with ratio
% = 1 should be zero. The requirement H' (1) =1 is just a normalization. Typical examples of
normed indicators of relative change are

Hy(x) = xz—1or Hy (§>:x—y7

() Y
Hy(z) = 1—2tor Hy (E)Zx—y7
Y x
Hp(x) = logx
z—1 T T —Yy
Hy (x) = 701"HM(—>:7,
@) M (x,1) y) Mz,y)

with M being some symmetric mean, that is a linear homogeneous symmetric function satisfying
M (z,z) = x. The natural logarithm is a special case of the latter, which may be seen by
choosing M (z,y) = L (x,y) . Note that all normed indicators of relative change may be given
in the form H (z) = é(_wl) with G (x) = Z=L. or defining the linear homogeneous function

H(z)®
M (y,x) = yG (2) = 24

H(z)

, so that

r—1
H(z) = mor

() - o
y M (z,y)

The condition H’ (1) = 1 implies that 77— = lim+2—L< = 1 and therefore that M (1,1) = 1,
H'(1) = g5 M(2,1)

and linear homogeneity then implies M (z,x) = x. This kind of function could be reasonably

called a mean or a generalized mean. Note that symmetry of M implies the following symmetry

property in the corresponding indicator of relative change

i (2) =il =t = n (4).
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and conversely, this symmetry property of H implies symmetry of the corresponding mean M.
Some index number formulas have "natural” representations of the form (continuing again
to use a price index P as an example):

H(P)= ZW (v?,vll,vo_l,vl_i) H (m;), (B.2)
where H is some normed indicator of relative change.

The representations (B.2). may not be unique but in some cases there is a representation that
may be argued to be a "natural” one. Now, it is easier to use this sort of additive representation
as the starting point, and decompose the relative change in the index as measured by H (P)
rather than P —1 (for the cases were not H () = x — 1 identically, that is). For example, in the
Paasche formula, we may decompose the relative change measured in comparison to the current
period price level instead of the base period, or as

1-pPt= En —Uil (1- 7r._1) (B.3)
V1 z ’ ’
=1

1
T (1 -, 1) T (plpl 1) Or taking another

common case with H (z) = log z, it is natural to choose to additively decompose the log-change in
for example the Tornqvist, log-Laspeyres, log—PaaSChe Montgomery—Vartia etc. indices with the

take the individual price contributions to be d; =

1 O
individual price contributions being d; TR = (V1 + VO log 75, d = VO log 7; etc. respectively,

and interpret this as giving the individual contrlbutlons to the relative change as measured
using the natural indicator of relative change for these formulas. The log-change is an uniquely
suitable way of measuring relative change, and the only one that satisfies certain requirements
(see Vartia [105]). Diewert [32] uses such decompositions for the Térnqvist index, but transforms
it back to the arithmetic scale by exponentiation and thus making it a multiplicative, rather
than an additive decomposition.

The above method results in decompositions of relative change that have the attractive
property of having a simple form, as the contributions attributed to each individual commodity
depend only on the measurements associated with this commodity and overall value aggregates.
They may be viewed as weighted sums of individual relative changes. In many of the decompo-
sitions given in for example Reinsdorf, Diewert and Ehemann [82] and Diewert [32] individual
contributions depend on the prices and quantities of the other commodities in a much more
complex fashion.

The question that suggests itself is that does the fact that quasilinear indices may be derived
from additive decompositions of value change imply the existence of such simple decompositions
of relative change. This is not true in general. However, for a class of quasilinear indices there
exist such decompositions. The definition of mean-based indices given above may be somewhat
broadened by loosening the requirements concerning the mean function.

Definition B.2 If a quasilinear (price) index may be derived from the an additive decomposition
function

b (W,vo,vl) =W (vl,vo) H (), (B.4)
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where W is some linear homogeneous weighting function, it is called a weighted relative change
indez.

The generalized mean-based indices include obviously the Laspeyres and Paasche formulas as
well as all mean-based indices. For this class of indices, the price index is given by the equation

W (V) H(P) = 3 (oo H (). (B.5)
and a natural and simple decomposition of the relative change H (P) is given by

so that the individual contributions are simply the individual relative price changes weighted

W(vivf)

by N OR Note that this decomposition is not sensitive to the quasilinear representation

chosen, as for any linear transformation of b, say g(w, W0, vl) =aW (vl, UO) H () + b® + cvt,
the equation defining the index becomes

aW (VL V) H (P )+bV0+cV1—aZW vl o) H (m;) + V0 4 eV,

which leads to the same decomposition of H (P). Similar decompositions exist for any formulas
which may be derived from a function of the form b (7‘(‘, WY, vl) =W (vl, UO) H (7) with W linear
homogeneous. Each decomposition has the property that if the price for a particular commodity
has not changed, then the corresponding contribution to the relative change is zero. This implies
that these indices always satisfy the identity test. However, that for b (7‘(‘, 00, vl) to be a normed
decomposition function, it has to satisfy

vl 1,0 v! 1 0
b(w,v,v>:W(v,v)H(E>:v —v,

1 1_,0
gl v v 7
V0 W (vl 09)
so that W is the ”generalized mean” function M corresponding to the indicator of relative
change H.
FEach index of this form then has a simple additive decomposition of relative change. In fact,

a stronger result is true, as these are the only quasilinear indices for which such decompositions
exist that satisfy some reasonable conditions, as the theorem shows.

or

Theorem B.2 The relative change H (P) of a quasilinear price index P that satisfies the iden-
tity test, based on the function b (7‘(‘,2}0, vl) has a decomposition

Zg ™), v v VO, V) (B.7)

with g (O, v, vl VO Vl) =0 if and only if there exists a function W with
b (W,vo,vl) =W (vl,vo) H (m).
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Proof. See Appendix A.3.1 =

Therefore the requirement that a simple decomposition of relative change exist is a rather
restrictive one. Of the more attractive quasilinear indices, the Montgomery—Vartia formula is of
this form, while the Stuvel index is not.

Also, as mentioned that even if such a decomposition exists for the price index, for example,
there does not in general exist a similar decomposition for the quantity index. In fact, it is only
in very limited cases that both the price index and the corresponding quantity index have such
decompositions. This is summarized in the next theorem.

Theorem B.3 If the index number formula is based on the function
b (7‘(‘, vo,vl) =W (vl,vo) H ()

where W is some linear homogeneous function and H is a normed indicator of relative change,
then the factor antithesis formula is based on a function of the form

b (W,vo,vl) =K (vl,vo) J ()

if and only if either H (x) = % (J:d —1)and W (z,y) = ;(_j> or it is the Montgomery—Vartia
y p—

formula. In the first case the factor antithesis formula may be derived from b(ﬂ,vo,vl) =

K (v1,0°) J () with J(z) = 3 (1 —27%) and K (z,y) = Jw_y . In the second case, because of

z

Yy
factor reversibility, the factor antithesis formula is also of the Montgomery—Vartia type.

Proof. See Appendix A.3.2. m

Therefore the requirement that an additive decomposition of the simple form exist for relative
changes in both the quantity and price index is even more stringent. Not only must the indices
be of the weighted sum of relative changes type, but they must be normed indices based on
indicators of relative change of the form H (z) = é (z¢ —1) or H (x) = logz. The latter one may
be obtained from the former by letting d tend to zero, and the Laspeyres and Paasche formulas by
putting d = 1 and d = —1 respectively. Moreover, there does not seem to be any natural measure
of the contribution of the relative value change in the kth commodity to the relative change

in the value aggregate arising from the price and quantity contributions MH (m) and

W(V,IV0)
1,0
%% ), except in the Montgomery—Vartia case, in which %% log T+ % log k =
L b 1 b 1
7L((;’“1‘U/’“0)) log ’5 and Z L((;’“l‘v/’“o)) lo g = log %

Therefore the Montgomery—Vartla formula seems to possess some unique properties among
index number formulas. As it is quasilinear and factor reversible, it is based on a symmetric
additive decomposition of value change. But there also exists a simple decomposition of the
relative or log-change of the index to the contributions of different commodities. Moreover, this
decomposition is symmetric as regards both the price and the quantity index, and is consistent
with the decomposition of relative change in aggregate values. No other formula possesses all
these characteristics.

The problem of additive decomposition of relative change may also be approached from a
slightly different direction. Above we have dealt with additive decompositions of absolute value
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change of the type
vl — 0 —b(7rv v)—i—h(/ﬁv vl) (B.8)

and then examined the effect of imposing various tests on these. But we could start instead
with additive decompositions of relative value change of the type

H(U_1> = f(m k) + [ (k,7),

0

and proceed to impose some additional requirements on these functions. The two approaches are
actually connected in a very simple way. If the equation (B.8) is divided by M (vl, UO) with M

such that it defines the normed indicator of relative change H (%) = N‘f(;yy) we get an additive

decomposition of the relative value change,

w1 b (m % 0t) bk 0t) - .
H(@>_ M (vt v0) + M (v1,29) _d(7T7U7U)+d(I€,U,U),

Moreover, if the original additive decomposition is symmetric, the decomposition of relative
change is also symmetric. This link between two types of decompositions is very much like Balk’s
[9] link between additive and multiplicative decompositions of value change discussed above.
Because M is linear homogeneous and b is linear homogeneous in v° and v! the decomposition
function for the relative change may be written in the form

7,00, vl) 00b (7, 1, 7k)

b
d(ﬂ’vo’vl) - ]\(4(211,210) ~OM (mk,v0) = f(m k).

Therefore, the decomposition depends only on the price and quantity ratios. Now, as
:Zb(ﬂ-h Vi 5 Uy +Zh Ri, U 17 z s
i

we get an additive decomposition for the relative change in value aggregates by dividing the
above equation by M (Vl, VO) ,

H(Ll> _ b(ﬂ-uz?z K‘uz?z

Vo M (VI V0) M (VI VO)

= 2.3 V117V10 (73, i +ZM V117V10 f(kiymi),

M( ll,v? )
M(VI Vo)~
the individual price components of relative value change and the quantity contribution is the
similarly weighted sum of the individual quantity contributions. The total contribution of the

ith commodity to the relative value change is

so that the price contribution to the relative value change is the -weighted sum of

M (vi, vy M (vi,vf) -
#fvﬂ))-}c(ﬂhﬂi)"i_((;il%f(ﬂuﬂi)

| Mlbad) ooy o
MWLV T\ M(VE V)
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that is, just the MX) weighted relative value change. This kind of decomposition has the
property that the sum of the price and quantity contributions of a commodity to the decom-
position of relative change sum up to something that may be interpreted as the contribution of
this commodity to the overall relative value change.

A natural consistency demand is that the quasilinear price and quantity index number pair

P,Q, defined by the functions

b(ﬂ,vo,vl) = M(vl,vo) f (W,U—1>

O

and
h(k,0%0") = M (v!,0°) f (/‘% —>

should satisfy

f(P7 Q) = M V117V1v0 (7[-1'7"4‘1')7 and (Bg)
7(Q7P) = M V117V1v0 (K‘iﬂri)‘

This means that, as “;_(1) = PQ,

H(%> — [(P.Q+T(Q.P)

= 7 V’L17‘/Z'O (i, K +ZM szvlo [ (K, m3)

or that the sum of the price and quantity contributions at the commodity level gives the direct
decomposition of the relative change in aggregate value using some price and quantity indices.
The equation (B.9) is equivalent to

M(VLVO) F(PQ) = ZM vl 09) f (i, ki), or

b (P, VO,Vl) = Zb (Wz,vzo,vzl) ,
i
so that the decomposition of relative change using the decomposition f (7;, x;) is always con-
sistent with the quasilinear index number pair defined by the additive decomposition function
b(ﬂ,vo,vl) =M (vl,vo) f (W,UUT
This may also be used as a definition, as choosing some decomposition of the relative value

change defined by f (7, x) and f (k, ), implies that the quasilinear index number pair consistent
with that decomposition is also chosen.
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One possible choice for a decomposition would be
vt vt
H (E) = H(n)+ (H (E) —H(7T)> (B.10)
vt vt
- 1o+ (v (5) - (57))

with H (z) = WMD) 1) being some normed indicator of relative change. This decomposition
simply assigns as the price contribution the relative change in prices as measured by H and
defines the quantity contribution as the residual. The price indices consistent with this type of
decomposition are of the form

So this approach gives us the normed weighted relative change indices and their factor antithesis
formulas. Also, in this example, we get a decomposition of the relative change of the price index,
as this corresponds to the price contribution to the relative value change in this case. But on
the quantity side, we get a decomposition of the quantity contribution, or

Vi ; v}
() 1@ - Sagyim 1 () -]
which is not so easily interpreted.

In conclusion, if we require a simple decomposition to exist for relative change of an index
number formula, the weighted relative change formulas are the only quasilinear formulas that
satisfy this requirement. Moreover, if we want consistent decompositions for relative changes of
both quantity and price indices, then the Montgomery—Vartia seems to be the natural choice.
However, if we approach the problem differently, and instead require the existence of additive
decompositions of price and quantity contributions to the relative value change, then for any
quasilinear index number pair and any indicator of relative change consistent decompositions
may be found. The problem with this approach is, that in general, the relative change of the
price index for example, measured by any H (P) does not correspond to the ”price contribution”

f (P, Q) to the relative value change H (g—é)

The only case in which the two approaches coincide, is when the log-value change is de-
composed using the Montgomery—Vartia formula. As noted by Vartia [105], the only normed
indicator of relative change that may be decomposed in the form

H (“—1> = F (1) + G (k) (B.11)

20
is H (z) = logz. This is because H (x) = F (z)+ G (1), or F () =a+ H (z), witha = -G (1).
Similarly H (z) = G (x) + F' (1), or G(z) = b+ H (x) with b = —F (1). Also H (1) = F'(1) +
G (1) =0, or a + b= 0. Therefore

H (k) = a+H(m)+b+ H (k)
= H(m)+H (k),
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which is a Cauchy equation with the only solutions being of the form H (z) = clogz. Normed-
ness of H implies that ¢ = 1. Therefore F' (z) = a+logx and G (x) = —a + log x. The functions
F and G are normed indicators of relative change only for a = 0. The index consistent with this
decomposition is the Montgomery—Vartia index. Therefore it would seem that the Montgomery—
Vartia formula has some claim to uniqueness in the consistency properties it possesses, as it may
be derived from uniquely simple decompositions of both arithmetic and relative change on the
commodity or on some other subaggregate level, with the total index arising naturally from
these decompositions of the subaggregates. Only in this case there is a completely natural de-
composition for the relative change in both price and quantity formulas based on the quasilinear
structure. For this formula we have the additive decompositions of value change

vf —v) = L(Z, Z)logm—l—L(z, Z)log/ﬁz
vi-ve = L (V1 VO) logPMV—l—L(Vl VO) log Qrrv

— ZL vy, v logm—l-ZL v;, 07 ) log K

and the corresponding decompositions of relative value change

ol

log—g = logm; + logk;
’L
1

"
log —5 7o = log Ppry + log Qv

1
Y7 Vll VZO 1og—g

7 Vll VZO logm—i-ZL Vll VZO log k;.

For more complicated formulas, it is thus not generally possible to unambiguously define
a natural and simple decomposition of relative change. Of course, as mentioned, if we allow
the decomposition to be of a more complicated form, many possible decompositions exist. For
example, the symmetric decomposition function that defines the Stuvel formula, may be written
using any linear homogeneous M in the following form:

bs (m,0%0Y) = (- 1)+ %vl (1—71) (B.12)
(0 +olr ) (r - 1)

(v +v'7r™ ) M (1) H (n)

= M (% (V07 +o') ,% (v° + U17T_1)> H ()

= M (p'q,p"q) H (),

where ¢ = % (q1 + qo) is the arithmetic mean of the quantities in the two periods. Similarly, the
quantity contribution to the value change is

bs (k,0°,v") = M (pq",p¢°) H (k)

NI RN RN~
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so that the Stuvel-index is "almost” a weighted relative change index based on any M. The
corresponding form on the aggregate level is, for prices
1 1
011y _ 0 1 -1
bs (Ps, V2, V1) = SVI(Ps = 1)+ 5V (1= Pg7)
1
= 5 (VO+VIPg) M (Ps,1) H (Ps)
= M (PQg,Qs) H (Ps),

where Qg = % (V0 + VlPS_ 1) = %Vo (1+Qg) is a measure of the average real consumption
in the two periods. Therefore, for any indicator of relative change H (z) = J\/f(;,ln we get the
decomposition of the Stuvel price index On the aggregate level the decomposition consistent
with Stuvel index is therefore

M 5, Ra) ,, (o}
H(P) = Zmlf (p—?> : (B.13)

i

with the price and quantity weights ”almost” as for the mean-based indices. Also, a similar
decomposition exists for the quantity index,

o M (a}pi i) |, (4
B =2 3 (QsPa. o) ! (%) B

i

with p = % (p1 —|—p0) , Ps = % (V0 + Vngl) = %Vo (14 Pg). For example, to get a decomposi-
tion of the log-change, simply put M = L and H = log. However, in this kind of decomposition

. M 1_', Q_i . . .
the weights ME];%% depend on the measurements in a rather complicated fashion, and the
S %S
decomposition is not directly based on the quasilinear structure of the index, and there is no
immediate way of saying why this decomposition rather than some other should be used.



Appendix C

Examples and Analogies

Abstract algebra is not one of those branches of mathematics that have seen many economic
applications. Therefore the concept of the semigroup and the algebraic derivations used in for
example the quasilinear representation theorem may be found unfamiliar and even unappetiz-
ing by some members of the profession. In this appendix we try to illustrate the quasilinear
representation theorem by analogy and example, using concepts that may be more familiar to
economists.

C.1 Semigroups and subsemigroups of (R?’, +)

Linear spaces are special cases of semigroups. In addition to the basic properties of Abelian semi-
groups they possess much additional structure, and therefore have many nice properties lacked
by semigroups in general. Index number semigroups that satisfy certain regularity conditions can
be thought as "almost” linear (hence the term quasilinear). The proof of this and derivation of
the quasilinear representation has therefore many things in common with the problem of finding
isomorphisms between subsemigroups (not necessarily subspaces) of (R™,+). These problems
are of course Cauchy equations with the additional requirement that the solution should be
bijective, and all continuous isomorphisms are thus linear functions with non-singular matrices.
This analogy was hinted at in the proof of the Cauchy equation, and is pursued in some detail in
the table below. The second of the two right-hand side columns gives the steps of deriving the
quasilinear representation of an index number formula used in the representation theorem. The
first gives analogous steps in deriving bijective solutions to the Cauchy equations Ri +. The re-
striction of the problem into subsemigroups of (R™,+) is important in the sense that it presents
some additional complications similar to the ones encountered in the quasilinear case, that is,
because the subsemigroups are not necessarily groups, inverse elements need not be included in
the semigroups for all elements. The notation used is as follows: S, 571, S2 denote subsemigroups
of (R, +). Otherwise the notation is similar to the one used throughout this treatise.
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Problem

Step 1

Step 2

Step 3

Step 4

Linear

Find the isomorphisms B :57 — Sa,
such that B(x+y)=B (x) + B (y)
for all x,y ERi+.

Define multiplication by positive re-
als with kx =x + ... + x. Define %x

N——
k times

with the solution to k (%x) = x. This
gives multiplication by positive ra-
tionals, then use limits to define mul-
tiplication ¢x by all ¢ € Ry;. This
is consistent with multiplication by
natural numbers. (Note that only
positive multiplication may be de-
fined, as S is not generally a group.)
Define HU (X) = r1u;+Tou2+x3Uus.
Defined for all x E]Ri L. Satisfies
always Hy (x+y). = Hyu(x) +
Huy (y).

Find U such that Hy (x) is one-
to-one. Any linearly independent
u, U2, us will do.

Problem: Depending on S5; it may
be that Hy (R3,) = UR3, & Si.
Then the function must be extended
to cover S7. Linear mapping easy to
extend. See proof for Cauchy equa-
tion.

Quasilinear

Find the isomorphisms B :]RE”|r L =
S, such that B(xoy)=B(x) +
B (y) for all x,y €R3

Assumption of weak proportional-
ity. Makes it possible to define pow-
ers easily for all positive reals c:

x¢ = (x1,cx9,cx3) consistent with
the natural powers x* = xop...opx.
——
k times

Define Hy (x) = uj" op u3® op uz®.
Defined for all x E]Ri L. Satisfies
always Hy (x+y) = Huy (x) op
Huy (y).

Find U such that Hy (x) is one-

to-one. Always exists if in-
dex sensitive to relative impor-
tance of goods. Then for all

z1,7z2€ Hy (Ri—i-) Z1 Op Zo =
Hy (Hg' (z1) +Hg' (22)) -
Problem: Hy (R%,) ¢ R, . Must
be extended to cover the whole in-
dex number semigroup. Idea of ex-
tension: define ”subtraction” in the
index number semigroup for those el-
ements that it is possible to do so.
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C.2 Derivation of the quasilinear representations for scalar mul-
tiplication

Another, even simpler example of the kind of argument used in deriving the quasilinear rep-
resentation for index number formulas, is the derivation of quasilinear expressions for scalar

multiplication.

Define f: RZ, — Ry, f(x,y) = x -y, that is, f is the ordinary scalar multiplication for
positive reals. Now, it is clear that f defines an Abelian semigroup operation (actually it is a
group operation). We now derive the quasilinear representations using similar logic as above.

1. Define natural number powers x

y* = x. This solution always exists, because of continuity and because lir%yk = 0 and
y—)

k:

k times

@+ 2. Define 7% as the solution y to the equation
——
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1 k
lim y* = oo . Use this to define 2t = (.Z‘k)l = (x%) . It is easy to verify this is

y—00
well-defined. Now, let ¢, be a sequence of rationals such that ¢, — ¢ € R and define
¢ = lim x%. By continuity, this is well-defined.

n—oo
2. Now define the function h, (z) = w®. This exists for any v € Ry, and is obviously
continuous.

The function h,, () is strictly increasing for any u, and therefore one-to-one.

1. Also lir%hu () =1 and lim hy (z) = oo so that h, (Ry1) = Ry \(0,1] regardless of the

choice of u. Therefore, it is a continuous bijection from R | to itself R\ (0,1]. It is also
rather straightforward to show that its inverse ;! : R, ,\(0,1] — R, | is continuous.

2. Clearly, hy (z) - hy (y) = u® - w¥ = u®Y = hy, (v +y) .

3. Now, the function h,, (x) must be extended to cover the whole R . This is easy, as we
may use the fact that x - y is actually a group operation, that is, inverse elements i exist
for all x and therefore we may easily define x7¢ = (i)C This enables us to extend the
domain of h, to all reals and the image of the extended mapping is R, ;.

4. Now, then, for all z,y € Ry, we have z -y = hy, (hy ! () + hy' (y)) , or in more familiar

notation x -y = exp (v (% log x + % log y)) , where v = log u.

C.3 The population substitution principle

We continue here briefly the population substitution principle example 2.6 and give a sketch
how an algebraic proof of a Blackorby and Donaldson [16] or Nagumo [74] type of quasilinearity
result could be construed. Let the functions f,, in addition to the other properties mentioned
be continuous and satisfy

fo (Uy.ccyu) = u.

The last property guarantees that we may always replicate similar populations without changing
the welfare evaluation, that is, for example,

f2n (u17"'7u'ruu17"-7un) (Cl)
Jon (fn (W1y ooy Un) 5 eeey fro (W1 oy W)y UL ey Up,)
= fon (fo (U1y ooy Un) 5 ooy fro (W1, ooy Un)  fro (Uay ey W) 5 ey [ (U ooy up))

= fn (ul, ceey un) .
This formulation lets us again define the natural powers for the corresponding semigroup as
(u,n)* = (u,nk), (C.2)

for any k,n € N. Again, these powers are clearly consistent with the semigroup operation and
have the usual properties.
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Now we may extend the corresponding semigroup operation in R x N to R x Q, , by defining

k m P
(u,7> oF (U’E) = (fkn—i—lm(U,....,U,U,...,U)7— E)

_ (projl [(u, kn) op (v, Im)] % + @> :

n

~

where proj; is the projection function giving the first component of a vector. The extension is
well defined because if

kK m m
7T =
then, using this with the replication property (C.1), we have
proji [(u,kn) o (v,im)] = projy [(u,kn-U'n") o (v,Im-1'n')]
= proji [(u,kl' - nn') o (v,mn’ - 1U')]
= proj [(u, Kl nn’) o (v,m’n . ll’)]
= proj [(u, E'n' ln) o (v,m’l’ ln)]
= proji [(u,k'n) o (v,m'l")]

Using this result, we may also define all positive rational powers as
(u,p)? = (u,pq) ,

for any p,q € Q.
To extend the semigroup operation to R x R, we need another continuity property. There

are different versions of suitable properties and these may either be derived from other properties
or simply put forward as axioms. For the sake of brevity, we will just postulate the following
continuity property as an axiom: Let there be two sequences of blocks of individuals with welfares
v and v respectively. The numbers of individuals in each sequence are (n;);cy and (m;);cy - We
require that if the proportions of individuals in each block in the population tend to some limit,
then the welfare evaluation should also tend to a well-defined limit. Formally,

.
Bim fo, 4m, (U, .oy u, v, ...;v) = g (u,v,7), whenever lim — =7 € R (C.3)
1—00 1—00 T4

This is simply an extension of the replication property, requiring that if the population is ”al-
most” replicated so that the proportions of two blocks of identical individuals are changed only
a little, then the resulting welfare evaluations should be close to each other.

Using this property the semigroup operation may be extended to R x Ry by defining

(u7 .T) OF (U7 y) = Zliglo (u7 Qi) oF (U7pi) 5

where ¢; and p; tend to x and y respectively. This defines a continuous semigroup operation in
R x R, . All positive powers are also defined, simply by

(u, 2)" = (u, 2y),
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for any x,y € R. Quasilinearity may now be proved similarly as in the representation theorem
for index number formulas. First define a function

h (.T, y) = (u7 a)x OF (U7 b)y
= (u7 ax) OF (U7 by)
for some u # v. The function has the homomorphism property
h(x7y) OF h(z,w) = h(af:—i—z,y—l—w)

Making the usual monotonicity assumptions, h will be a bijective mapping and it may be ex-
tended to cover the whole welfare evaluation semigroup as in the case of index number formulas.
Thus it can be shown that (u,z) op (v,y) must be quasilinear and the only quasilinear functions
with the property fr (u,...,u) = u are the quasi-arithmetic means.
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